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Preface

This book aims to give a basic introduct ion to plasma physics wit h an emphasis on Mag­
net.ohydrodynamics (MED for short). H has grown out of the lecture notes tha t I have been
teaching at the K .U.Leuven for the last fifteen years to third and fourth year undergraduate
students in applied mathematics and physics. For st udents at the K .U.Leuven thi s course is
their first encounter wit h plasma physics. Hence, its level is elemen tar y. Since both st udents
in mathemati cs and physics can take this course, both mathemat ical integrity and physica l
intui tion are pursued .

The content of this bo ok might not be what is rou tinely expec ted from an introductory
bo ok on plasma physics. Often introductory courses pr esent various approximate plasm a
models with minimal discussion of the underlying theoretical foundations and the simplifying
ass umpt ions . In contrast , I have decided to give special attention to fundamental concepts
and first pr inciples and to limit the discussion of plasma models to a large extent to Magneto­
hyd rodynamics (MHD). The equations of 1l HD are deri ved from first principles start ing from
the Bolt zmann equa t ions for the distribution funct ions in ph ase space of the var ious spec ies .
H is clear that thi s approach is not th e best way to economically presen t th e equations of
MHD. However , it has the considera ble advantage that it a llows to show where and how
microphysics has been removed and to determine the limitations and the domain of validity
of MHD. I have found out th at an elementary level and a concern with fund am ental concepts
and first principles are not mu tually exclusive, bu t go toget her very well. The reader will not
end up wit h the wro ng imp ression t hat IVII-ID covers all of plasm a physics. He/ she will be
fully aware that plasmas can show beh aviour t hat cannot be captured with MHD. In that
sense th e course is also an invitation to the interested reader to go beyond classic MHD and
discover many fascinating plasma beh aviour that is not deal t with here.

I decid ed to set this course in the framework of solar and space plasma physics and
astrophys ics. Hence , the name of the course: "Introduct ion to Pl asma Astrophysics and
Magnet ohyd rodyu ami cs" . The fully and par tially ionized plasm as th at ar e the central focus
of solar and space physics are rela ted on a fundamental level to labora tory plas ma physics,
which directly investigates basic plasm a physical processes, an d t o astrophysics, a discipline
that relies heavily on understand ing the ph ysics of the plasma sta te. Althongh solar physics is
the framework in which Twant to set my course, Thave refra ined myself from concentrating on
a description of a lar ge numb er of plasm a ph ysics ph enomena in solar ph ysics and ast rophysics .
T he first chapter gives an incomplete and short overv iew of plasma physics ph enomena in solar
physics and ast rophys ics. T he last chapter is the only cha pte r th at deals exclu sively with solar
physics . It discusses the solar wind in the context of hydrodyn amics an d MHD .

T he amount of mathematics and physics required for usin g thi s book is limited. A knowl-
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viii PREFACE

edge of vector calculus, real calculus and electromagnetic theory arc th e modest prerequ isites
from mathem ati cs and physics. T he exercises take a special place in the course and in t his
book. We all learn best the things that we have discovered for ourselves. Hence, in stead of
being very detailed in th e derivat ion of t he equat ions and results, I have taken the relaxed
attit ude to be economical on interm edi ate result s and steps when these are st raight forward .
A first class of exercises invit es the read er to fill in gaps in th e often long derivati on of equa­
t ions. T here is no need for the reader to memorize the different steps requ ired for obtaining
a given equation or resul t , bu t he/ she should have gone through thi s st raight forward ma th­
emat ics at least once. Also, it is difficul t , if not imp ossible, for anyone to learn a sub ject
p urely by read ing about it . Applyin g the infor mation to specific problems and thereby being
encouraged to t hink about what has been read , is essent ial in the learning pro cess. A second
class of exercises tries to invite the reader to just do tha t . The exercises form a major pa rt of
this book. In the Belgian ed ucationa l system st udents have to take exams . T he exam for th e
materi al covered in t his book consists of solving the exercises and explaining the solut ions by
usin g t he notes the students have prepared t hemselves.

A shor t and element ary book on "P lasma Astrophysics and Ma gneto hydrodynamics" can­
not focus on recent research results which require a deep und erst anding of the subject . Even
at t his elementary level I feel that the insights and t he int erpretations that I try to convey
in this book , are influenced an d shaped to a large exte nt by the scient ific collaborations and
discussions I have had over the years with num erous colleag ues and frien ds including in par­
t icular 1. Mest el, Z. Sedlacek, A.D.M. Wal ker , J .P. Goedbloed , F . Verh eest , E.R. P riest , J.V.
Hollweg, \V . Kerner, B. R . Roberts, M. Ruderman, T . Sakurai , K. T singanos, A. \V . Hood ,
Y. Voitenko , D. Van Eester , S. Po ed ts, R. Erdelyi , R . van der Linden and R. Keppens. In
addition to being inst ruc t ive, it was fun . T ha nk you. My gra t it ude also goes to A. De Gro of
for her help in preparing this book and to P. Charbo nneau for providing me wit h ps-files of
figures of his unpublished class not es on "Large Scale Dyn am ics of the Solar W ind " . It is
a pleas ure to thank Kluwer Academ ic Publishers for giving me t he opportunity to publish
my class notes in the Astrophysics and Space Science Lib ra ry Ser ies. I have benefit ted fro m
severa l good books on plas ma physics, magnetoh ydrodynamics and solar physics. Those that
I like the best are listed at the end of t he introductory chapter under references. These are,
with one or two excep t ions , th e only rc leronces given in thi s book. T he mat er ial covered in
this book is at the basic element ar y level and owned as it were by the community . It should
be clear that noth ing of the work descr ibed in this book is my own . T he book is based on
t he work by the pioneering giants J. C. Maxwell, L. Boltzmann , 1. Langmu ir , J . Larmor, H.
Alfven and E . Parker.

T he st udents who have taken this course over the years, prob ab ly do not realize it , bu t
I have benefitted a lot from them . Their crit icism and quest ions have help ed me sha ping
t he notes in th eir presen t form. T he fact t hat severa l of these former students arc pursuing
scient ific and academic careers in which mathem ati cal modellin g of plasm as and MHD still
play a prominent role, is reassuri ng to me. It has not all been in vain . Most of t he st udent s
who have taken the cour se, do not use its conte nt in their daily professional life. For them I
dare hop e that the cour se has contributed to th eir scient ific t raining by learn ing them how
ma t hemat ical mod elling and physical intuit ion and int erpret ati on can go hand in hand . The
imp ortan ce of mathematical mod elling in t his context must be stressed . Even when the
mathematical description has been simplified by replacing a description using the Bolt zmann
equa t ions for the dist ribu tion funct ions in ph ase space of the various species , wit h a description
based on MHD, mathem atical modellin g is often essent ial. T he full nonlinear equa tions of
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MHD are so complicated, that they often need to be approximated drastically by focu ssin g
on th e dominant physical mechanisms in a any particular sit ua t ion . Wh en solutions for
simple situations are known , mor e and more effects may be added to make the model more
reali sti c. It is my hop e tha t t his bo ok may help students at th e K.U.Leuven and elsewhere
to apprecia te the intri guing and complicated beh aviour of plasmas and to appreciate the
power of mathematical modellin g as a tool for exploring and understanding this complicated
beh aviour.

Mar ch 2003

Marcel Goossens
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Figure 1: Cover Illustration . (Cour tesy of SOHO (ESA & NASA.))

Cover illustration
Th is cover illustrat ion is a composite of

• EIT EDV image taken in the Fe XV line at 284A showing the corona above the disk at
a temperature of ab out 2-2.5 million K (innermost image)

• DVCS image showing the Sun 's outer atmosphere as it appears in ultraviolet light
emit ted by electrically charged oxygen (0 VI ) flowing away from th e Sun to form th e
solar wind (middle region ), and

• Image of th e extended white light corona as recorded by th e outer LASCO coragraph
(C3) on 23 Decemb er 1996.

T he field of view of this inst ru ment encompas ses 32 diamete rs of th e Sun. To put this in
perspective, th e diamet er of this image is 45 million kilometers at th e dist ance of th e Sun,
or half of the diam eter of th e orbit of Mercur y. During that ti me of th e year , th e Sun is
located in th e constellat ion Sagit tarius . T he cente r of th e Milky \Vay is visible, as well as
the dark interst ellar dust rift , which st re tches from t he south to the nor th . Three pr ominent
streamers can be seen (t.wo at. the \-Vest. and one at th e East limb). T his image also shows



xi

Cornet SORO-G (elongated st. reak at about 7:30 hours }, one of severa l tens of sun-graz ing
comets discovered 00 far by LASC O. It eventually plunged into the Sun.

T his composite image can bc found at htt p:// oohowww.nascom .naoa.gov/ gallery/ LASCO/
(Cour tesy of SOR O (ESA & NASA.))



Chapter 1

Introduction

"T hat is why I love eleme ntary schoo l so much.
The kids reall y believe every th ing you tell them ."
Principal Seimiou r Skinner- to Mrs . Edna Crabapple.
The Simpsons.

T his course is concern ed wit h plasma physics with an emphas is on Magn etohydrodyn am­
ics. It is set in the framework of solar physics and astrophysics , b ut the focus is on basic
concepts of plasma physics and on bas ic properties of plasmas. An average student in physics
or mathemat ics at the K.U.Leu ven does no t kn ow very mu ch abo ut plasma physics. He is
not par ti cula rly worried by this lack of scient ific kno wledge as he happ ens to live in a corn er
of the universe where matter is pred ominan tly solid , liquid , or gas eous. The three states
of matter which occur at the surface of th e ea rth a rc however no t typical of matter in tho
univers e. Most of t he vis ible matter in t he universe exist s as plasm a whereas lightning and
th e aur ora ar e tho on ly na tural manifestations of th e plasma stat e on ea rth . T h is Chapter
is an exerc ise in public relations for plasm a physics. It s aim is t o show t hat plasm as ar e
(almost ) everywhe re in the universe and to point out that they are ext reme ly complica ted
physical sys tems fundame ntally differen t fro m clas sic neu tral gases, especia lly when the re is
a magn eti c field present . The hop e is that the reade r is conv inced that pl asmas are excit ing
physical objects t.hat. arc abundantly p resent in the uni verse and that. he iii p rep ar ed t.o make
the effort to learn about the basic principles and prop ert ies of plasmas.

1.1 Plasma as the fourth state of m atter

A plasma can b e produced by rai sing t he temperature of a gas unt il a reasonabl y high frac ­
tional ioni zation is obtaine d. A pl asma is essent ially a gas consist ing of neu t ral and charged
particles , ions and elect rons, rather than of neu t ral atoms an d molecu les on ly as illustrated
on Fig. 1.1. In gener al a pl asma is e le ctrica lly neutr al over all, but the presen ce of charged
parti cles mean s tha t a plasma can support electric cu rre nts and internet with elect ric and
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ma gnetic fields. It is impor tan t to b e aware that a plasma canno t b e treated simply as an
ordinar y gas whieh is elect rically conducting . T here is a fundame ntal difference between a
neu tr al gas and a plasma tha t res ults from the differ ent nature of the inter-par ticle forces. In
a neu tral gas t he forces are very strong and shor t range, so th at t he dynamics of a neu t ral gas
is dominated by two-bo dy billi ard-ball- like collisions . In a plasm a the inter-par ti cle forces be­
tween charged par ticles are elect romagnet ic forces. A cha rge d particle inter acts wit h th e other
charged particles through the Coulomb force. In ad ditio n a moving charged particle creates
a magnetic field which produces a force on the ot her charge d particles. The electromag ne t ic
forces ar e compara t ively weak and long-r ange. Du e to the long ran ge of t he inte r-part icle
forces each charged particle in a plasma int eracts with a lar ge number of ot her cha rged par­
t icles res ulting in collective plasma b ehaviour : hence th e fact t hat plasm a is referred to
as the fourth sta te of mat ter. A plasma is a ma croscopically electrica lly neutral substance
containing many in teracti ng free electrons and ions which exhibit collective behaviour' due to
the long-range Coulom b forces.

_0
0

~ ~-~
~/~ lY~'i

~ ~~ucleus
"-.:~ \J~_Electron

&0 ~
(!:) (OJ ~

Gas

I
8.

<>

0-
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-0 .-..

-0 --

......~+ "
0 -

0-

Figure 1.1: Schematic representation of a gas and a plasma.

1.2 Plasmas and magnetic fields

T he inter actions of a plasma with a magneti c field produce a wonderland of fascinating phe­
nom ena. In any roo m , you are lar gely un aware of the earth's magnet ic field , becau se it s
int eraction with the gas is negligible. If your room where filled with plasma , however , th e
sit uation would be very di fferent . The magnetic field exerts a force on the plasma (Lorent z
force) which can b e split into two par ts. T he first part is a magnetic pressure which acts ,
j us t like ordinar y gas pressure , from reg ions of high to low pressur e. The second part is a
magnetic tension force wit h the same effect as a tension in an elastic string . A curved
magnet ic field can eject plas ma at a speed now known as the Alfveu speed or can support
plasma against gravity. Since the magnetic tension provid es a restoring force when a field
line is curved, ma gnet ic waves will pro pagate along the magnetic field lines in the same way
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as tension can make waves propaga te along a st ring. Since a magnetic field exert s a force on
a plasm a , it may st ore energy. P lasma mot ions that twist and shear magnet ic field lines can
inject energy in the magnet ic field . Occasionally, the magnetic field may become un stable
and the stored energy be released in a violent disruption .

1.3 Why plasma physics

T he desire to underst and the basic prope rt ies of plasmas is quite recent. It is largely st imu­
lat ed by the import ance of plasma physics for solar physics, space physics, ast rophysics , and
for the development of controlled therm onuclear fusion. T he ranges of temperature and num­
ber density of natural and man- made plasm as are huge as can be seen on Fig. 1.2 (borrowed
from "Fusion - Physics of a fundamental energy source , P lasmas - t he fourth st ate of matter ,
Characte rist ics of typical plasm as" at ht tp:/ /fusedweb.pppl.gov/ CP E P / chart .html).

Figur e 1.2: Density and temperature of plasm as.

The Sun and solar wind
T he Sun can be regarded as a source of rad iated energy whic h appear s to have been relative ly
constant for period s of millions of years and not t o have changed a lot in t he past 4.6 x l 09yr.

T he near const ancy for the shor ter t imes is easily underst ood once the origin of the radiated
energy in nuclear reacti ons in the deep solar inte rior is appreciated . T he Sun has such a large
heat content that , if the cent ra l nucle ar react ions were turned off, it would take 107yr before
any knowledge of this reached the solar sur face. The Sun appears to be a hot sp here of plasma
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held togethe r by its own self-gravita tion and kep t hot by the steady nuclear reactions . This
view of the Sun wit h slowly varyi ng prop er t ies has led to the st udy of spher ica lly sym met ric
mod els of the Sun, which evolve slowly in t ime, and wit h correspo nding mod els for th e
struc tur e and evolut ion of all ty pes of stars . The str uctur e and t he differen t layers of th e Sun
are illust ra ted on Fig. 1.3.

CORONA

Figure 1.3: Structure and diff erent layers in the Sun.

Superim posed ou t his very slowly varyiug Sun is an atmosphere of extre me com plexity
with ra pid spa tial and temp or al var iabi lity which requires a totally different explana t ion.
Only since the 1970s do we know tha t the solar atmos phere is controlled by the interactions
of the magnet ic field with the plasm a. The old view of the solar atmos phere was a spher i­
cally symmetric structure wit h a complet ely unimpor tant magnetic field , except in sun spots.
Elsewhere the magne t ic field was tho ught to b e uniform. Ob servati ons from satellites (e.g.
Skylab, Solar Maximu m Missions, Yohkoh, SOH O) an d high reso lution observations from
t he gro un d have overthrown t his old view. We now kn ow that over t he whole of t he solar
photosp here the magnet ic field is conce ntrated by turbulent convective mot ions into intense
ma gneti c flux tub es of st re ngt h 1500 Gauss (a Gauss is a common unit of magnetic field
strengt h in solar physics and astrophysic s, 1 Ga uss = 10- 4 Tesla) at the boundaries of con­
vective eleme nts . Going up above the photosphere of the Sun t hese flux tub es spread out in
the chromosphere and fill t he whole space in the up per chromosp here and the corona with
beautiful magnetic loop st ruct ur es where the magnetic field is strong eno ugh. Elsewhere,
t he plasma st retches t he magneti c field out into open st ructures leaving the Sun . Soft X­
ray telescop es from space have revealed the corona in all its glory, emitting thermally at a
few million K as can be seen on F ig. 1.4 (borrowed from "Yohkoh Public Outreach P roj ect
(YP OP )" at ht tp:/ / www.lmsal. com/YPOP/ Sp otli ght /Tour/tour06.html ). All the structure
we see in the corona is caused by the magnet ic field . If t he Sun had no magneti c field , its
atmosphere would be a ra ther dull ob ject . T here would not be any sunspots, intense flux
tubes , prominences , spicules, flar es, corona l mass ejections and the Sun would not have a
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Figure 1.4: Yohkoh image of the corona in sof t X-mys, showing the bright magn etic loops.

5

chromosphere, a corona or a wind. The magneti c activity of the Sun is no t constan t b ut
changes with a period of about llyr, known as th e solar cycle. This is most clearly seen in
the total number of su nspots which varies from a ma ximum to a minimum and back to a
ma ximum in llyr as is shown on Fig . 1.5 (borrowed from "Yohkoh P ub lic Outreach Project
(YP OP )" at ht tp: / /www.lrnsal.com /YPOP/Spotliglrt / To1ll./to1ll.07.lrtml ). T he solar a tmo­
sphere has been iden ti fied as a gigant ic plasm a physics laboratory where the laws of mod ern
plasm a physics can be st ud ied under condit ions that canno t be realized on earth .

The Sun emits a highly conduct ing tenuous plasma, call ed the solar wind , at very high
speeds into tire inte rp lan et ary space. The existence of the solar wind is a consequence of the
hot (1 - 2 x 106 K) corona. It is not pos sible for a hot st at ic corona to exte nd t hrou ghout
int erplanetary space. It must exp and and as a result the Sun loses mass. T he solar wind is
far from being spherically symmetric. Tire high speed solar wind originates from th e op en
magneti c field structures in the solar corona. The earth resembl es a small pebble in a stream
of plasma flowing supe rson ically out from th e Sun. T he expansion of the solar wind , combined
wit h the solar rotation , has two consequences . Firs t , the magnetic field , firml y rooted in the
solar photosphere, is pulled outward since it is embedded in the radially outward-flowing
plasma. Second , the magnetic field at larger distances is bent back azimuthally into a spiral
as shown schemat ically on Fig. 1.6. T he solar wind does not flow steadily. Solar act ivity
manifest s itself through the sunspot cycle; it causes th e plasm a from a pa rticular solar region
to exp an d at a much greater speed set t ing up a shock that accelera tes ions in sit u to large
energ ies.

The m agnetosphere
P lasma physics is also important closer at hom e. Although the main influence of the Sun
on the Earth is through gravitation and electromagneti c radiation (primarily in the optical
part of the spectrum) , the Sun also interacts with tire Earth t hrough its particle emission in
tire solar wind. T he reason why we do not have to worry about this high speed solar wind
and tho magneti c storms on tho Sun is that. we are lucky that the earth resides wit hin a vast
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Figure 1.5: Top: The number and position of the sunspots, repres ented in the so-called
'butterfl y-diagram'; B ottom : 12 X -ray pictures taken betw een 1991 and 1995 showing the
dijfemnce in solar' radiat ive output when evolving jrom solar maximum. to solar' minimum,

magneti c cavity, called t he magnetosphere of the eart h, T he solar wind encloses the Eart h an d
its local magneti c field in this magnetosphere as shown schemat ically on Fig , 1.7 (borrowed
from "0 11111 Space P hysics Textbook" at ht tp:/ / www.olllll.fi/ spaceweb/ textbook/ ). T he
solar wind reacts t.o tho magneti c field of the earth and t.o the plan etar y magnetic fields as
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SOLAR WIND

7

Figur e 1.6: Schematic representation of the spirals drawn by the magnetic field lines as they
are udvected ouiuuird by the solar wind. The wind itself flows mdiully outward [roui the Sun.

obst acles in its path and is deflected by shock waves aro und the fields. These int er act ions
create the planetary magnet ospheres whose sizes depend on the strength of the magnetic field
and the plasma pressure wit hin th e magnet osph eres. The magnetos phere of th e Earth, or
of any other planet , is that region sur rounding the plan et in which its magnet ic field has
a cont rolling influence on , or dominat es, the motions of energet ic charged particles such as
electrons, protons, or other ions.

In addition to cha nges indu ced by t he rotation of the Sun, the energy t ransfer from the
solar wind t o the plan et ary magnetospheres varies with the solar magnet ic cycle, At times
of st rong solar magnetic activity, the inte nsity of t he solar win d increases and its int era cti on
with the magnetosphere causes magnetic storms and aurorae. During solar maximum in 1989
geomag netic disturban ces and auroral displ ays cou ld be observed as far south as F lorida.
Strong solar magnetic activi ty can cause a compression of the magnetosp here at its day-side
to about ha lf its size and an expansion to abo ut twice its size at th e night side. These changes
in t he size of t he magnetosphere have an effect on artificial satellit es du e to increased drag
and direct exposure to energetic partieles in th e solar wind . During the magnetic sto rm s
the magneti c field of the Eart h is for ced to change on a tr uly grand sca le caus ing problems
for geomagnetic nav igatio n sys tems and dis rupti ng rad io communicat ions. T he dist urbed
magnetic fields can knock power plant s out of service. During t he severe geomagnet ic storm
on 13/03/1 989 all of the Canadian province Quebec was plunged into complete darkness
without warn ing and within a few seconds. So th ere is a pra ct ical interest in understanding the
magnetosph ere and its interaction wit h the solar wind . T his has led to internat ion al resear ch
progra mmes in space weather. In addition the magnetosphere like the solar at mos phere is a
plasma physics lab oratory where we can observe and study plasmas und er unique cond it ions
that we cannot realize on Earth.

The heliosphere
T he solar wind confines the planetary magneti c fields int o magnetosph orcs bu t also produces
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F igur e 1.7: The Earth 's magnetosphere, deflected by the solar win d.

a cav ity surrounding the Sun in the local in ters tellar medium. The Sun has its own magne­
tos ph ere called th e holiosphoro; it is th e regio n within the galactic medi um where th e sola r
plasma digs ou t , and fills a cavit y. A hot corona cannot be in stat ic equilibrium with the
int ers tellar medium and must expand . On ce th e solar wind is introd uced th ere is a sur face
sur rounding the Sun at which the pressure of the solar wind balan ces the pr essure of the
int erst ellar gas and th ere is a hcliosphcric boundary whose str uct ur e is basi cally similar to
that of the magnetosph ere. T he global sola r magneti c field organizes t he heliosp here. The
morphology of the hcliosp herc, it s evolut ion over space an d time, and th e location of it s
boundaries are det ermined by the global solar ma gne t ic field and by the prop erties of the
local interstellar medium. T he posit ion of the boundary is not know n with great accuracy
bu t is p rob abl y of order of 100 AU. T he holiosphcro contains most of the sola r sys tem but
not the most distant comets.

Astrophysical plasmas
Almost all astrophysical obj ects are in the plasma st ate. Here we list a few examples of
magneti c as trophysica l plasmas. Obvious examples of stellar magnetic pl asmas are the solar
type stars. T he only un iqu e property of the Sun is it s proximi ty. The Sun is our nea rest st ar.
It is so mu ch nearer and looks so different from ot her stars that most people give the wro ng
answer to the quest ion " what is the near est sta r to us'?" T he second nearest kn own star to
Earth is more than 2 x 105 ti mes fur ther away from the Earth than the Sun . Ap ar t from
being th e st ar that is by far the closest to the Earth , the Sun is an ordinar y main sequence (or
dwarf) star of spe ctral type G2. T his means that we can expec t that man y ot her st ars , whose
gross prop erties (mass, chemica l composit ion , luminosit y, effeetive temperature) are sim ilar to
th ose of th e Sun , a lso exhibit at mospheric ac tivity superimposed on th eir average behaviour.
Becau se the Sun is so close t o us, its act ivity is very ap parent , but this would not be true
even if the Sun were one of the ot her nearest st ars to us. Because all ot her stars app ea r as
poi nt sourc es of rad ia tion , it is impossible to observe t heir atmospheres wit h spatial resolution.
Unt il th e lat e 1970s the study of st ellar activity relied Oil t he existence of stars, whose act ivity
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is very much greater than that of the SUllo Ultraviolet spect roscopic observations from IUE ,
X-r ay observations from the Ein stein Observatory, microwave det ections from th e VLA and
new op tical obser vations from the ground have shown that solar-like activit y (st ellar spot s,
chromosph eres, transition regions, coronae and ste llar winds) ind eed occurs in a wide variety
of stars . If a solar-like st ar is defined as a star which has a turbulent magnetic field sufficient ly
stro ng to cont rol the dyn ami cs and energet ics in its outer atmospheric regions, it then turns
out that (i) dwarf stars of spectral ty pe G-M and ra pidly rotating subgiants and giants of
spec tral type F-K in spectroscopic binary systems are definitely solar-like, (ii) dwarf st ars of
spec tral typ e A7-F7 ar e almost certainly solar-like, (iii) T Tauri st ars and other pre- Main­
Sequence stars are probably solar-like, (iv) slowly rotating single giants of spect ral ty pe F to
early K are probably solar- like. As a consequence plasm a physics is impor tant for astrophysics
as a whole.

The magnetic fields in th e solar atmosphere are small scale magnet ic fields concent ra ted
in intense flux tubes and in sunspots in the photosphere. When average d over the whole solar
photosph ere a small global field of a few Gauss is measured . T he first discovery of global ste llar
magneti c fields goes back to the late 1940's when global magnet ic fields were discovered in
varia ble Ap stars. T he Ap stars are peculi ar stars with enha nced lines of the Fe-peak clements
and grea t ly enhanced lines of th e rare earth eleme nts compared with the spec tra of normal
stars. The line st rength anomalies ar e caused by atmos pheric abundance an omalies confined
in a thin layer in th e atmosphere. The detected global magnetic fields vary in ph ase with
the sp ectrum and light var iat ions. The sur face magnetic field s ar e pr edominantly dipolar ,
and their effecti ve st rengths range from a few hundred Gauss up to ;{4 kG au ss. The periodic
variat ions in spec t rum, light, and magnetic field ar e explained with the oblique rot ator model
as du e to the rotat ion of the st ar with the period of th e observed variations equal to th e
period of rotation. The oblique rotator model assumes that the magneti c field is frozen in
the ste llar atmosphere and has an axis which is inclined to th e axis of rot ation , which it self
is inclined to the line of sight. Because of the rotation of the star the observer sees different
aspects of the dipolar magneti c field and measures a vari able effecti ve magnetic field. T he
spectru m and light var iations are explained by assuming that th e abundance anomalies ar c
not uniform over the sur face of the st ar, It is now clear that the magnetic Ap ph enomenon
(mag net ic stars which are oblique rot ators) extends from T; = 7400K to T; = 23000K. Hence
the nam e magneti c Ap is to o nar row but is st ill used for historical reasons.

Far stronger global magn eti c fields have been detected in white dwarfs an d neut ro n stars.
Of all the isolat ed white dwarfs that have been surveyed about 3% to 5% have observable
magnetic fields with a streng th from about 1 x 106 up to 5 X 108 Gau ss. Very st ro ng glob al
magnetic fields are observed in neutron st ars . Radio pulsars ar e a garden vari ety of neutron
stars : hundreds have been det ected since they were deteeted in 1968. T hey emit beams of
radio waves which sweep through space as th e st ars rotat e, like lighthouse beams, thus from
afar pulsars seem to flicker or pul sate at their rot ation period. Ca reful measurement s have
shown th at pul sar periods incr ease over time, implyin g th at the stars are gradua lly spinning
down . This is attribute d to their magneti c fields. The magneti c field is anchored to the
neutron star surface, so as the star turn s the field also must turn. T his drives magnetic
waves out, alon g with diffuse winds of charges particles (which emit the radio beam s from
ju st ab ove the magnetic pole s) , carrying off ener gy and causing the star to slowly spin down .
T he magneti c fields that are computed from the observed periods and the observed variations
of periods are for the majority of pu lsars in the ra nge 1011 - 1013 Gau ss. T he st rongest
magneti c fields ever detected occur in magnetars. Magnctars arc highly magneti zed neutron



10 CHAPTER 1. INTROD UCTION

stars form ed in a supernova explosion . The magnetic fields of ma gnetars arc ab ou t IOu; Gauss.
To pu t these enormous magneti c field st reng ths in p ersp ect ive, let us compare them wit h tha t
of more familiar ob ject s. The Earth 's magnetic field , which deflects compass need les, has a
st rengt h (meas ure d a t the N pol e) of 0.6 Gauss; a common iro n m agnet, like those used to
stick papers on a refrigerator, have a strength of 100 Gau ss; the magnetic fields of sunspots
have st reng ths of ab out 103 Gauss; th e st rongest man-made steady fields achieved in the
lab oratory have a st reng th of 4 x 105 Gauss; t he maxi mum field observed on a ordina ry stars
is 106 Gauss and a typical magnetic field of radio pulsars ha s a st re ngth of 1012 Gau ss. White
dwarfs and neu tron stars require going beyond classic physics.

T he int eraction of magneti c fields wit h plasm as play an important role in st ar form ation.
T he magnetic fields provide a very efficient mechan ism of support for self-gravit ating molec­
ular clouds where star formation is taking place. T hey influ ence the condit ions for collapse of
a self gravita t ing cloud and help regul a te st ar format ion . Mag net ic fields and plasma physics
are also important for explaining the relatively slow rot ation of non-degener ate stars. If dur­
ing star formation angular momentum would be conserved on cont raction, st ars would be
spinning much faster th an they actually do. Withou t br aking the Sun would not be a slow
rota tor with a peri od of 27 d but would rotate like mad with a rotational spe ed lOs times
faster tha n its act ual spee d . Magnetic braking combined wit h a (magnetic) wind plays a
fundamental role here. As a matter of fact a ll young Main sequence stars have undergone
substant ial br aking d uri ng their formation, ot he rwise they would be spinning mu ch fas ter
tha n they ac tua lly do.

Controlled thermonuclear fusion
T he Sun , like most st ars , radi ates an enormous amount of ene rgy, becau se in its core the
temperatur e and density are high eno ugh to prod uce fusion of hydrogen into helium. T he
amount of hyd rogen available for fusion is so lar ge that the nuclear fusion reactor in the
core can burn for ab out 5 x 109 years . Cont rolled nu clear fusion on ea rth would provid e an
almost unlimited and relat ively clean mean s for energy product ion . T he main obstacle in
t he way of harn essing this sour ce of energy is the fact that t he react ions will take place at a
useful rate only if the temperature of the mater ial is of the ord er of lOs K. Material at this
temperature is ionized . A way to confine and cont rol this very hot plasm a is by usin g magnetic
fields in toroidal devices. Early at tempts to do this revealed that a magneti c plasma is a far
mor e complicated sys te m than had been ant icipated . T his has t riggered off a programme
of theoret ica l and expe rimental resear ch into the proper t ies of magnet ic plasm as which st ill
cont inues .

1.4 Aim of the course

T he goa l of the course is not to cover the var ious subjects of the previous Sect ion. T hat would
be far too ambit ious an d actually a full course can be dedicat ed to each of these subjec ts .
However , before we can emb ark on a st udy of any of these subject s, we need to lear n abo ut the
fundament al concepts of plasma physics and the basic properties of plasmas. Hence, the aim
is to give a basic introduct ion to plasma physics wit h an emphasis on Magnet ohydro dyna mics
(MHD for shor t). Sin ce this cour se is the first encounter wit h p lasma physics for stude nts at
the K. V.Leuven, its level is elementary. Since both students in mathem atics and physics can
take this course, both mathematical integri ty and physical intuition are pursued.
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The conte nt migh t not be what is rou tinely expected from an introductory course on
plasma physics. Ind eed , there are different op tions about what to teach in such an int roduc­
tory course. A possibl e approach is to pr esent a select ion of plasma physics ph enomena to
convince th e read er th at plasm a physics is indeed an imp or tan t subject wort hwhile pursuing
and then to introduce the ap pro priate approximate plasm a mod el to explain the phenom enon
under discussion. Even if the selection is narro wed down to e.g. the Eart h and our Sun,
this would be a huge task if a reasonable level of depth is pursued and would req uire a vari­
ety of approximate plasma models if the observations are to be underpinned by theory. Of
cour se, time and spac e can be gained by present ing the plasma models with a minimal dis­
cussion of their theoretical foundations. However , this obsc ures the overall logical st ruct ure
of t heore t ical plasm a physics.

A plasm a is a large N-body system of mobile charged part icles and electromagnetic fields.
A com plet e sim ulat ion of such a macroscopic system by integration of the Loren tz force
equat ions and the corresponding micr oscopic Ma xwell equat ions is far beyond our reach, even
wit h the most powerful comput ers. Even if we could solve the system exac tly, we would have
far mor e information than we would require. For these reasons a number of plasma models
have been developed . T he models range from kinet ic models which contain all th e relevant
physical ph enomen a, bu t ar e st ill largely un solvabl e, to fluid models which selectively remove
small-scale physics, but are more tractable and yield very useful large-scale solut ions .

Since it is impossible to cover all of the plasma mod els in a first cours e, I focus on
Magnetohydrodyn amic s (MHO for shor t ). J\'IHO is a macroscopic, non- relativistic t heory
that is concerned wit h large-scale (glob al) and low-frequ ency (slow) ph enomena in magnet ic
plasmas. This focus reflect s a personal bias as I have been usin g MHO to a large ext ent, but
not exclusively, as a mathemat ical model for carry ing out my resear ch on magnet ic plasm as .
However , I have convinced myself that there are indeed good reasons for start ing with MHO.
Fir st ly, MHO can be viewed as an extens ion of classic hyd rod yn amics. It can be exp ected
t hat students in their t hird year are fami liar wit h very basic resul t s of classic fluids. Hence,
it makes sense to introduce to these st udents a plasm a model that they can link to a classic
fluid , on their first encou nter with plas mas . Second ly, MHO gives an accurate descrip t ion of
many of the compli cated intera ctions of magnetic field s wit h the plasmas of the Sun and st ars
and of fusion machines. Mag netohydrodyna mics can be used to st udy the global equilibri um ,
stability , waves and heating of the basic magnet ic st ruct ures in the solar atmosphere and of
plasmas in th ermonuclear magn eti c fusion machi nes. T hirdly, the model of ideal MHO has
an attra ct ive mathemati cal structure with well-defin ed conservati on laws.

MHO can be viewed as classical fluid dyn amics with the addit iona l complicat ion that the
fluid is elect r ically conducting. A possible way of introducing MHO is to write down the
constitutive equat ions of classical fluid dyn am ics and to add the term s and equations due
to the magnetic field . T his approach might be the best way to economically present the
equations of MHO and it allows us to move on to various applications of MHO wit hout much
ado. However , this leaves th e st udent without any idea how and where to place MHO in th e
wider context of plasm a physics. I have opted to pu t an emphasis on fundamental concepts
and first pr inciples. T he goal of this introductory cour se is to acquaint the st udent with
basic properties of magnet ic plasm as . Therefore, I shall begin from first principles with th e
fun dament al microscopic equat ions and then sys te mat ically derive the equat ions of mult i-fluid
and single fluid MHD . I st art from the Bolt zmann equa t ion and derive t he equat ions of MHD
as moment equations of the Boltzman n equation. T his approac h is longer and mor e tedio us ,
bu t has the considera ble advantage it allows to show where and how microphysics has been
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removed and to determine the limi tations and the domain of valid ity of MHD. The st ude nt
will not end up wit h the wrong impression that MH D covers a ll of plasma physics. He/she
will be fully aware that plasm as can show beh aviour that canno t be captured wit h MHD. In
t hat sense th e course is a lso an invitation to t he int erested read er to go beyond classic MHD
and discover many fasc ina ting plasma behav iour tha t is not dea lt with here.

Facts are of not much use, considered as fact s. T hey bewilder by their number an d
apparent incoherency. Let them b e digested in theor y, however , and brou ght into mutual
harmony, and it is another matter. T heory is t he essence of facts . Wi thou t theory
scient ific kn owledge would only be worthy of the mad house.
Electromagn etic theory
O. Heavisidc.

I decided to set t his cour se in the fra mework of solar and space plasm a physics an d as­
trophysics. Again this decision reflects a personal bi as as my research is in solar physics
a nd plasma astrophysics. Again, I am co nvinced th a t this is a good cho ice. T he fully an d
parti ally ionized plasm as that are the cent ral focus of solar and space physics ar e rela ted on
a fun damental level to labora tory plasma physics, which directl y invest igates bas ic plas ma
physical pro cesses, and to astrophysic s, a d iscipl ine t hat relies heavily on und erst and ing th e
phys ics of the plasma state. Altho ugh solar physics is the fra mework in wh ich I want to
set my course , I have refra ined myself from concentrating on a descr ipt ion of plasma ph ysics
phenomena in solar phys ics and as trophys ics. T he reader sho uld by now understand that the
emphasis of this course is on basic conce pts of plasma physic s and on basic proper ties of plas­
mas. If he/ she expects a course that mai nly concentrates on a description of plasma physics
phenomena in solar physics and astrophysics then he/ sh e will be disappoin ted . Observation al
fact s are essential in sciences. However , in order to fully appreciate the observations of the
complicate d b ehaviour of plasmas, the read er sho uld have learned first the basic concepts .

T his course gives a well-struc t ure d presentation of basic conce pts and fundamental pr in­
cip les of plasma physics and MHD and paves th e way to a wide variety of subjec ts where
plasma physics pl ays an imp ortant role. Of course, once we have a well-defined mathematical
t heory for describing a plasma sys tem , we need to show its strength by applying it to specific
situat ions . Why would we bother with the effor t of set t ing up a mathematical mo de l, if it
were not for exp laining obser vat ions and exp eriments. The fact that the read er sees that
MHD does work, is a st rong motivation for going t hrough its sometimes tedious deriva tions.
T he fifth Cha pte r is dedi cated to MHD waves in uniform and unbounded plasmas. This can
be seen as a first elementary applica t ion of MHD and/or t heory on very low-frequ ency waves
in ma gneti e plasmas . In the sixth and last Cha pter we usc hyd rodynamics and MHD to st udy
the solar wind . It is the only Chapter t hat deals excl usively wit h solar physics.

T he amount of mathemati cs and physics requi red for this cours e is limited . A knowledge
of vector calcu lus, real ca lculus and eleetromagnet ie t heory are the modest prerequi sites from
mathematics and physics. I like to think that both st ude nts in ap plied mathem atics and
physics benefit from a course where by start ing from basic pri nciples an d by using realisti c
approximations a mathem at ical model is constructed for a complicated physical sys tem as
a magneti c plasm a . T his mathem atical mod el contains all the information of the system
under study wit hin the limi tations of the approximations. It can be used to explain observed
beh aviour and to predict future behaviour of the system . In a sense this course can be
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seen as an example of mathematical modelling of complicated systems. Unfort unately, th e
mathematical model equations are often not co-ope rative and it often requires hard work
to extract information from them. T he math ematics involved in th is course is most of the
t ime rather elementary. I am not wor ried about this elementary level of mathematics and
physics. This is an introductory course wit h the emphasis on basic concepts. In the last
Chap ter th e math ematical model is applied to the solar wind . Here the math ematics is a
little bit more adva nced as we are required to solve non-lin ear ordinary different ial equations.
The th eoretical ana lysis remains pr et ty st ra ight forward , bu t the act ual comp ut at ion of the
solut ions turns out to be a tou gh probl em of numerical mathematics.

T he exercises take a special place in this course. \Ve all learn best the things th at we
have discovered for ours elves. Hence, in stead of being very detailed in th e derivation of th e
equations and results , I have taken the re laxed attitude to be eeonomieal on intermed iate
results and ste ps when th ese are st raight forward . A first class of exercises invite s th e reader
to fill in gap s in th e often long derivati on of equations. T here is no need for th e rea der t o
memor ize the different ste ps req uired for obtaining a given equat ion or result , but he/ she
should have gone throu gh this st ra ightforward mathematics at least onee. Also, it is difficult,
if not imp ossible, for anyone to learn a subject purely by reading about it. Applyin g the
informa tio n to specific problems and there by being encouraged to think about what has been
read , is essent ial in th e learning pro cess. A second class of exercises t ries to invite the reader
to just do that. The exercises form a maj or par t of this boo k. In the Belgian educat ional
sys tem stude nts do have to tak e exams. The exam for the material covered in this book
consists of solving t.he exercises and expl aining th e solut ions by using the notes th e students
have prepared themselves.
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Chapter 2

Basic plasma properties

Like all oth er arts , t he Science of Dedu cti on and Analysis is one which can only be
acq uired by long and patient st udy , nor is life long enough to allow any mor tal to attain
t he highest. possible perfect ion in it. Before t urning to those moral and mental aspects
of t he mat ter which pr esent s the greatest difficult ies, let the enquirer begin by mast ering
more olornontary probl ems.
Sherlock Holmes, A study in Scarlet
Sir Ar t hur Conan Doyle

A plasma is an ionized gas that is in a state of elect rical quasi-neut ra lity, the behaviour
of which is governed by collect ive effects due to t ho long range elect romagnetic inte raction
between the charged pa rticles. In this Cha pter we shall st udy t he two basic cha rac teris t ics
that are used in tho definit ion of a plas ma : qu asi-neu tra lity and collective behaviou r. \Ve
sha ll determine basic consequences ar ising from the long-range Coulomb inter act ions and
we shall po int. out. th e necess ity of takin g into account th e collective behaviour of many
charged part icles brou ght abo ut by t he long-ra nge interact ions. Pl asma oscillations an d Debye
screening are typical examples of this collective behaviour; the plasm a thu s strongly exhibits
a medium-like behaviour. \Ve ident ify maj or plasma para met ers that. character ize the high­
frequency behaviour associated wit h the dyn ami cs of the elect rons and the low-frequ ency
behaviour ass ociated with tho dyn am ics of th e ions.

2.1 Elements of pl asma kinetic theory

Particle distributi on fun ctions
A plasm a is a sys tem containing a very large number of mobile charged particles. Each charged
part icle creates its own microscopic electric and magnetic fields and reacts to the microscop ic
fields of all ot her part.iclos. T he actua l elect ric and magneti c fields arc the sum of all the
microscopic contr ibut ions of the particles. T hese fields have an extremely complicated spatia l
struct ure and vary on different. time sca les. A comp lete simulation of a plasma by integration

15
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of the Lorentz force equations [or all the part. iclcs and the corresponding microscopic Maxwell
equa t ions is far beyond our reach , even with the most powerful computers , Solvin g the classic
electromagn etic man y-body problem [or a plasma is a hop eless and hardly interest ing task.
It is hardly int eresting because it would give us far mor e information t ha n required . We ar e
no t in terested in kn owin g the po sition and velocity of each individnal par ticle at any given
time.

Hence we replace the real plasma consis ting of discrete particles with a smeared-out density
distribution fun ction in phase space. This might be expected to be reasonable if each part icle
feels the effect of many other part icles simult aneously and not just that of a few of its nearest
neighbour s. This is what happens when there ar e many par ticles in the Dcbye sphe re, which
we shall discuss in Sections 2.:{ - 2.5. In analogy wit h the configuration space defin ed by the
posit ion coordinates x, y, Z , it is convenient to consider the phase space defined by t he six
coordinates x, y,Z,w x , "lDy , "lDz .

An clement of volum e in configuration space is represente d by c, :lr = c,x c,y c,z. This is a
finit e element volume, sufficiently large to contain a large number of particles, yet sufficiently
small in comparison with the charact eristic lengt hs associated with the spat ial variation of
physical qu antities as, for example, density and temperature. Wh en we refer to a particle as
being sit uated insid e c,3r , a t position r, it is mean t that it s x coordinate lies b etween x and
x + c,x , its y coordinate be tween y and y + c,y , and its z coor dinate between z and z + c,z.
P articles localized in c,3r , a t position r , may have complete ly arbit rary velocit ies which ar e
represented by scattered points in velocity space.

An element of volume in velocity space is roprosontod by c,3Tll = c,"lDx c,"lDy C,11Iz . For
a particle to be included in c,3w, around t he terminal point of the velocity vector w, it s
;1: component of velocity must lie between 7IJx and 7IJx + c,7IJx , it s y componen t of velocity
between wyand wy + c,wy , and its z component between W z and W z + c,wz .

In phase space an element of volume can be imagined a~ the volume of a six-d imens ional
cube : c,3r c,3tiJ = c,x c,y c,z C,11Ix c,wy c,wz . Note that inside c,3rc, 3tiJ, at the position
(r ,1ll) in phase space , there arc on ly th e particles inside c,3r around r whose velocit ies lie
inside c,:lw around tiJ. T he number of points insid e a volum e clement c, :lrc,3tiJ is, in general,
fun ction of time t and of the position in the phase space . The coord inates r and tiJ of phase
space ar e indep endent variab les, since they label ind ivid ual volume elements in phase space.
In particul ar , tiJ is not the veloci ty of an individual part icle, and it is not the fluid veloci ty of
a plasma element.

The dist ribution function in phase space, fa(r,tiJ, t) is the densit y of the representative
points in ph ase space for particles of typ e a , that is, th e number of part icles of type a
c,6Na (r, rll, t ) insid e c,3rc, 3w, at the position (r , tiJ) is

T he distributi on funct ion does not depend on th e coordina tes of all the single particles of a
given sp ecies ; it onl y depends on the phase space coordina tes (r,1ll) and time t . T he exact
po sitions of th e particles have b een smeared out over the ph ase space volume c, 3r c,:ltiJand th e
dist ribution fun ction doe s not describe the exact positions of the particles in this volume. It
is assumed that the density of the representative points in phase space does not vary rapidly
from one element of volume to its neighbouring element , so that fa(r ,tiJ, t) can be considered
a continuous function of it s ar guments. faU",1ll, t ) is also a positi ve and finit e function at
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any time. Also in an elem en t of volume with very lar ge velocity coord ina tes (w x , wy , wz ) , t he
number of represent ative points has to be relatively small, since in any macroscopic system,
there can on ly be relatively few particles wit h very lar ge velocit ies . In par ti cul ar f (f , lV, t)
must tend to zero as t he velocity becom es infinite ly large. T he types of particles t hat occur
in a plasmas are electrons , ions and also neu trals when the plasm a is only partially ion ized.

T he d istri bu tion funct ion is, in gener al, a fun ction of the po sition vect or f . W hen this
is t he case it is sa id to be nonuniform. W hen it is indep en dent of position , t he distribution
func t ion i~ unif orm. In velocity space the d istribu tion fun ction can b e anisotropic, when it
dep en ds on the orient ation of the velocity vector w,or isotropic, when it does not depen d on
the or ientation of lV, b ut on ly on Its magni tude. The descrip tion of differen t plasm as requ ires
the use of uni for m and nonuniform, isot ropi c and anisot ropic, time indepe nd ent and tim e
dep enden t d istr ibu tion fun ctions,

Macroscopic quantities
T he distribut ion func tio ns contain all the informat ion on the system und er study . Once we
know r ,(i,lV, t ), we can comp ute all macroscopic fluid quantit ies rela ted to the par ti cles of
ty pe CY an d to t he plasm a as a whole. The part icle density in configuration space of parti cles
of species CY , rI e, (f , t ), is the integral of the par ticl e distrfbntion func t ion over velocity space ,
T he m ass density in con figuration space of parti cles of species CY , pe,(i, t ) and the mass density
of the plasma as a whole are then read ily comp uted :

n( f , t ) = L ne, (i7, t )

p(f , t ) = L Pa(f , t )
a

(2.2)

rna is t he mass of a particle of species CY . T he velocity of the par t icles of type a as a who le,
va(f , t ), is the weight ed mean of 'wwit h fa as weighting function; the bulk velocity of the
plasma v(f, t) is t he weighted mean of the velocit ies ve,(i, t) of the differen t spec ies wit h the
mass den sit ies pe, (i" , t ) as weight ing fac tors :

va(i,t) =< W >=_(1~ ) ! wfa(i,w,t)d3w
rIa r , t .

(2.3)

Once the fluid velocity of the part icles of species CY is determined, we can define the random
velocit ies

(2.4)l
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of the particle s of typ e a with resp ect to fluid of the part icles of type a . Wo do not expect
the system to have reached thermal equilibrium, nevertheless we use the mean kineti c energy
of these random motions T <I 11,,(r, t) 12> to define the thermal velocity Vl,o and the
tempera ture To of the par ti cles of typ e a . T he temperature T of t he plasm a as a whol e is a
measure of the kinetic energy of the random mo tions with respect to the whole plasma:

2 1 I - ( - ) 12 1 j' I - ( - ) 12 f (- - )d3 - kBT"Vto = - < u" r , t >= - uo r ,t o r ,w, t W = - -, 3 ~ ~

3kBnT = I: nom" <I lv- iJ(r , t) 1
2>= I:m.,Jl iv- iJ(r , t) 1

2 f o(r , IV, t)d3
1V (2.5)

o 0

Here klJ is the Boltzmann constant ku = 1.3807 x 1O - 2:1,J K - 1 . T his temperature is the
kinetic temperature, a quantity which we can formally calculate for any typ e of distribution
function. Therefore it is not necessaril y a t rue temperature in t he t hermody na mic sense,
which can only be calculate d for plasm as in or close to thermal equilibr ium . This kinetic
tempera ture is ra th er a meas ure for the spre ad of the pa rticle dist ribution in velocity space.
Mor eover , becau se each particle species may have its own distribution function , the kineti c
temp eratures of th e plasma com ponents may differ from each oth er. In addi tion , in an
anisot ropic plasm a t he temp eratures para llel an d perp end icu lar to the magnet ic field are in
genera l different, because the particle dist ributions have different dependencies in the pa rall el
and perpendicul ar directions. T he thermal velocity Vl,o defined in (2.5) is t he "root-mean­
square" of the random velocit ies in anyone directi on . Sometimes its square is defined without
the facto r 1/ 3 in (2.5) . T he average kinet ic energy of a particl e of type a du e to ra ndom
motions with resp ect to the fluid of part icles a is

mo I - ( 7 ) 12 _ 3m o 2 _ 3 k T2 < I I " I , t >- - 2-Vt,Q - "2 R Q

T here is not necessarily equipartit ion of kinet ic energy of random motions in t he th ree spatia l
directions. W hen this equipartit ion is ab sent, it makes sense to define thermal velocit ies and
temperatures in more than one directio n.

The elect ric charge density Q" and the elect ric curr ent density I, for particles of typ e a
are com puted wit h th e numb er density n,,(r , t ), the electr ic charge per par ticle '[o an d velocity
of the par t icles of type a as a whole, T he total electric charge density Q and the total electric
current density I are obtained by summing Q" and I" over the different spe cies a :

Q Q

Let us recall that the real plas ma consist ing of d iscrete particles is replaced wit h a smeared­
out de nsity distribution function in phase space. T he fields involved in this description are
global smeared out fields E and fj associated wit h the tot al elect ric cha rge density Q and the
total elect ric cur rent densityj. They sat isfy the glob al macroscopic Maxwell equat ions.

M axwell 's equ at ions
T he equa tions of Maxwell are well known



2.1. ELEMENTS OF PL ASM A KINETIC T HEORY

\l xE BB
at

\l.B 0

\l xB - 1 BE
/1] + - -

C2 at

\l.E Q
(2.7)

E
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In th ese equat ions E is the electric field, B is the magnetic induction, J is the total elect ric
current density, Q is t he total elect ric charge density and /1 and E are th e mag net ic permeability
and the electric perrnit. t.ivity of the plas ma. T he lat ter two quantities are almost always
replaced by t heir values for vacuum /l O = 47f x 1O- 7H m- 1 and EO = 8.8542 x 1O- 12 F I11- 1

so that l / (/ lOEO) = <? with c = 2.9979 X 108m S-1 the velocity of light . T he magneti c field
jj and th e electrical displacement 15 have been eliminate d from Maxwell's equations (2.7) by
the use of

- B - -H = - 1\ D = EoE
/10

Since ti will not be used in wha t follows, we shall refer to B as th e magnet ic field .

The Boltzmann equat ion
T he evolut ion of th e distribut ion functi on Ja(T, tV, t ) in spac e and t ime is governe d by a part ial
differential equat ion that is known as the Bolt zmann. equation. \Ve are looking at particles of
type a wit h mass rna and electrical charge lJa' Recall t hat 6.6 Na(T, iv, t ) = Ja(i' , iv, t)6.3r6.31V
is th e number of particles of species a which are contained in the element of volume 6.3i'6.31V in
phase space at th e posit ion (T,lii) and at t ime t. Let the part icles be subjected to an external
JOTce Fa Cr,IV, t ). For examp le, for part icles in an electromag net ic field and a gravi tat ional
field , this force is

F = rna.q+ lJa(E + lVX B)
where § is the gravitational acceleration.

In absence of particle interact ions, all par t icles in the volume element 6.3r6.3 ill in phase
space at the positio n (r, ill) and at t ime t will be found in the volume 6.:1;:; 6.:IU;' in phas e
space at the posit ion (TI ,1/) ) and at ti me t' = t + 6. l wit h

~ ~ F
1" = r + ill 6.t , Wi = ill + a6.t , a= ~

Tna

ais t he particle acceleration . For what follows it is inst ru ct ive to not e that 6.t is a short tim e
int erval since what we really have in mind is to take the limit 6.t ---> O!

T he number of part icles in t he clement of volume 6.30 6.:l U;' at th e posit ion (rJ ,U;I) and
at t ime t' = t + 6.t is

6.6N(,(0 ,U;' , t' ) = Ja(rJ , U;' , t' )6.:l 0 6.:l U;'

Let us now write 6.6No(TI ,1/), t') in terms of the old var iables (T, ill ) and 6.6Nn(T, lV, l). For
the volume elements we have the simple result

6.3
1J6.3

1I:' = J6.3r6.31v
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where J = de t1\J is the Jacobian of th e transforma tion from (i",lV) to (r' ,1;/).

is a G x G matrix. It is left as an exercise to the read er to determine the clements of the
matrix M , The relevant observation to make is that all elements on the diagonal of 1'J are
equal to 1 and that all off-diagonal clement s either vanish or arc propor tion al to ~t. Hence
J = 1 + O ((~t) 2).

It is a basic assumption that Ja(i",w, t ) is a cont inuous and differenti ab le fun ction. We
use a Taylor expansion to ob tain

Ja(T+ws i.« + s ~t , t + ~t)

= Ja(T,lV, t ) + lV. 'VxJa(i"Jii, t ) ~t + ii.'V1O f",,(T, lV, t ) ~t + D~~a ~t + O ( (~t) 2 )

where 'Vx and 'V10 denot.e the 'V-operat.or in eonfigura t.ion space and in veloci ty space re­
spec tively. Hence

In absence of collisions the number of particl es rem ains unchan ged and th e right hand side of
the pr evious equation is zero . \Vhen we divide this equat ion by the volume element ~3i"~ 31v

and also by ~t and then take the limi t ~t ---> 0 we obtain the collisionless B oltzmann equation
or Vlasov equation

o/f + lV. 'VxJa(i", lV, t ) + ii.'Vwl a(T, lV, t ) = 0 (2.8)

However when collisions are present ~6N,, (rl , 1;I , t' ) - ~6N,, ( i", lV,t) =!= 0 since some of the
par t icles which were init ially in t he volume clement ~:li"~:lIV may be removed from t his
volume element and partides which were initially out of the volume element ~:li"~:lw may
end up in the volume element ~:l r'~:l~1 The net var iat ion (ga in or loss) of part icles of type
a per uni t volume in ph ase space and uni t time du e to collisions is deno ted as

( 8Ja )at eoll'

The difference in t he number of particles is then

With the sa me simple mathematical mani pulations that we used to obtain the collisionless
Boltzmann equat ion , we now find the classi« B oltzma nn equati on:
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(2 .9)
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This equation was first deri ved by Bolt zmann in 1872. Recall that in the Boltzm ann descrip­
t ion th ere are two types of forces th a t ac t on the part icles. F irst th ere are th e long-range
Loren tz force q,,(E + wx B), and the grav itationa l force m"g wit h E, B and 9 global fields.
Second th ere are th e collisions whi ch are rela ted to short-range forces on th e length scale of
the Debye sphere , For plasm as of astrophysical and fusion inte rest . the dominant collisions
are clastic Coulomb collisions. The Boltzmann equation (2.9) supplemented with an equa t ion
for the collision term and the Maxwell equa t ions (2.7) form a closed set of equations. Once
f ,,(r, TV, t ) is known, any macroscopi c qu antity, such as density, pressu re, temp erature, can be
computed by integration of expression s involving f ,,(1, 0 , t ) over velocity space.

Examples of dist ribut ion functions
Let us now look at th e equilibrium state of a system of partic les that is f ree from external forces.
In the equilibrium state the particle int eracti ons do not cause any cha nge in the distribution
functi on with time and there are no spatial variat ions in t he particle number density. The
equilibrium dist ribution funct ion is given by th e Maxwell-B oltzm ann distribution junction:

(2.10)

T he number de nsity n and the temperature T ar e constants , T he Maxwcll-Boltzm an distribu­
tion funct ion is t ime ind epend ent, uniform and isotropic. 'What ever the velocity dist ribution
of a sys te m of particles ini tially not in equilibr ium may b e, it tends to the Maxwell-B oltzmann
distribution (2.10) in the course of time, if the sys te m is maintain ed isolated from the act ion
of external forces.

The distribution function g(wx ) for th e velocity component wx , can be obtained by inte ­
grating over wyand W z

(
m ) 1/ 2 ( rnw2

)
g(w x ) = n 21fkIJT exp - 2kIJ~ (2.11)

A similar exp ress ion applies to wy and W z . Each of the velocity comp onents has a Gaussian
distribution, with average value < W i >= 0, i = x , y , z.

T he distribution function g(wx ) and also the Max well-Boltz ma nn function (2.10)
f(wx" wy , wz) are properl y normalized as J~:: g(wx)d wx = n , J f(wx,wy , wz)dw = nand
n is indeed th e nu mb er density of th e particl es in configuration space.

The fact tha t < W x >, < wy >, < W z > are zero, mean s that there is no tr an slational
motion of the syst em as a whole. The velocit ies w are complet ely random velocit ies . On the
oth er hand, < W[ > i = x, y , z is intr insically positive since 9: < w2 >= 3;, < w~ > is
the mean kin etic energy of the random motions of t he particles . The Max well-Bo lt zmann
function (2.10) has an ticip a ted the fact that the mean kin eti c ene rgy of the random mot ions
is related to the temper ature. A simple calculation shows that

2 < w
2 > 2 1 1+00

2 kBT
Vi = --,-- = < W x >= - wx·g(wx )dwx = --

3 n - 00 m
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T he averag e kinetic energy of a particle du e to ra ndom motions is

m 2 3m 2 3
:2 < w >= T Vt = "2 kBT

and there is cquipart.ition of energy in the 3 spat ial dir ecti ons. The th ermal velocity can be
used to rewrite the Maxw ell-Boltz ma nn fun cti on (2.10) as

(2.12)

In view of what follows let us recall that (i) number density n. and the temp erature T arc con­
stants, (ii) the Maxwell-Boltzmann dist ribut ion functio n (2.10) is tim e indep end ent , uniform
and isot ropic and (iii) th e par ti cles have only kiueti o energy and have no potent ial energy
associated with th eir position.

The classic Maxwell-Boltzmann dist ribut ion (2.10) has < iv >= 0 so that th ere is no
macroscopic velocity present in th e syste m. A macroscopic velocity if = (vx , vy, vz)t can
introduced by using a "shif ted" Maxwell-B oltzmann distribut ion [unct ion. as

(2.13)

It is st ra ightforwa rd to show that < W x >= V x , < wy >= "u , < w, >= Vz , < iii >= if
so that IV - 17 = 17 is the ran dom velocity of the particles. Here also it has been ant icipat ed
that the mean kineti c energy of t he random motions is related to th e temperature, since

2 < u2 > 2 kBT
vt = --3-- =< U x >= ---:;;;

The average kineti c energy of a particle du e to random motions is

m 23m2 3
:2 < u >= T Vt = "2 k RT

- 1 0

0 .2

- 5 10 - 5 1 0 1 5

Figure 2.1: Maanocilian and shif ted Mtumnelliati dis tri but ion fun ctions.

In some cases, a plasm a has an anisotropic distribution fun ct ion , which can be approxi­
mated as a "bi-Maxwellian" wit h a diffcTcnt temperature along tlie magnetic field than across
the magnetic field . In thi s case, taking th e direction of the magnetic field to be the z direction ,
we have
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- 4

Figure 2.2: MO"Twcllian and shif ted Maxwellian distribution funct ions.

(2.14)

Here
2 kn711 2 kBT.l

Vti l = ----:;;;- ' V u, = ----:;;;-

wll is the component of wparallel to B and wI = w~ + w~ .
The graphic representa tion of g( w x ) for a Maxwellian and a shifte d Maxwellian are given

ill Fig. 2.1. Th e isolines of f (wll' W.l ) for a Maxwellian, and a shifted Maxwellian are given in
Fig. 2.2. The isolines of f( w lI ' w.l ) for a bi-Maxwellian are given in Fig. 2.3; th e right hand
part of this figure shows a bi-Maxwellian wit h a beam of fast pa rticl es.

10

10

Figure 2.3: Anisotropic distribut ion functions.

The Maxwell-Boltz ma nn dist ribut ion function (2.10) corresponds to th ermodyn ami c cqui-
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librium and uniform dis tributions of den sity and te mpe rat ure . This is in sha rp contrast with
the ubiquitous presen ce of spa t ia l and temporal var ia tions in den sity, pressure and tempera­
ture in nature. The assumption of full t her mody namic equilibrium has to be re laxed . Often
we ar e deal ing wit h a sys te m of particles that , althou gh not in equilibrium , is no t very far
fro m it . It is then a good approx imation to as sume tha t, in the ne ighbour hoo d (eleme nt of
volume) of any point in the syste m , there is an equilibrium situat ion described by a local
Maxwell-Bolt zmann distributi on func t ion . For lar ger sp at ia l sca les grad ients of T may exist ,
b ut these sca les ar c so lar ge tha t , locall y, t he equilibrium is no t perturbed . In addi tion , time
varia tions of T m ay exist , bu t on such a slow t ime scale that instantaneou s equilibrium is
a very good approximat ion. The ass umption of full thermodynamic equilibrium is repl aced
wit h local thermodynamic equilibrium (LTE). The isotropic Ma:rwell-Bolt zm ann distribution
fun ction for nonuniform, time dependent LTE is

~ ~ ~ ( m ):{/2 (m I iii - iJ(r,t ) 1

2
)

f (r ,w , t) = n (r , t ) 21rkJjT(T, t ) oxp - 2kJjT( r, t) (2.15)

T he gen eralization to an an isotropic Maxwell-B oltzmann dist ribu t ion fun ction for nonuni­
form , t ime dep endent LTE is straightforwar d .

In a plasm a we have a t least two types of part icles, electro ns and ion s. Hence we have a t
least two thermal velocities ui.« and Vt,i defined as

(2.16 )

m e an d m , are the mass of an electron an d of an ion respectively, for a proton m , = m I" Note
that m ; = 9.1094 X 10-31kg and Tn I' = 1.6726 x 1O-27kg, so that m p/rne = 1.8336 x 1O:{ and
(mp/me)I/2 = 42.81. The ratio of the therm al velocit ies Vt,e and Vt,i is then

Vt ,e = (Te ) I/2 (rni) 1/2
Vt,i T i me

In cas e that the electron s and ion s have compar able t em peratures , i.c. T; "'"T; then

Vt (rn.)1 /2
~ = ~ » 1
Vt ,i Ute

2.2 Plasma oscillations : the plasma frequency

(2.17 )

In the absence of exte rn a l disturban ces a plasm a is macroscopica lly neutral. This mean s
that under equilib rium condit ions with no external forces present , in a volume sufficient ly
large to contain a large number of particles an d yet sufficient ly smal l compared wit h the
char act eri sti c len gths for var iat ion of mac roscopic qu antities such as density and temperature,
t he net resul ting elect ric charge is zero . In the in terior of the plasma the micro scopi c space
charge field s cancel each other and no net sp ace charge exist over a macroscopic region.

Let us now see what elect rica l quasi-neut rality means by looking at what happen s wh en
there are deviations from charge neutrality in t he plasma. In this Sect ion we are interested
in th e high-frequen cy oscillations th at occur in a fluid cons ist ing of electrons and ion s whcn
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the part icles arc displ aced relative to one another. T he electro ns and the ions arc treated as
interpe netrating fluids. We take the economic principle of minimal effort for maximal res ult
as guideline an d we use a very simple mathematical model for describing the plasma. \Ve
hope that th e relevant p hysics is contained in t his math emati cal model and t hat th e physics
that we leave out is unimpor tant . \Ve assume tha t there are not any ra ndom th er ma l mo tions.
T his idealized system is referr ed to as a cold plasma. The particle distribut ion function of a
cold plasma is a a-funct ion centered on the average velocity.

Here I am going to commit a maj or pedagogical crime . I am going to use t he two-fluid
equa t ions for a plasma cons ist ing of an electron an d ion fluid although I shall derive these
equat ions in th e following Chapter. I know this is bad behav iour , but the ot her op t ion is
to start from the equation of motion for a single electron and to use intuit ive geometric
arguments . I do not like the lat ter option as it hides the fact that t he phenom enon under
st udy is a fluid ph enomenon . T he two-fluid equat ions that will be used here are simplified
variants of the genera l two-fluid equations that will be obtained in the following Cha pter.
T he electric force is the only force that we allow to act on the electro ns and ions . Since the
plasma is cold there is no pressure force and we forget about the magnetic force. T he relevant
equat ions are the equation of conservation of mass and the equation of motion for the elect ron
and ion Huids:

Pi (:t+ Ui'V') Ui - QJ;; = 0

(2.18)

We st art with a plas ma where the elect ron and ion fluids arc motionless and where the
elect rons and ions are initi ally uniformly dist ribu ted , so that the plasma is elect rically neutral
everywhere. T he equa t ions for this uniform static background are:

Ue.O = 0, Ui.O= 0

ne,o = ni,o = constant

Qe.O = - ne,oe = - n i,oe = - Qi,O

Eo = O (2.19)

T he subs cript 0 refers to equilibrium quant iti es. T his sys tem is now perturbed by displacing
the elect ron and the ion fluids from their equi librium positions . Any physical qua nt ity f(x,t ),
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for instan ce the particle density of the electrons n e , is now dep endent on space and ti me and
is writ ten as the sum of its cons tant equilibrium part 10 and a per turbed part h (x ,t) :

f (x,t ) = 10 + 11(.i , t)

ne(x, t) = ne.o+ ne ,1(x, t) (2.20)

Since the ions ar e mu ch heavier than the electro ns (rnp/rne = 1.8336 x 103 ) , we star t by
t reat ing the heavy ions as immobile in comp ari son to the light elect rons and set

Vi , l = 0, n i ,l = 0, Q i,1 = 0

\Ve now introduce the decomposition (2.20) into the orig inal time and space dependent equ a­
tio ns (2.18). T he assum pti on is that t he perturbed quantiti es h (x , t) are sma ll compared to
the equilibr ium qu antities f o so that when rewriting equ ations (2.18) it suffices to only retain
linear term s in th e perturbed quantities. This lead s to the following set of linear equat ions

one 1 ~----at + n c ,oV" Vc ,1 = 0

(2.21)

It. is now st ra ightfor ward to der ive an equation for the perturbation of th e number density of
the electrons n e, l

(2.22)

T his is the st andard equat ion of a linear oscilla tor. T he coefficient of n c ,1 must have the
dimension of frequ ency squa red . T he solut ion of t his equat ion is found by taking n e , I ~

ex p(iwt ), where w is the an gul ar frequency of the oscillation which is equal to wp,c, the
electron plasm a frequ ency:

ne,oc2

m eEo
(2.23)

T he elect ron plasm a frequen cy is a fundamental plasm a qu ant ity character ist ic for the dyn am ­
ics of the electr ons. To obtain qu an titati ve information , we replace the uni versal constant s
e = 1.6022 x 1O- 19 C, m e = 9.1094 x 10- 31kg, and EO = 8.8542 x 1O- 22F m- 1 by their nu­
mer ical values and we write no as (no / charac terist ic densi ty) x characterist ic density. We
choos e the chara cteristic density to be that of a plasm a in a pr esent-d ay medium-size fusion
expe riment , 1019m- 3. T he plasma elect ron frequency can then be written in the form

w . = 1 8 x 1011 ( __n_C _ ) 1/ 2 r 'td x s - 1
p.e · 1019m- 3 "
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Thus, when 1!e = 1Q19 m- 3 , we have wp,e = 1.8 X lQllrad X s-l. This make s it clear th at we
are dealing with high-fr equency oscillations.

In retrospect , thi s plasma oscillat ion could have been predicted on the argument that th e
tra nsfer of electro ns from a given region of space to a neighb ouring region induces a charge
separation. This local charge gives rise to an elect r ic field E . Since the electrons are much
lighter th an the ions , th ey respond much more rapidly to the elect ric field , and th e motion
of the ions can be neglected in firs t instance. The elect r ic field pull s th e elect rons back to
their initial position in ord er to reduc e the local charge separation which is t he source of
the electric field. Since the elect ron possesses a finite ma ss, those elect rons that begin to
move cannot stop at th e exact st at e of equilibrium, t hey overshoot the target and produce
anot her non-equilibrium distribution in the opposite dir ection . The elect rons begin to move
in the reverse dir ection , overshoot the equilibrium aga in, and so 0 11. The elect rons perform an
oscillat ory motion, with the Coulomb force acting as the restoring force and the ma ss of th e
elect ron as the iner ti a . This is called a plasma oscillation. T his oscillatory process could in
pr inciple continue ind efinit ely, as energy shifts from the elect rostat ic field to kineti c elect ron
energy and back aga in, for ever. T he fact th at the elect ron mass, though sma ll, is non-zero ,
is essent ial. If the elect ron had no mass, th e elect rost at ic energy could not be transform ed
into electron kineti c energy. T he sma ll electron mass accoun ts for the ra pid response of th e
elect rons to th e elect ric field , and th e high value of wp,c , which is typically in the microwave
ra nge of frequ encies for present-day fusion pla smas.

Recall that we have treated the ions as immobile. We now allow th e ions to move:

i\1 =J 0, 1!i ,1 =J 0, Q;,1 =J 0

T he relevant equations are

iJne ,1 ~----at + n e ,o'V .Ve ,1 = 0

Dn, I ~m + n ;,o'V .v i ,l = 0

iJv; 1 ~
m '--' =+eEI' iJt

(2.24)

As before , it is now straightforward to deri ve an equ ation for the perturbation of th e number
dcn sity of the electrons n e.l

(2.25)

Again we find a linear oscillator. The angular frequ ency W of the oscillation is W = wI'
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Wp .i is the ion plasm a frequ ency. Of cour se

W (m .)1/2
~ = -----':.. » 1
Wp,i rne

and thus

(2.26)

(2.2 7)

T he plasma electr on frequency is the cha ract er istic freq uency wit h which a fluid consisting
of electro ns and ions oscillates when the par ticle s are disp laced relative to one an other. It
is a qu an ti ty tha t is rela ted to the high-fr equ ency dynamics of the elect rons. The very light
elect rons react to space cha rge separa t ion and tr y to restore electrical neu trality. The massive
ions are ou trun by the light electro ns and do not par ticipate in restoring elect rical neu tr ali ty.

Let us now look at t he effect of t he plasma oscilla t ion on t he elect rical qu asi-neutrality
of the plasma. The plasma oscillation is a periodic oscillation of the electr ic charge and
const itutes a periodic violat ion of charge neutrality. T he obvious conclu sion is that charge
neutral ity does not hold when viewed over time spans T that are compar ab le to the period
of the plasm a oscillation : 21f/ wp ,e which is 3.5 x 1O -11 s for a plasma wit h no = 101 9 m - 3 .

T his does not worry us too much since the average of the oscillating elect ric charge over one
period of the plasma oscilla t ion is of course O. This mean s tha t electric neutra lity is a good
appmxirnation of Tmlity for t ime spans T sufficient ly longer than the plasma oscilla t ion perio d :

IT» 21f/w p,e (2.28)I
Now wait a minu te!!! T his Section begun by saying that the net result ing charge is zero in
a volume sufficient ly large to con tain a large number of par ticles. Here we arc talking about
sufficient ly long time spans . \Ve shall come back to this resul t in Section 4 of the pr esent
Ch apter.

T he plasm a oscillat ion define s a natural microscopic time unit which we can use to cali­
brate what we mean by globa l macroscopic time spans.

The plasm a oscillations have been studied by using the cold plasm a model in which the
random th ermal mot ions of the elect rons and the ions were ignor ed . These oscillat ions ar e
therefore a complete ly ordered response of the plasm a to elect rostatic per turbat ions.

2.3 T he D ebye shie lding length

\Ve now take up the problem of determining the effect ive interaction between charge d particles
in a plasma. \Ve shall calculate an effect ive potent ial field around a po int positive charge
(this will be our Coulomb scatter ing cent re in Sectio n 7) by taking explicit account of the
statist ical distribution of ot her charged par ticles. T his calcula t ion will lead to the notion
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of Debye screening. The poten tial field around a charged particle is effect ively screened by
the cloud of the other charged par ti cles; it s for ce ra nge is now confined within a certain
characteristic length , ca lled the Dcbyc shield ing length , determined by the den sity and the
tem perature of the pl asma . Let us ret urn to t he initial unp erturbed cold plasm a introduced
in the previous Section, and inser t into it a point positive test charge, qi . \Ve know [rom our
first yea r course on electromagn eti sm that [or an isola ted positive charge, in free space, t he
electric field is directed rad ia lly outward and give n by

- 1 qi ­
E = --- l r

47f<01'2

so that the elect rostat ic Coulomb p otent ial ¢Je er ) du e to this isolat ed charged particle in free
space, is

q
¢Jc(,.) = --'­

47f<or
(2.29)

wit h r the d ist an ce to the posit ive tes t charge and I r the un it vect or in t he radia l direction .
In the plasm a the spa t ial d istribution of charged particles is affected by the presence of such
a potent ial field and deviates from a uniform distribution. The charge attracts a cloud of
elect rons and repels the local ions , so that it is completely shielded [rom the rest of the
plasma. Outside the cloud , there is no electric field .

The math em atical mo del of a cold plasm a introduced in the previous Section do es no t
suffice any longer. It misses an essent ial ingredien t for the present discu ssion, we need thermal
motion s. Life gets more complicated but it will b e more fun. Let us now in troduce the random
thermal motions an d raise the tem p eratur e of t he elect rons and ions from ab solute zero to T .
For present purposes , we as sume that the plasma is isothermal , that is to say at a constant
temperature, ind epen dent of pos it ion.

Deep inside the cloud , the thermal mot ions of the elect rons will not be sufficient to enable
them to escape from the vicinity of the poin t charge qi . At the edge of the clou d , most of the
charge lJi is screen ed by the inn er electrons. In this outer region, t he thermal ene rgy of the
electrons m ay exceed the ir electrostat ic poten ti al ene rgy in the field of the lar gely scree ned
charge qi . Such elect rons ar e ab le to escape from t he cloud; to the exte nt t hat this occurs, qi
is no longer so effect ively scree ned . We ca n find a self-cons iste nt sol ut ion for the electrostatic
potential ¢J(1'), which arises from t he charge qi , an d t he res ponse of t he plas ma to the presence
of qi. A ca lculation along these lines was originally carried out by Debye and Hu ckel in 1923
in connect ion with the theor y of screen ing in a strong electrolyte .

A single particle has now bo th kinetic energy and pot enti al energy:

and the isotropic, time independent distribution [un ction is now

Here q; = -e for electrons and qi = Z e for ions. For simplicity we ass ume that electrons and
ions have the sa me te mperature T; = 1; = T and we take Z = 1.
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This distribution is nonuniform. The non-uniformity, that is the dependence on posit ion ,
is hid den in 1;(1') . As a consequence the par ticle (elect ron I ion) number density depends
on position , the factor no will t urn out to be the par t icle density at infinity. \Ve obtain the
number density of th e elect rons , ne, and that of t he ions, ru, by int egration of th e dist ribu t ion
function over velocity space:

For Z = 1 t he charge density Q, incl udin g the test cha rge qi = e, is

Q(r) = e(ni - ne) + e5(f) = - 2noes inh(k1;(r ) ) + e5(T)
lJT

Poisson 's equa t ion for the potenti al 1;(r) : \721; = - QIEo takes th e form

2 A-. _ 2noe ." h( e1; ) e "(;;'\\7y/- - -sm -- --u r )
EO kBT EO

T his is a difficult equation to solve, the main reason being tha t sinh is a tra nscendent (and
non-linear) function of its argument . \Ve know the disease, T he math ematical cure is to
replace sinh by its linear Maclaur in polynomial. T his is a math ematically sound operation if
the absolut e value of the argument of sinh is much smaller than 1,

but it remains to be seen whether operation is also physically sound. The inequali ty means
that th e electrostatic energy e1; associat ed wit h qi is much less th an t he t herma l energy klJT,
\Ve shall come back to this impor tant assumption. \Ve can then approxima te

e1; e1;
sinh(-k- ) ;:::: -k-

'BT 'BT

so that Po isson's equation for 1; becomes

T he parameter

(
kUT ) 1/ 2 1 _ Vt, e-- -- - --
nl e Wp, e Wp, e

(2.30)

int rodu ced here has the dimension of a length and is called th e D ebye length; it is an importan t
parameter for the st udy of plasmas. Choosing typical values appropriat e to pr esent-day
medium-size fusion experiments , with cha rac teristic thermal energy 1 keY and nnmber density
1019m - 3 , we can rewrite the expr ession for AD as

-5 ((kB T )/ (l keV ) ) 1/2
AD = 7.4 x 10 I( 19 -3 ) m

t i .. 10 III
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For a plasm a at 1 keV wit h no = 1019m- 3 , for example, AD takes the value 7.'1 X 1O- 5m.
T he probl em has spherical symm et ry since all qua ntities de pend ouly on the distan ce r

to the test cha rge . In spherical coor dinates we can rewr ite Poisson 's equation (for t: i' 0) as

In order to solve this equation we use our conse rvat ive reflex and have a look at the solution
for a positive poin t test charge in vacuum . Since close to the tes t charge the elect rosta t ic
potent ial 1>(r) should be th e same as th e electr ostatic Coulomb poten t ial 1>c( r ) we seek a
solut ion of the form

1>(") = 1>c(r )y(r )

where y(O) = 1 of course. Substitut e this expression for 1>(r ) into Pois son 's equat ion an d find
the following differential equation for y(r ):

(Py 2
(h.2 = ).'2y(r)

D

T he solut ion to thi s equat ion that is finite for t: --+ +00 is

y(r ) = exp(- J2 :D)
Hence, the solution to Po isson' s equation wit h t he bo undary cond it ion that 1>(7') vanishes at
infinity is

q' r
1>(r ) = -'-exp(-J2-)

41[(01' AD
(2.31)

T he physical meaning of this result for 1>(1') is clear. The Debye length (2.30) is a meas ure for
t he range of t he effect of the test charge. As can be seen on Fig. (2.4) t he effectiv e potent ial
is essen t ially equivalent to the bare Coulomb potenti al (2.29) for distan ces much smaller than
AD. However , for distances larger than AD the effecti ve potential decreases exponent ially.
The potential aro und a point charge is effect ively screened out by t he ind uced space-charge
field in the plasma for distances greater tha n the Debye length. The Debye length and the
range of the effect of the test charge qi are larger in a hot diffuse plasma t han in a coo l dense
plasma. T his is to be expected: if T is high , more elect rons in the cloud at a given distance
will be able t o escape, so that q is less efficiently screened; if no is small, elect rons will have
to be drawn from a larger volume in order to shield a given charge q. T he sphere that has
ra dius AD an d is centered on qi is know n as the Debye sphere of qi . It s volum e is VD = :1fAb.

2.4 Charge neutrality again

Let us now look at what has happe ned to charge neutrality an d com pute the total charge in
a sphere that has radius L an d is cent ered on 'li - Recall that t he total charge density Q(r ) is
Q(1') = e(ni - ne ) + e8(1' ). The total charge is
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x

Figure 2.4: The classic Coulomb potential for a point source and its Debye shielded modi­
fication . Th e dashed line is the graph of the exponential fun ction with which the Coulom b
potential is multiplied in order to obtain the Debye shielded potential.

\Ve agai n approximate sinh by t he linear ter m of its Maclaurin expansion so that

e¢ (r) - 2v2 exp(-x)
n i - n e "" - 2no-- = -------

kllT 47rAt x

T he dimensionless spat ial coordinate .r, is defined as x = v2r/AD. Integrat ion then gives the
amazingly sim ple resu lt :

First of all not e that

I TC = e(l + L. ) exp (-L. ) (2.32)I
lim T C = 0

L*~+oo

T he charge of the test part icle is neutralized by the charge dist ribution surroun ding the test
particle. T his neutralization effectively takes place over a distance of a few Debye lengt hs. In
order to make that clear let us evaluate TC for 4 values of L namely

which cor respond to

to find that
TC"" O.5!Je, "" O.075e, "" O.OO6!Je , "" 4 x 1O- 6e

Wi t hin a dist an ce of lOAD the charge neutralization is effectiv ely completed. In t he close
proximity of the test cha rge there is an imbalance of charge and as a consequ ence an elect ric
field. T he total charge is negligibly sm all if L > l OAD. Over all quasi-neutrality is a good
approximation of reality for any volume wit h a length sca lo L much larger tha n AD:
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I L » AO (2.33)I
33

A collect ion of par ticl es beh aves as an overall qu asi-neu tral substance only if the preceding
inequality holds for its dimension L. This inequ ali ty is the first crit erion for the defin ition of
a plasma. If the dimension L is near or less than AO, th en our approximat ions br eak down
and significant deviations from qu asi-neu tr ali ty occur.

Here we have a cond it ion for the length scales over which quasi-neut ra lity is realized . How
is this condit ion related to the condit ion on the time scales (2.28) ? As a matter of fact these
conditions are equivalent . Reca ll th at Ao = Vt,e/wp ,e to rewri te the first criterion (2.33) as

L / Vt ,e » l / w p,e

Now
L
- = Tt
Vt

is the t ime it ta kes a thermal signal with velocity Vt to cross the system wit h length L . So T:

is the therm al transit time . Conversely

1
- =Wt
rc

is the number of t imes that the therma l signal traverses the system in a time uni t . Hence, it
is the therm al tran sit frequency. With this not at ion the first criter ion (2.33) can be rewrit ten
in the following two equivalent forms

Tt,e » l / w p,e

Wp ,e » Wt ,e (2.34)

These condit ions require that the thermal elect ron t ra nsit time is much longer than the period
of the plasm a elect ron oscillation (note that when we are talking about " much longer or much
larger than " we do not worry about a fact or 21l' ) so that the elect rons per form a hu ge nu mber
{Tt,ewp ,e » 1) of oscilla tio ns aro und their equilibrium posit ion d ur ing the t ime it takes a
thermal elect ron signal to cross the sys te m. T he plasm a electron frequ ency wp,e mus t be
much larger than the therma l electron transit frequency Wt,e . P lasma beh aviour is observed
only on time scales longer tha n the plasma period and on length sca les larger th an the Debye
length .

2.5 Weakly coupled plasmas

T he screen ing of the elect ric charges that we have di scussed in the previous Section has
physical meaning only if a lar ge number of par ticles is present in the scree ning cloud . If there
is only a handful of screening pa rt icles, the charge qi remains unscrccnod in most directions
at any given t ime. It is therefore useful to compute the number of part icles (electro ns) N D

that lie within t he Debye sphere of qi , and take par t in the scr eening. T he nu mb er No of
particles in the Dobye sphere is

ND = 4; (AD)3n e = 1.7 x 107(kBT/ l keV)3/2(n e/ 1019m- 3)- 1/2
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For a plasma at kB T = lkeV wit h lie = l019m- 3 , N D ta kes the value 1.7 x 107 . (T he clever
reader has noted some ambiguity in the definit ion of N D , he/ she knows very well that the
part icle density (both electron and ion density) is a function of the radial distance, so that
we should use a volume int egral. \Ve do not want to do t hat and therefore we int erpret lie as
an average density l)

\Ve can now quan ti fy the condit ion for effect ive screening to occur : it requires N D to be
large: N D » 1. Dropping from N D the factor ~ we obtain the plasma parameter A*

I A* = lIe>':1 (2.35)I
T he second con dition for an ionized gas to be called a plasma is then

I A* »] (2.36)I
A large number of particles in the Debye sphere means th at the averag e interp article distance
is much smaller th an the Debye lengt h. In a plasma wit h electron number densi ty ne, the
dist ance between a particle and its nearest neighbour is roughly n;1 /3. Hence

n;1 /3 « An
Sometimes the plasm a para meter is defined as 1/ A* and denoted by g:

(2.37)

T he second crite rion (2.36) for t he definit ion of a plasma is t hen

I g « 1 (2.38)I
T he second cond it ion for an ionized gas to be called a plasma can also be obtain ed by imposing
that the potential energy of a typi cal particle due to its nearest neighbour is much smaller than
its kinetic energy so t hat the plasma is weakly coupled. As noted in t he previous paragraph,
t he dist ance between a pa rticle and its near est neighbour is roughly n;1 /3. The average
potential energy ep of a part icle du e to its nearest neighbour is, in abs olute value,

2 1/3 2
l ep l ~ ~~~

Eor EO

Recall that the average kinetic energy of a par t icle du e to random motions is 3k13T/ 2 =

3mevf / 2. T he condition that the potential energy of a typ ical particle due to its near est
neighbour is much sma ller than its kinetic energy is

1/ 3 2

~ « k 13T
EO

It is straightforward to show that this condition is equivalent to (2.36).

If AD ~ n;1 /3 we have single independent particles. It is inst ru ct ive to rewr ite the plasma
parameter A* as
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A* = (Eok B)3/ 2 T 3/2

e3 n 1/ 2
(2.39)
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T hus weak ly coupled plasmas are relat ively hot an d not too dense. T he class ic express ion
of A* = n e.Ab seems to suggest otherwise. T he observa tion that A* measures the numb er of
elect rons in t he Debyc sphere (a sphere of ra dius .AD) does not imp ly th at A* can be increased
by squeezing more part icles in a fixed cont ainer , that is by increasing th e density. Because
.AD ~ n - 1/ 2 , a decrease in density results in more part icles in the Debye sphere .

2.6 Damping of plasma oscillations

Let us go back to the plasm a oscilla tions. In Section 2 we have looked at the dynamic
response of a plasma toward deviat ions from charge neutrality. In our attempt to un derst and
the dyn am ics we used a very simple mathem ati cal model for describin g th e plasma. T his
idealized math emati cal model ma de our life very easy. However we had to pay a pr ice for
t hat casy life. Rem ember t ha t we found har monic plasma oscillat ions of the elect ron fluid
about its equ ilibri um posit ion that go on for ever. Every body knows that in real life there
is dissipati on and transfer of momentu m due to friction . T he same is true in t he case of th o
plasma electron oscilla tions . So we have to add mor e physics to our very simple mathemat ical
model of Sect ion 2 of this Chapter. \Ve do not want to overdo it ; we do not want to gct things
too complicated already in the second Chapter. Wh at we want right now is frict ion. Due to
the collisions of the electrons wit h the ions and neu tral particles there is a loss of momentum
of the electrons. Hence the collisions act as a frict ion force or drag force on the elect rons.
The classic assu mption is that the loss of momentu m of the elect rons du e to the collisions is
proport ional to the relat ive velocity of the elect ron fluid with respect to t he backgrou nd ions
and neut ra ls, which are assumed to be relat ively stat ionary. T he drag force is the n

(2.40)I
where ve,x is an average composite collision frequcncy for momentum tra nsfer from electrons
to ions and neut rals. An expression for V e.i will be derived in Sect ion 7 of t he present Cha pter.
T here are two options. T hc first one is to go back t o th c set of equat ions (2.21) and add
the fricti on force (2.40) to the right hand side of t he equat ion of motion and then repeat th e
calculat ion car ried out there . T he second opt ion is to note that the set of equat ions (2.21)
led us to t he electron plasma oscillat ions. If we denote the displacement of a elect ron fluid
element as ( then the equat ion of mot ion for an electron fluid element oscillat ing about its
equilibrium pos ition , is

d2{ 2 -
dt2 + Wp,ec' = 0

Hence we can start from this equation and add the dr ag force (2.40). T he equation of motion
then ta kes the form

2 - -d c, _dc, 2 -
dt2 + V e .r dt + Wp ,ec' = 0

T he solut ion to this linear second order differential equat ion is

(- ) _ - ( VC
•
X

) { ' ( 2 -2 / )1 / 2 }C, t - c'o exp - - 2- t exp Z Wp•e - v e ,x 4 t
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which repr esen ts a damped oscillation for
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Ve ,x < w
2 p ,e

\Ve do not want to admit it but basically we are very conservative an d want to keep what
we have already got . \Ve found plasma oscillations in Section 2, and we want to keep plasma
oscillations ; we can live with slight damping bu t refuse that frict ion would convert oscillations
into purely exponent ially decaying solut ions. If the plasm a oscillations are to be only slight ly
damped, it is necessar y that the elect ron neu tr al collision frequency be much smaller than
t he electron plasm a frequency,

V e.r « wp,e

Wp ,eTe,x » (2.41)

Otherwise, the elect rons will not be able to behave in an ind ependent way, but will be forced
to be in complete equi libri um wit h t he ions and t he neutrals, and th e medium can be tr eated
as a neutral gas . The pr ecedi ng inequality constit ut es therefore the third crite rion for the
definition of a plasma .

represe nts the average ti me an electron travels between collisions wit h ions and neutral s. It
impli es that the average time between collisions of electrons wit h ion s and neutral s must be
large compared to the per iod of the plasma oscillations . In t his ana lysis the collisions of
electrons wit h ot her electrons have bee n left out. T hese collisions are associated with the
thermal mot ions of the electrons and elect ron pressure. T he effect of elect ron pressure on
electron plasma oscillation will be st udied in Section 2 of the following Chapter.

2.7 Collisions

In the previous Section we have seen th at t he collision s of the elect rons with th e ions an d
neutrals cause a drag force on the elect ron fluid , which resu lt s in slightly damped plasma
elect ron oscillations. T he drag force is proportional to t he relativ e momentum of t he electron
fluid to t he ions and neutrals. T he factor of proportionality is the average collisions frequency.
T his Section focusses on collisions of electrons with ions and der ives an expression for the
average collision frequency of elect rons wit h ions, I/e,i.

The words collision and interaction will be used as synonyms. T he not ion of a collision as
a physical contact between bodies looses its uti lity in the microscopi c world. On a microscopic
sca le a collision between part icles must be regarded as an interaction between the force fields
associated with each of the interacting part icles.

Collisions of charged particles in a plas ma are of two ty pes: collisions wit h ot her charged
particles and collisions with neutral ato ms an d molecule s. Electrically cha rged particles int er­
act wit h one anoth er according to Coulomb 's law. This Coulomb int eracti on is a lonq-ranqe
interaction so that one particle interacts sim ultaneously with a large nu mb er of part icles. T he
force fields associated with neutral particles are significantl y st rong only wit hin the elect ronic
shells of the part icles an d obviously short-range. A neu tr al particle on ly occasionally inter­
acts with another pa rticle. T he collisions of charged particles wit h ot her cha rged particles
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dominate by far over collisions wit h neu tral par ticl es in high- tem p era ture plasmas where the
degree of ion izat ion is high . As a matter of fact Coulomb collisions domina te over collisions
with neu t rals in an y plasma that is even just a few percent ionized . Only if the ioni zat ion level
is very low « 10-:; ) can neutral collisions dominate. Mor eover a plasma becomes almost
fully ion ized at electro n temper atures above about 1 eV (Te = 11605K) . T hus , the case of
collisions wit h neu t rals is onl y of concern to a person interested in loin-temperature plasmas.

Collision s can be divided in elastic and inelastic collisions. In elastic collisions the colliding
particles retain thei r iden ti ty and rem ain in the sa me interna l ene rgy sta te. T here is neither
creation nor an nihilation of par ticles and there is conservation of mass, momentum and energy.
In inelastic collisions the int ernal energy state of some or all of the colliding part icles may be
changed . T he colliding par t icles can loose t heir identity an d par t icles may be created, as well
as destroyed . In elast ic collisions lead to recombination , ion ization and excita t ion .

Collisions UTe impori uni because they tend to muke the distribution f unctions isotropic
and cause collisiona l transport. There is a parti cul ar inte rest in collisions b etween elect rons
and ions in a plasma because these collisions impede the accel eration of electrons in response
to an eleet ric field applied along (or in the absence of) a magnet ic field . Wi thou t such
collision s, the electrons would be accelerated indefinitely by an appl ied electric field , so that
a infinitesim ally small voltage would be sufficient to drive a large current t hrough a plasm a,
at leas t in the direction along the magnetic field . In practice, the acceler ation of elect rons is
impeded by collisions with non -accelerated particles , in part icul ar the ions, which , b ecau se
of their much larger mass, ar e relatively unresponsive to the app lied electr ic field . Collisio ns
between electrons and ions, acting in this way to limit the current that can be driven by
an electric field , give rise to an impor t an t plasma quantity, namely the plasma electrical
resist ivity, deno ted by ij .

Binary collisions ar e described in terms of the im pact parameter b and the angle of deflec­
t ion X. T he relat ion between these two quantities de pends on th e type of interaction , i.e. th e
nat ur e of the inter-particle force. In particular we shall see that t his relation for a Coulomb
int eraction is quite different from that for a hard bill iar d ball interaction.

The angular distribution of the scattered par ticles is conveniently descr ibed in terms of
cross-sections. Cross-sect ions ar e usually defined in terms of a b eam of particles incident on
a cent re of force (t ar get part icle). Most widely used ar e th e differential cros s-section, total
cross -section and cross-section for momentum .

Let I denote the number of particles that hit the target per unit t ime, which obviously is
a lso the number of particles scattered by t he t arget per un it ti me. The diffeTential scattering

ii d(J· d fi Icross-sec .uni an IS c nee as

(2.42)

and is the ratio of the numb er of scattered par ticles per unit solid ang le and p er uni t time
over the number of incident par ticles p er un it area and per unit ti me . Note that the number
of incide nt part icles per unit area and per unit time is th e incident part icle flux .

T he total scatte ring cross-section a, is the number of particles scattered per unit t ime an d
per unit incident flux , in all directions from th e scatteri ng centre. It is obtained by int egrating

~lfi over the ent ire solid angle :
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(2.43)I
The momentum transfer- cross-sec ti on is defined as

/

. . . da
am = . fracti onal loss of momentum of particles x drl drl (2.44)

T he differenti al cross-sect ion fin is re lat ed to the imp act para meter b and the ang le of
deflection X as

do b db
drl = sin X I dX I (2.45)

The absolute value of dbjdx is used here, becaus e X normally decreases when b incr eases and

fin is a positi ve quant ity.
Let us now look at th e simple case of an elast ic collision of a light particl e (e.g. an electron)

with a heavy electri cally neutral par ticle. The light particle essentially bounc es off the heavy
particle, th e two particles retain th eir identity and remain in th e same int ern al energy st at e.
T he light par ticle may loose any fraction of its initial momentum, depending on the angle
at which it rebounds. \Ve start with th is simple ease because it will help us to explain how
Coulomb collisions differ from billiard ball collisions . T he heavy particle or target is regarded
as a fixed and hard (that is, per feetl y clast ic) sphere of radius R. The target is hit by a
uniform parallel beam of light particles, which we tr eat as points. Since the beam is uniform,
we have a constant incident particle flux

where at is th e cross-sect ional ar ea presented by th e target , namely a t = 7rR2 . Con sider
now one of the incoming par ticles that impinges on the targe t with velocity wand impact
parameter b. It hit.s t.he target. at. an angle a t.o the norma l given by Ii = R sin a . Th e particle is
defleet ed through an angle X so that X +2a = tt . The relation between th e impact paramet er
b and th e angl e of defleetion X is

Ii =R eos ~
2

Small angle deflections with X -+ 0 correspond to an impnct paramet er b -+ R , while large
angle deflections wit h X -+ tt corres pond to an imp act par am eter b -+ O. Note that X = 7r

is a head on collision with impaet par amet er b = D. The importan t observation to make is
th at 0 :s b :s R, and th ere is no scat te ring for b > R. T he calculat ion of th e differential
cross-section is straightforward . We use (2.45) and b = R cos t to find

Note th at th e differential cross-sect ion for collisions with a fixed hard sphere is a constant
which means that th o sca ttering is isotropic.
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F igure 2.5: Collision of a light point-like particle with a heavy particle.

Let us now look at collisions of electrons wit h ions. We shall show that a naive substitut ion
of the Co ulomb potent ial in the calcula tion leads to a false pr ediction. It will also point to
th e necessity of taking into accou nt t he organized or collective behaviour of many charged
particles brought about by the long-range interactions . The reader is advised to have a look
at his notes of classical mechanics on scattering in a central force field and to fami liarize
himself agai n with the fam ous Rutherford formula for the different ial cross-sectio n .

We are looking at a light elect ron with mass m e and charge qe = - e and a heavy ion
with mass m , and charge qi = Z e. T he heavy ion remains at rest . T he initial velocity of
the electron is lV. In the st rictly mathemati cal sen se IV is th e velocity at infini ty where th e
potential energy of the electron is zero . The total energy E of the electron is

In ab sence of the ion the trajectory of the elect ron is a straight line. T he cent ra l force field
of t he ion is

- k - k __ qeqi __ - Z e2

F (r) = 2" l r ,
r 41T EO 41T EO

and causes the trajectory of the electron to deviat e from a straight line . The electron's
t ra jectory is st ill plana r bu t it is now a hyperbola (since E > a!). T he origi na l st ra ight line
is lin asymp tote and the ion (the scat tering cent re) a focal point of thi s hyp erbola. T he
dist ance from the posit ion of the ion to the original st raight line is t he impact parameter b as
is indicated on F ig. 2.6. The equation of the hyperbola is

r( ecos O+ 1) =1

in polar coordinates, and
(x - ae)2 y2
-'---------,,--'--- = 1

a2 b2

in Cartesian coordinates. The origin of the system of coordinates is the position of the heavy
ion; the :r-axis is the stra ight line through the position of the ion and the intersecti on of the
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Figure 2.6: The orbit of an electron undergo ing a Coulomb collision with a fi.Ted ion of charge
Ze.

asy mptotes. Since the Cou lomb force is at t ractive, the trajectory of the pa rt icle is th e left
half of the hyperbola. The constants in the equations are

J rnbw

2lE
mlk l + 1 > 1

o
I

e2 - 1
I k I I k I Ze2

2E = rne w2 = 47fEOrnew2

A translation of the origin along the x -axis with x = x - oe leads to the canon ical form of
t he equation of th e hyperbola:

T he equa tion of t he asymptotes is
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Since we are looking at the left part of the hyperbola we have .r ::; ae and y ::; 0 before
collision and y 2': 0 aft er collision . We deno te the angle th at the origin al stra ight line; i.e. the
asymp to te, makes with the x -axis as Q so th at

b 2 b2
2tan Q = - tan Q = - = e - 1

a ' a2

T he pa rticle is deflect ed through an an gle X so that

2 2 XX + 20' = 1T, e - 1 = cot 2"

T he rela tion between the imp act para meter b and the angle of deflection X is

X X a
b = a cot "2' tan "2 = b (2.46)

(2.47)

Since a can be expressed in terms of E = Tn ew2/ 2 and I k I, the imp act parameter b is
de termined by the energy at infini ty, the st rength of the interaction and the scattering an gle.
T he qu antity a has an obviou s physical meaning. Let us denote the impact parameter for
sca tter ing at a right angle X = 1T/ 2 as bo. Since tan 1T/ 4 = 1 it follows that

Z e2

bo =a = 2
41TEornew

In what follows we shall wr ite th e relat ion (2.46) be tween the impact paramete r b and th e
angle of deflection X with a replaced wit h boo

Large angle deflections are deflections wit h a scattering angle X 2': 1T/2. For a head- on
collision X = 1T and b = O. Large angle deflecti ons have an impact paramet er b ::; boo Let us
now look at small angle deflecti ons. I'Ve have that

X ---+O =} tan~ ---+ O =} b ---+oo
2

and
Xmin = 0 ¢} bmax = +00

T his is a truly amazing result as it implies that the elect ron we ar e looking at is simultaneous ly
having small an gle Coulomb inte rac t ions with all of the ot her particles in the plasma . T his
is definitely collect ive behaviour, obviously it is too much of that . For Coulomb int er acti ons
in a plasm a b E [0,oo[ whil e for collisions with a hard sphere of radi us R, se [0,R].

We now use (2.45) and (2.46) to find the differential cross-sect ion for Coulomb collisions
to be

(1 - cosX) 2
(2.48)

T his is the famous Rutherford cross-sect ion , origi nally derived by Rutherford for the scattering
of a particles by atomic nuclei.

T he total scatt ering cross-section u/ (2.43) is obtain ed by int egrating the differential cross­
sect ion over the ent ire solid angle:

I do 2 [ " sin v
u/ = d" dl1 = 21Tbo ( . ,)2dX

. " . xmin 1 - cos X
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T he lower int egration limi t has been written as Xmin on purpose. Wi th the usc of th e
subst itu tion Y = 1 - cos X, Ymin = 1 - cos Xmin we can evaluate the int egral over X as

j" sin X dX = _ 1_ _ ~ = ~ cot2 Xmin
xmin (1 - cos X)2 Ymin 2 2 2

T he total cross-sect ion for Coulomb collisions is

(2.49)

W ith th e usc of the substitut ion y = 1 - cos X,
int egral over X as

For Xmin = 0 the total cross-section at diverges to infinity. This is du e to t he fact that the
imp act parameter b becomes unb ounded for sma ll an gle defecti ons. The par ticl es wit h very
sma ll deflection angles cont ribute to make at infini te! In order to find t he total cross-sect ion
for large angle deflectio ns we have to put Xmin = tt/ 2 and cot( Xmin / 2) = 1 so that

Let us now look at the cross-section for momentum tr an sfer. The momentum of the electron
before int eracti on is m eW . After int eraction the elect ron is scatte red at an an gle X and the
mom entum of the par ticle in th e direction of incid ence is m . sucos X. Therefore, the relative
loss of momentum of the elect ron in the dir ection of incidence is 1 - cos X. The cross-section
for mom entum transfer (2.44) is obtained by inte grating (1 - cos X)~ over the ent ire solid
angle:

/
. d j " sinx t

am = . (1 - cos X) rt~dO = 2'1i1i6 . ex
,. ez xmm (1 - cos X)

Ymin = 1 - cos Xmin we ca n evaluate the

j " sinx dX = 12
y- 1dy = In (_2_) = 2 1n ( . 1 )

xmin (1 - cos X) Ymin Ymin sm(Xm in / 2)

The cross-section for tra nsfer of momentum for Coulomb collisions is

(2.50)

For Xmin = 0 th e cross-sect ion for momentum transfer a m diverges logari thmically to infinity.
T he origin of th e logarithmic diver gence arc the sca ttering events with lar ge imp act pa ra me­
ters and sma ll scat te ring angles. We can find th e cross-sect ion for tran sfer of momentum for
lar ge angle deflections by putting Xmin = 'Ii/ 2 and sin~ = V2/2 so that

amx2~/2 = 4'1ili61n V2

T he use of the Coulomb potential (2.29) leads t o infinite values for bo th a t and a m ' T his
is to o bad. T he cross-section for t ran sfer of momentum is virtually proportio nal to the elect ric
resistivity of the plasm a; exper iments tell us that ordinary plasmas are characterized by finite
(as a rul e very small) values of resistivity, not infini te ones . T he infini te results are due to th e
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absence of a cut-off value for the impact paramet er b. Small values of the angle of deflection
X correspond to large values of b, and for Xmin = 0 we mu st have bmax = +00. In orde r to
ob tain finite and meaningful values for U t and U rn ' it is necessary to modify the trea tment of
t he interactions of charged particles and introduce a cu t-off va lue for t he impact parameter.

The disease is now well understood; a simple picture of bin ary Coulom b scat te ring cannot
cor rectly describe the beh aviour of cha rged parti cles in tera cting at large distances in the
plasma. The cur e for the disease is also known, instead of the bar e Coulomb potential (2.29)
we need to use the Debye screened potential (2.:n ) . A charged particle inside a plasm a
is shi eld ed by a cloud of particles of opposite sign and this Debye shield ing result s in an
expo nent ial decre ase in the electric p ot ential forv > AD. Thus, the m aximum value of the
impact paramet er should be taken to be AU so th at

bm ax = ALJ
Af) /

cot (Xmin / 2) = 1;' sin (Xmin / 2) = (1 + (Au /bo?)-l 2

With this cut-off value for bmax and Xmin the total cross-sect ion a, (2.49) is

T he to tal cross-sectio n for la rge angle deflections was fou nd earl ier UtX»~/2 = 7fb6. T he tot al
cross-section for small an gle deflections (X ::::: 7f/ 2) is simply

and the rat io of the to tal cross-sect ion for small ang le deflection s to the to t al cros s-sect ion
for large an gle deflections is

T he qu antity A is defined as

A = AD
bo

W ith the use of the definition of AU (2.30) and that of bo (2.47) we find

A = AU = 127f nAb = 9N LJ » 1
bo Z Z

(2.52)

where ND is th e numbe r of particles in the Debye sphere. A is a very lar ge numbe r so that
the cross-section for small angle deflections is far larger than that for large ang le deflections.

Since sin (Xmin / 2) = (1 + (AD/bo)2)- 1/2 th e cross-secti on for t ransfer of mo mentum U rn

(2.50 ), is

{

2 } 1/ 2 2 1
2 AU 2 Z e

Urn = 47fbo In 1 + :2 = 47fbo In A = 2 2 1 In A
bo 47fEo TneW

(2.53)
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In A is called the Co ulomb logari thm. T he cros s-sect ion for t ransfer of momentum du e to
large angle deflections was fou nd ea rlier a m x ";> rr/ 2 = 471"li6 1n y2. The cross-sectio n for t ransfer
of momentum for small angle deflections (X ::; 71"/2) is simply

and the ra tio of the cross-sect ion for tr ansfer of momentum for small angle deflect ions to tha t
for lar ge ang le deflections is

a m X s,rr / 2 In A - In y2 In A
--- = = - - - 1 » 1
amx";> ~ / 2 In y2 In y2

T he function In A varies slowly over a large range of variation of pa rameters on which A
dep ends, Values of In A in natural and labor atory pl asmas ar e 12 in a gas discha rge, 14 in
the Ear t.h's magnetosphere , 18 in a fus ion reactor, 21 in the solar coro na , 26 in the solar wind
and in the Van Allen belts .

Although less pronou nced t han in the case of the total cross-sec tion a t it is again the
cros s-section for transfer of momentum for sma ll angle deflections that is far larger than that
for large angle deflections. The large number of small angle deflections (weak interactions) is
much mor e im portant than th e small number of large angle deflect ions (strong interact ions)!
T his is rea lly collecti ve behaviour at work!

In what follows we sha ll denote t he cross-sect ion for t ransfer of momentum for collisions
of elect rons wit h ion s as a ei. T he collision frequ ency Vei for (light ) elect rons striking (heavy)
ions can be obtained from the usual relation between collision freq uency Vei and collision
cross-section a ei :

With the use of (2.53)

(2.54)

T he collision frequ ency varies wit h electro n velocity as w- :J , i.e. t he more fast- movi ng the
elect ron the less freq uently it collides wit h ions! In order to define an average electron collision
[rcquencu , it is necessary to evaluate the fricti onal force or drag fo rce on a dist ribution of
electrons movin g t hrough essentially stationar y ions, nam ely

(2.55)

wher e t he average is over t he dist ribut ion of elect ron velociti es . For present purposes , we
su ppose that th e drifting electrons have a shifted Max well-Bolt zmann distribution (2.13)
wit h non-zero mean velocity < W >= v with respect to the heavy immobile ions , \Ve take
this non -zero mean velocity to be in th e z-direct ion, i.e. v= v Iz:

fe(w) = vi; 'J exp (
( 271"vt,e)
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Furt.hermorc we assume that the motion of the elect rons as a whole wit h resp ect to the heavy
ions is slow in comparison wit h random moti ons of t he electro ns so tha t 1iT1« lIt, e . We use

exp (

1W 12 w.v 1V 1

2

--2- - - 2- + --2-
2111,e VI,e 2111,e

W
2 W V

"" exp(- - 2 ) exp (-T-)
2vt .c Vt ,e

W.V W
2

"" (1 + - 2- ) exp (--2 )
VI,e 211t .e

to rewri te the distribution funct ion f e(fii) as

.fe(w) = f e,o(w )(l + w/ )
v l ,e

where fe ,O(1ii) is the st andard un shi ft ed Maxwell-Bolt zmann distri bu tion (2.10) .
\Vith our choice of the coordi na te syste m wit h t he z-axis along t he average velocity of

the electron st ream the frictional force FJr (2.55) has only a z- component:

FJr,z - m eJveiwz f e,o(w )d3w - m e:; Jveiw; f e,o(iii)d3w
, 'V ./ t .e : v '

It h

where h and / 2 are obvious abbreviations fi ll' t he int egrals over 1V which we evaluate with
the use of the express ion for Vei.

nen iZ2e4 In A I W z ( w
2

) 13 -
I, = ~ 3 2 2 3 exp - -2- ( W

( Y 27fllt ,e) 4 7fEorne: w 211t,e ,

A

\Ve use spherical coordinates d3 1V = w 2 sin 0 dw dO do, W z = Hi cos 0 to find that A = 0 so
that h = o.

11

1 2/ 2 d fi 4 7f 2Use again spherica coordin ates an d also y = w 2 11{ e to calculate B an nd B = 3v1,e'
T he express ion (2.55) for FJr,z takes the form '

n ;Z2e4 ln A
FJr,z = - n em ellz .,j2; :; 2 2

G7f 27fvt ,eEOme

Comp ar ing this expression for FJr,z with FJr,z = - nem ev e,i < Hiz >= - n errleVe,iVz we find
t hat

_ n iZ2e4 In A
V e. i = ~ 3 2 2

G7fY 27fv t,eEom e

Now use vr,e = k 11Te/ 1n e to make the depend enc e of ve,; on the electron temp erature explicit:
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(2.56)

Hence, Ve,i var ies inversely wit h T: /2 an d is independ ent of th e ion mass. In Chapter IV we
shall see that the electrical resisti vity ij of a plasma is related to Vc.i as

(2.57)

so that

(2.58)

(2.59)

This expression shows that t he resistivity of a fully ionized plasma is ind epend ent of its density
and varies inversely with T: /2

. As the temperature of a plasma is ra ised , it s resist ivity dro ps
rapidly. P lasm as at (very ) high temperature arc most likely to be perfectly conduct ing or
collisionless, meaning that their elect rical resist ivity is negligible. However , t he decrease
in resist ivity wit h increasing temperature has a severe disad van tage for Ohmic heating of
plasmas. Ohmic heating is a simple met hod for heat ing plasmas which involves passing a
cur rent through the plasm a to dissip ate some energy in heat. The rate by which a plasma
is heated by this meth od is T1. f per uni t volume. For fixed i , the heatin g rate drops as the
temperature rises, so much so that Oh mic heat ing is usua lly considered impractical at fusion
temperat ures.

2.8 Larmor frequency and Larmor radius

So far I have not said anything about magnetic field s alt hough I have t ried to convince the
reader that magnetic fields can play an important role in plasmas . It is high time I do
somet hing about that. Many of the plasm as in nature and in the laboratory occur in the
presence of magnetic fields. An important property of magnetic fields is that they confine
plasmas. Every plasm a has the natural te ndency to disp erse. Unless there is a restrainin g
force, the energetic particles that compose the plasma will travel away from t heir initial
pos it ions at high velocity and the plasma ceases to exist. Often , plasmas have low densit ies
and collisions ar e rather infrequent so t hat a particle travelling out ward s is not likely to be
deflect ed by a collision . Nevertheless, both in lab oratory and in space, diffuse plasmas can be
sustained . T hey are prevented from dispersing by magnetic fields which act on the charged
particles through the Lorentz force. For this reason it is necessary to have basic insight in
the dyn ami cs of charged particles in magnetic fields. Here we consider the simplest pos sible
situation , which is the motion of single charged particles in a magnetic field . As a matter
of fact this is not really plasm a physics bu t ra ther single particle dyn amics in an ext ernal
magnetic field . \Ve consider the case of a charged particle wit h mass trt and charge q moving
in a spat ially unifor m magnetic field which does not vary in ti me. The equation of motion is

d1ii -m-
t

= q,-ii x B
dt.
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For what follows, it is helpful to deco mpose 1V as

where

47

WII = (1v.lB)IB , 1V.l = W - 1vII

are t he velocity respectively along the field lines and in the plane normal to the magneti c field
lines. I B = fj / B is the unit vector along t he magnetic field line. W ith this decomposit ion , it
is easy to show that

1lJ2, wll, 1lJ.l = constants of motion (2.60)

The magnitude of the velocity perp endic ular to the field: W.l is the most useful constant for
descri bin g the motion in a plan e perp endicular to the magn eti c field . \Ve now take the z-axis
parallel to B so that

T he component s of t he equat ion of motion (2.59) are

where

(2.61)I
has the dim ension of a frequency. The upper (lower) signs app ly to t he ions (elect rons).
T he x- and y-components (i.e. the components perpend icular to th e magnet ic field) of the
equation of motion can be combin ed to

T hese are the st andard equations for an harm onic oscillator of freq uen cy We ' T he solution for
W x is

W", = W.l sin(wet + q;)

whore W.l is the cons tant speed of the particle in the (x , y) plane and q; is a constant of
int egrat ion that fixes the velocity components the (x ,y)-p lan e at t = 0 according to

wx(lJ)
tan q;= - (-)

W 0Y

To determine wy we subst it ute th e solut ion for W x in the left-han d side of dwx/dt = ±Wc7IJy
and find for the ions

T he general solut ion for the ions is
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where of cours e wi + w~ = WI. Integrat ion with respec t to tim e t gives the coord inates of
the ion:

W~ W~ .
x (t) = - - cos(Wet + ¢) + X o, y(t) = - sm (wet + ¢) + Yo , z( t ) = wilt + Zo

W e We

Xo and Yo are relat ed to the init ial posit ion of th e ion in t he (x ,y) plane according to

W~ W~ .
Xo = x(O) + - cos ¢, Y() = y(O) - - Sill ¢

We We

(2.62)

Similar expr essions for wx , W y, x , y , z can be found for th e elect rons . St ra ightforward elimina­
tion of t from th e equ ati ons for x and y gives

(2.63)

where

W~
TL = ­

We (2.64)I
is th e Larrn or ra dius. In the (x ,y) plane th e solut ion simply represe nt s a uniform motion
with velocity W~ in a circle with its cent re at (X o,Yo) and rad ius TL . T he angular frequ ency
We = of the circular motion and th e radius TL of the circle in t he x ;y plane are called th e
Larmor frequency or the cyclot ron gyration frequency and the Larrnor radius res pect ively, T he
constants X o and Yo arc th e coord inates of th e centre of th e circular motion. Sup erimposed on
this moti on along the Larrn or circle in a plane perpendicular to B is a uni form motion parall el
to B so th at th e complete mot ion is along a helical line (sec Fig. 2.7) . T he na t ure of thi s
moti on is easi ly underst ood if it is noted th at the magnetic force is always perpendicular to
th e particle velocity, so th at it does no work on the parti cle and the ma gnit ude of th e velocity
is cons tant . T he force is then of constant magni tude and at r ight angles to t he velocity and
the magnet ic field , ju st wha t is needed to produce circular motion in th e plane perp end icular
to the field.

T he angular frequ ency and th e radius of the circular motion arc

Wc.e =

Wc ,i

eB
,

m e

Z eB

W~ JneW~
T L,e = -- = --- for elect rons

wc,e eB

(2.65)

T hese are th e four funda ment al qu an ti t ies that characterize the dyn amics of the elect rons
and th e ions in a magnet ic field. Not e that

W In '
---'i'!. = -----"-» 1
Wc ,i 1ne

(2.66)

so that the light electrons always rotate much fas ter than the heavy ions. In (2.66) the ions are
protons. T he direct ion of th e gyra t ion of th e charged particle around th e field direct ion can be
dedu ced from the expression for Vx and v y, or more easily by not ing that the magnetic force is
to the centre of the orbit. T he conclusion is th at electrons (negatively charged particles) rotat e



2.8. LARMOR FREQUENCY AND LARMOR RADIUS

II

-----+--

, '
" :

\
\

..,..-----+--
..... , :, ,

\ ,

- - - - -~-- -- - - - - - ,- ,

,;,IJt ~ -- - ~ ~/ '

v.

F igur e 2.7: Helical path of an electron in a unijorm m agnetic field .
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in a right hand sense when viewed along t he field while the ions (pos it ively charged part icles)
rotate in the opposite sense as is shown on Fig. 2.8 (see also P roblem 12) . Of course the read er
is eager to find out whet her he is dealing wit h a microscopic or macroscop ic phenome non .
In order to find that out we have to replace the uni versal constants e, m e and m p by their
numerical values e = 1.6022 x 1O- 19C , m e = 9.1094 x 1O- :11kg, m p = 1.6726 X 1O- 27kg. T he
results for the Lar mor frequ ency of an elect ron and a proton are

11 B - I
We e = 1.76 X 10 --I- rad X s

, TTes a
8 B - I

We p = 9.58 X 10 --I- rad X s
, l Tes a

T his shows us that the Lannor frequen cy is a microscopic frequency which is of the same
order of magnit ude as th e plasm a electron frequency for typical fusion plasmas.

For t he radi us of the Lan nor circle of an elect ron we find

W.i 5 W.i B 1rt;s = - = 7.6 x 10- (- - )- m.
, w e,e 1.3 X 107m x s - I IT esla

T he normalizing velocity 1.3 x 107m s- 1 is that of an electron of 1 keY. The dep end ence of
r T, on W.l and B follows from the fac t that the magnetic field provides the cent ripetal force
which holds an ot herwise free electron in a circular perpendicular motion . T hu s rt: is the
dist ance at which there is equilibr ium:
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Electron

:t

Figure 2.8: Ion and electron. gyro-motion in 0. magnetic field. For fixed ene tsn], the ion's
gyro-orbit is much larger than the electron 's. 'x' indicates that the magnetic field fa ces int o
the page.

In a weak magneti c field , the force causing the elect ron to deviat e from a st raight line is small,
and the radius of cur vat ure rt. is correspondingly large. In a strong magnetic field the electron
is forced to follow the magnetic field line on a tight helical t raj ectory. T he dependence of ' L on
w1- follows from two considera t ions: the mor e energet ic th e electron, the mor e difficult it is for
th e magnetic field to deflect th e electron , however , th e Lorentz force itself is proport ional to
t he elect ron perpend icular velocity. The quant it ies wp, e , AD,w c,e - Y·L .e characterize the high­
frequency behaviour of a plasma dictat ed by th e dynamics of t he elect rons .T he quanti t ies
Wp,i , We,i, r t.: characterize the low-frequency behaviour of a plasma dict at ed by th e dynami cs
of the ions.

T he charged particles are t ied to t he magneti c field lines; t hey move in Larmor circles
around th e magneti c field lines with their Larmor frequency. Recall th at collisions tend to
make th e distribution functions isotropic. Here we see that the magneti c field plays the role
of collisions for th e perpendicular motion , th at is, perpendicular to th e field , part icles are
confined to the vicinity of a field line execut ing a nearly isot ropic motion if their gyroradius
is much smaller than the plasma dim ension . On the other hand, the motion of the charged
particles along the magnet ic field lines is unaffect ed by th e magneti c field. T he magnetic
field introduces a preferred dire ction for the cha rged particles into the plasma and a st rong
magnetic field can ca use anisot ropy in the plasma wit h different dynamics perpendi cular an d
para llel to the field lines!

Let us have a closer look at the notion of the elect rons and ions be ing t ied to the magnetic
field lines. Individual par t icles have different random velocit ies. In order to understand th e
confining effect of the magnetic field on the par ticles we comput e the Larm or radius (2.64)
with W1- replaced with the therma l velocity. T he Larrnor radius (2.64) for particles moving
at their th ermal speed is

(2.67)I
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T he ratio of th e Larmor radii for elect rons and ions is then
r {"i ,e Vi ,e Wc, i 'Vi,e rn e

TL ,t ,i Vt J Wc,e Vl ,i m ,
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(2.68)

(2.69)

In case the electrons and the ions have the same temperature, i.e . T; ~ Ts, then Vt,eIVt, i =
(mdme)I /2 so that

r (m )1/2L,t ,e = ---.::. « 1
r t.i.: m ,

T he light elect rons arc always much closer tied to th e magnetic field lines than the heavy
ions. Let us now compare the Larmor gyration ra dius for both elect rons an d ions wit h the
length scale L of th e syst em . This is don e by t he lise of t he ra t io 6

6 = 1'1" t
L

T he part icles ar c nuum etized if

(2.70)l
In most cases electrons can be treated as magnotizod : i.o. as effect ively glued to the magnetic
field lines. However, this is not obvio us for th e heavy ions . Since, because of (2.68) and (2.69)

(
m i ) 1/ 2

6i = m e 6c >> 6e

magn eti zation of the ions req uires a much st ronger magnetic field than that needed for the
magnetization of electrons. In Chapter IV we sha ll discuss idea l MHD. T he most basic
property of ideal MIlD is the freezing of the magnetic field lines in th e plasm a. T his property
corresponds to th e mathematical ideali<:ation

1 6e = n, 1'L,e = n, 6i = n, 7'£,i = n (2.71)I
This is OK for th e very light electrons, but might cause prob lems for the heavy ions. Hence
we can expect deviations from ideal MHD because of t he ion dynamics. This possibility is
taken into consideration in t he model of Hall MHD .

The magn etiz ation parameter 6 (2.69) is defined as the ratio of two lengths. It can also be
written as t he ratio of two frequencies. Reca ll t hat Tt = L I Vt and Wt = 1/Tt are th e t hermal
t ra nsit time and the thermal t ra nsit frequency respectively. We rewrit e the expression for 6
(2.69) as

The species ar e magnet ized if

Wt

6 = 1'L,t = Wt
L We

« 1

(2.72)

We

TtWc » 1 (2.73)

T hese arc two equivalent cond itions which require th e electrons and ions to perform a large
numb er of rot ations around the magnetic field lines dur ing th e time it takes a thermal signal
to cross the system.
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2.9 Recapitulation

"W hat have I done?
Wh at am I doing?
\Vh at sha ll I do?"
HorneT J. Simps on
T he Sim psons

• Distribution functions for part icles.
The rea l plasma consist ing of discrete par ticles is replaced wit h a smeared-out de nsity
distribution fun ction in phase space. Instead of looking at individual particles it is
convenient to adopt a kinet ic description wit h dist ribu t ion functions in phas e space for
the differen t species.

The evolut ion in t he ph ase spac e and in t ime is govern ed by t he Bolt zmann equat ion
(2.9). The Bolt zmann equation (2.9) supplemented with an equation for the collision
term and the Maxwell equat ions (2.7) form a closed set of equat ions. On ce fo(i", iV,t)
is kn own, any macroscopic qu ant ity, such as density, pressure, temperature , can be
comput ed by integrati on of expressions involvin g f,,(r,iV, t ) over velocity space. In
particular the kinetic energy of the random mo tions is used to define the temperature.

T he class ic Maxwell-Bo ltz mann dist ribution funct ion (2.10) is the t ime indepe nde nt
distri bu tion funct ion for an isola ted uniform plasma in the rmodynamic equilibrium in
absence of external forces . It is t ime ind ep endent , uniform, isotropic and has zero
average velocity, Generaliza tions to non-zero average velocity, anisotropy and local
thermodynamic equilibrium ar e st ra ightforward .

• Pl asm a oscillations and plasm a freq uency.
Pl asm a oscillations are high-frequency motions of electrons due to deviations fro m
charge neutrality in a cold plasma. T he heavy ions do not participate in these high­
freq uency oscillations .

• Debye shielding length AIJ and first criterion for a plasma.
T he potent ial around a point charge in a warm plasma differs from the Coulomb poten­
tial because of t he screening by the other charged part icles. For distances smaller t han
AD the potent ial is essen t ially the Coulomb potent ial, for dist an ces larger than AD the
potent ial decreases exponent ially.

T he first cri terion for a plasma concer ns overall charge neutrality . The volume occupied
by t he plasma must be much larger th an a Debye sphere so that t here is overall charge
neutrality in t he plasma. Hence the spatial length scale L of the plasm a must be much
longer than t he Debye shielding length. T his ineq uali ty imp lies that charge neutrality is
a good approximation only over time spans much longer than the period of the plasm a
oscillation .
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• Plasm a par am eter and second criterion for a plasma.
T he second criterion for a plasm a is that t here are many par ticles in the Debye sphere
so that there is effect ive screen ing and collect ive behaviour . T his also means tha t
t he average inter-p ar t icle distan ce is much smaller tha n AD and t ha t t he plasma is
weakly coupled in the sense that the average po tential energy of a par ticle to its nearest
neighbour is much smaller than its kineti c cncrgy.

• Dampin g of plasm a oscillations and third critc rion for a plasm a.
Collisions of elect rons with heavy neutral pa rt icles cause a loss of momentum of the
elect rons. The plasma oscillations are dam ped . The elect ro ns are not to be forced to
be in complete equilibrium wit h the heavy particles bu t should be able to beha ve in
an indep endent way. The plasma oscillatio ns are to be only slightly dam ped by the
collisions of the elect rons with t he hcavy neutral particlcs. T he frequen cy for collisions
of electrons with neutrals must be much smaller tha n the electron plasma frequ ency.

• Collisions.
Collisions of charged particles wit h neu t ral s are negligibl e in plasmas, only collisions with
other par ticles play a role. Individu al collisions arc descr ibed in te rms of the impact
parameter b and the angle of deflection X. T he relation between these two qu ant ities is
determ ined by t he type of intera ction . For Coulomb interact ions the maximal value of
b corresponding to the minimal value of X = 0 is 00 .

Thc int eraction of a beam of incident pa rti cles with a t argct is describ ed in terms of
cross-sec tions: t he different ial cross-sect ion , the total cross-sect ion and the cross-section
for transfer of momentum .

For Coulomb int eracti ons bot h the total cross-sec tio n and the cross-sec tion for tr an sfer
of moment um are infin ite . T his is du e to the absence of a cut-off value for the impact
paramete r. The Debye shielding dist ance is a reasonable choice for t his cut-off value.
T he large number of small angle collisions is far more important than the few large
angle collisions.

The average collision frequen cy an d the plasm a resist ivity ar e inversely pr oportional to
3/2Te •

• Lan nor gyra tion .
T he charged par ti cles are t ied to the magneti c field lines; th ey move in Larmor circles
aro und the magnetic field lines wit h their Lannor frequency. T heir motion along the
magnetic field lines is un affected by t he magnet ic field. In most cases electrons can be
t reated as magnetized ; i.e. as effectiv ely glued to the magnet ic field lines. However , this
is not obvious for tho heavy ions. Hcnce we can ant icipate devia tions fro m ideal MHD
becau se of t he ion dyn am ics.

• High-f requency elect ron and low-frequency ion dyn amics
T he qua nt it ies wp,e , AD, w e,e, r i.» characte rize the high-frequency behaviour of a plasma
dict at ed by the dynamics of the electrons. The quant it ies Wp,i , We,i , rL ,i cha rac te rize the
low-frequ ency behaviour of a plasma dictated by the dyn am ics of t he ions.
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2.10 Problems

"You have to t reat these professors carefully, Pcrssc" said Angelica , wit h a sly smile.
"You have to flat ter them a bit ."
Angelica Pabst to Porsso McGarrigle
Small Wodd
David Lodge

1. T he elements of the matrix 11'1 are easily calculated when it is noted that

x; = Xi + wi.6.t , w; = Wi + ai.6. t

It is then easy to see that th e mat rix M can be writ ten wit h four 3 x 3 blocks as

Show that all elements on the dia gonal of .M are equal to 1 and that all off-diagonal
clements either vanish or arc propor tion al to /s t.. (B1986) .

2. The Maxwell-Bol tzmann distribution function (2.10) is uniform and isotropic and as a
consequence it makcs sense to define a distribution funct ion of (t he absolute value of)
speeds F(w ) with w =1 w I. F(w) is defined so th at th e number of part icles per uni t
volume having velocity between w and 1J) + .6.w is F( w).6.w. Show that

F (w) = w2 r:dc/J r de sin ef (w)
./0 ./0

and derive its explicit expression for a Maxwe ll-Boltz ma nn distribut ion (2.10). (131986) .

3. • Compute the average speed (or average value of w =1 ,v I) V av for a Maxwell-
Boltzmann distribution (2.10) wit h

V av =< W >=<1 w1>= ~ roo wF(w)dw
n ./0

Com pute for Maxwell-Bolt zmann dist ribution (2.10) th e most pr obable speed vm p

as the spee d for which F (w) attains its maximum.

• Compare t hese two speeds with the root-mean-square speed Vn n ' defined as

Vr m 8 = « w2 » 1/2 = (3kBT j rn )I/2

and note th at

(B1986)
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,1. Deri ve the equa tion for the perturbation of th e number densit y of the electrons l1e ,1 in
a cold non-magneti c pla sma when the ions are immobile:

5. Derive the equ ation for the perturbation of the number density of t he electrons l1e ,1 in
a cold non-magneti c plasma when th e ions arc allowed to move:

{

2 2 }o e n ; 0 m i + m e . 0- +--' l1el =Dt2 meEO m , '

5. Find the plasma frequ enci es wp ,e, Wp,i , the Debye lengths A De , ADi , the plasma parame­
te rs A; , Ai , and the thermal veloc it ies Vt = (kT / m)I/2 for elect rons and ions (protons)
under th e followin g condit ions

• a to kamak with 1le = n, = 1019m - 3 , T; = T, = lOsJ(

• the earth 's magnetosphere wit h ri ; = 1l i = 1010m - 3 , T; = T; = 103J(

• t he cent re of the Sun wit h 1le = n ; = 1032m - 3 , T; = T; = 15 X lOuJ(

• the sola r coro na wit h ti; = n ; = 1014 m - a T; = T, = 106 J(

• the solar wind with n.; = n ; = 107m - 3
, 1~ = T, = 105J(

• the atmosphere of a neu tr on star with n e = 1li = 1022m- :J , T; = T; = 107K

(Dl990, S1994)

7. Conside r Debye shield ing in a l-dimensional Car tesian system so that \72 = d2/d.T2

Find the solution for the Debye shie lded po tenti al for a plasma wit h T; = T; and Z = 1
and for a plasma with differen t electron and ion te mperatures T; i= T, and genera l Z.
In the latter case show that the Debye length is

(

E k T ) 1/ 2A °B
D = 1loe2(1 + ZTc/T;)

(GR2000)

8. Find the expression (2.:32) for the total charge!

9. Show that the conditi on that a plasma is weakly coupled is indeed equivalent to the
second condit ion for an ion ized gas to be called a plasma .

10. Deri ve the rela tion between the d ifferential cross -section and the impact parameter and
the angle of deflection:

(BI985)

da
dll

b db
sinX I dX I
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11. Deri ve the equation for the hyp erb olic orbit of an electron with mass m . ; charge - e
and velocity ivat infinity under the influence of the Coulomb attraction of an immob ile
massive ion of mass m; and charge Ze. Star t from the equation of conse rvation of
ene rgy for a conservative force and the equation of conse rvat ion of augular momentum .
First use the posi tion of the massive ion as the or igin of the coordinate system to ob tain
the equation for the hyperb ole in p olar coord inate s. Subsequ ently usc a translation
of the origin to obtain the canonical form of the equ ation in Cartesian coordinates. (K13)

12. Der ive t he relat ion between the impact parameter and the angle of deflection for
Coulomb collisions!

13. Comp ute the cross-section for transfer of momentum (Tm for collisions of a beam of
po intlike pnrt icles wit h a hard sp here of radius R . (13 1986)

14. Let F (X) be a fun ction of the ang le of de flect ion X. Since ~ is an angular distribution
func t ion , it can be used as a weight ing function to calculate the mean value of any
fuuction F (X) of the angle X as

Use this definition to relate (Tm and (Tt as

(Tm = (Jt < 1 - coo X >

and interp ret (Tm / (Tt as th e average value of mo mentum loss per particle.
Compute (Tm / a, for

• the collisions of point like particles with a hard sphere

• Coulomb int eractions

• Debye shielded Coulomb interactions.

(I31986)

15. Use sp herical coordinates (t3w = w 2 sin e du: de do, W z = wcooe to show that A = 0
and hence h = 0 in Section 2.7.

16. Use agai n spherica l coordinates and ab o y = w2/2vr to calculate B in Section 2.7 and

find B = ~vr.

17. T he electron mean-free path for collisions with ions is defined as

w
Amfp = WTei = -

Vei

where Te.i = l / l/ e,i is t he t ime an elect ron travels between two collisions wit h an ion .
Show th at for Debyo shi elded Coulomb collisions

Am f p "" ~ » 1
AD In 1\
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Interpret this resu lt! (GR20 00)

18. Show that
W

2
, wlI, W~

are constants of motion for a charged pa rt icle in a straight constant magnetic field.
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19. Dete rmine th e motion of an electron in a constant magnetic field ; i.e. find expres sions
for wx , wy , wz , 1:, y, z as we have done for t he ions in Sectio n 2.8. \Vhat ean you say
about the direction of the gyration of the ions and electrons?

20. Caleulate the electron and proton gyrofrequencies and the gyroradii of the part icles
moving at their thermal velociti es under the conditio ns

• a tokamak wit h B = 101C

• the ear th 's magnet osphere wit h B = 1O-2 C

• the solar corona wit h B = l C

• the solar wind with B = 1O- 5C

• t he at mosphere of a neu t ron st ar with B = 1012C

Compare the gyrofrequeneies with th e plasm a frequeneies and the gyroradii with th e
Debye length s! (SI994 )

21. Show t hat
. 2 2
Wp ,e Wp ,i

Wc,e Wc ,i

22. Determine the Illation of a charged particle in a eonstant eleetrostatie an d magnetostatie
field and show t hat it consists of three parts:

• a constant acceleration qEII/m along t he 13 field

• a rotation about the direct ion of B at the cyclotron frequ ency

• an elect romag net ic drift velocity 'Iii[oJ = (E x 13)/ B 2

(BI986)

Dr . Irving Langmuir (1881-1957) is an Ame rican chemi st and physicist who won the
Nobel Prize in chem istry in 1932. Dr. Langmui r coined the ter m plasma as applied to
ionized gases, studied the electrostatic plasma oscillations which bear his name (Lang­
muir waves), developed th e theory of La ngmuir probes, and app lied his research to
develop numerous inventions for General Elec tric , particularly ill th e field of light ing.
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Lud wig Boltzmann (1844 - 1906).
Bolt zmann was awarded a doctorat e from the University of Vienna in 1866 for a thesis
on th e kine ti c theory of gases supe rvised by Josef Stefan .
His personality certainly had a major impact on th e directi on that his career took and
person al relationships, where he was always very soft-hearted, played a big part . He
suffered from an alt ern ation of depressed moods with elevated , expansive or irr itable
moods. Indeed his physical appeara nce , being short and stout with cur ly hair, seemed
to fit his personality. His fiancee called him her "sweet fat darling" .
Boltzmann 's fame is based on his invention of st at ist ical mechanics. This he did inde­
pend ently of Willard Gibbs. Their th eories connect ed the proper ties and behaviour of
atoms and molecules wit h the large scale proper ties and behaviour of th e substances
of which th ey were the building blocks. Bolt zmann obtained the Maxwell-Bolt zmann
distribu tion in 1871, nam ely t he average energy of motion of a molecule is the same
for each dir ecti on . He was one of th e first to recogni se th e importance of Maxwell's
elect romagne tic th eory.
In 1884 th e work of Josef Stefan was developed by Boltzmann who showed how J osef
Stefan 's empirical T 4 law for black bod y radiation , formulated in 1879, could be derived
from the prin ciples of thermodynamics. Boltzma nn worked on stat ist ical mechanics
using pr obabili ty to describe how the prop erties of atoms det ermine the properties of
mat ter. In par ticular his work relates to t he Second Law of Thermodyn ami cs which he
der ived from the principles of mechanics in the 1890s.
Boltzmann 's ideas were not accept ed by many scient ists . In 1904 Bolt zma nn visited the
World's Fair in St Louis, USA. He lectur ed on applied mathematics and then went on to
visit Ber keley and Stanford . Unfort una tely he failed to realise that th e new discoveries
concern ing radi ation t ha t he learn t about on this visit were about to prove his theor ies
correct .
Boltzma nn cont inued to defend his belief in at omic st ruct ure and in a 1905 publicat ion
Populiire Schriften he tried to explain how th e physica l world could be describ ed by
differential equations which rep resented the macroscopic view without representing the
underlying atomic st ructur e. :- May I be excused for saying with banality th at the forest
hid es the tr ees for those who thi nk that they d isengage themselves from atomist ics by
th e considerat ion of differenti al equat ions .
Attacks on his work conti nued and he began to feel that his life 's work was about to
collapse despite his defence of his theories. Depressed and in bad health, Bolt zmann
commit ted suicide just before experiment verified his work. On holid ay with his wife
and daught er at the Bay of Duino ncar Triest e, he hanged him self while his wife and
daughter were swimm ing. However the cause of his suicide may have been wrongly
at t ributed to the lack of accep ta nce of his ideas . \Ve will never know th e rea l cause
which may have been th e result of ment al illness causing his depression.

http:/ / www-hi story.mcs.st- andrews.ac.uk / hist ory / Machemat icians /
Article by: J. .1 . O 'Connor and E. F. Robertson



Chapter 3

Fluid equations for mass,
momentum and energy

"You ar e one of the ra re people who can sep arate your observation from your pr econ­
ccption . You sec what is, where most people see what they expect."
Lee to Samuel Hamilton
East oj Eden
John Steinbeck

In Chapter I have made it clear that the emphasis of this course is on Magnetohydro­
dynamics (f-.I HD for short). In the previou s Chapter we have soon th at plasmas arc most
accurately described by particle distribution fun ctions in phase space. The spatial and tem­
poral evolut ion of th ese di st ribution functions are govern ed by th e Boltzmann equa t ion (2.9).
This is a partial differential equa t ion in a 7-dimension al space . Ch apman and Enskog were
the first to obtain a solut ion to the Boltzmann equat ion in 1916 for a mono-atomic gas close
to thermodynamic equilibrium. However , in plasm a physics we ar e coufronted with a far
more difficult sit uat ion. T he full set of Boltzmann-Maxwell equations (2.7) - (2.9) provides
a very detailed and complete description of plasma be haviour. At one end of the spect rum,
it contains microscopic infor mat ion about the orbits of the individual charged pa rticles on
the very short cyclotro n t ime scale and the gyro-radius length scale. At the ot her end , it
accur ately describes the macro scopic behaviour of large as trophysical and fusion plasm as .
T he complexity ari sin g from this wide range of plasm a physics information makes it virt ually
impossible to solve the Boltzmann-Maxwell equat ions (2.7) - (2.9) in any nontrivial situat ion .
T he collision term makes life even more complicated. Usually this collision term is written
as an integral involving the distribution funct ion its elf, so that Boltzmann equat ion (2.9) is
really an integro-differential equation. You do not have to be a big genius to understand
that it is horrendously difficult to obtain a solut ion to the Vlasov equation for collisionless
plasmas or even worse to the Boltzmann equ ation under realistic plasm a ph ysics conditions.
T his realiz ation has led to the development of simpler mathematical models wit h a narrower

59
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range of applicability , Magnetohydro dynamics is such a mod el. P sychology has probably a
name for it ; if you canno t get it , you pretend you do not wa nt it . Actu ally, it oft en makes
sense to not want to solve the Bolt zmann equation (2.9) since its solu tion would give too
mu ch and too deta iled information . In many cases our inte rest lies in macroscopi c qu an ti ti es
like den sity, t emp era tur e and pressure and how these macroscopic quant it ies var y in space
and time. These macro scopic quanti t ics are obtained as mom ents of the distribution fun ction.
Clearly , it will be simpler to invest igate the ir evolut ion than that of the dist ribution function .

The macroscopic mom en ts ar e qu anti ti es that we are al rea dy familiar wit h from fluid
and gas dyn amics. The resul ting theory falls in to the domain of fluid theo ry, The aim
of th e pr esent Chapte r is to derive par t of t he hyd rodyn ami c t heory of plasm as known as
Magnetohyd rod yn amics. MHD is a m acroscopi c, non-relativist ic theory that is con cerned
with global ph enom ena in magnet ic plasmas. It gives an ac cur a te description of many of
the complicated in teractions of magneti c fields wit h the plasmas of the sun and stars . MHD
can be viewed as classical fluid dynamics wit h th e addi t ional com plica tion th at t he fluid is
elect rica lly conduct ing. A short way of introducing the equations of MHD is to write down
the consti t u tive equat ions of classical fluid dynamics and to add the terms and equations
du e to the magnetic field . T he problem is that it is not obviou s which terms ar e importan t
and should be ret ained in the equations . At b est , only handwavin g arguments ar e used. In
addi tion, it is also un clear und er which conditions the equa tions are a va lid idealizati on of
the plasm a physics world . So we have decid ed not to take this shor t way; we have the desire
to underst and what we ar e doing.

In order to understand more fully the ph ysical conte nt of MIl D as well as the limitations of
t he mo del, t he equations of l'vIHD ar e derived start ing from basi c principles . The derivat ion
follows a standard procedure which has foun d its way into the more recent text books on
plasm a ph ysics and MHD . F luid moments ar e calc ulated from a general kinet ic model an d a
nu mb er of (simplifying) assumptions ar e made to obtain closur e of the syste m of mathem atical
equa t ions. T he st arting point for t he deri vation of the MHD equations is the full set of the
Maxwell equations (2.7) coupled wit h a kin et ic mo del of the plasm a , described by a Boltzman n
equati on (2 .9) for each species . However , MIlD is a sing le-flu id th eory of plasmas. It is alre ady
a further approximat ion to a more general hydrodynamic theory of plasmas , t he multi-flu id
theory of plasm as . In the following Sectio n we ar e going to derive the multi -flu id equat ions.
T hen we sp ecia lize to a plasma consisting of elect rons and ions and wri te down the two-fluid
equat ions. In the final Section we derive the equat ions of MHD or single-flu id theory.

3.1 Multi-fluid theory

In this Section we deri ve the equations for th e evolu tion of the basic macroscopic mom en ts
or qu antiti es for particles of type o , i.e. numbe r de nsity T! ,,(x, t ) (or mass den sity Pa(x, t) ),
bulk velocity v"(;r,t ), t he pressur e tensor P a ,ik. In t he previous Section we have di agnosed
t he two main reas ons that make t he Bolt zm ann equat ion (2.9) so awfully d ifficu lt to solve:
(i) too m any independent vari ables, (ii) the collision term. T he cure for the first dise ase
is st raight forward . T he mathem at ical description is simplified by removing 10 by t aki ng
moments of the Bolt zmann equation (2.9) . T his is exactly wha t is don e in the de rivation of
the multi-flu id theor y. When we take a mom ent of the Bolt zmann equat ion (2.9) we act ua lly
trans form a single equation for l a(ie,10, t) in seven variables (f ,10, t) into a fluid equat ion in
four variable s (f, t ). In principle we should take an infinite number of momen ts in order to
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ob tain a closed set of equations. This is not possibl e from a pr actical point of view and we
have to introduce ass umptions in order to t runcate the infini te set of mom ent equat ions and
achieve closur e of the fini te set of equations . T he truncated set of equations is by design
focused on a spec ific regime of plasm a physics. It gives a less det ailed description of a plasm a
b ut we do not worry about this loss of microscopic inform ation cont ained in foJr,iv,t). \Ve
are inte rested in macroscopic quanti ties and these arc found by integration over velocity space
anyway. T he cure for the second disease is to use as much as possible quan t iti es that show
collisional invari ance so that the det ails of the collision te rm arc not importan t , bu t global
conservation laws for elast ic collisions can be used.

The collision term in t he right hand side of th e Bolt zmann equat ion is abbreviated as Co<
and decomposed as

(DIa) = c; = L Ca,f3
u t coli a

where Ca,fI is the contrib ut ion to Ca of collisions of particl es of species a wit h par ticl es
of spec ies (3. In what follows we only consider elast ic collisions (and neglect all effects of
inelastic collisions such as ionization, recombination, and so on) . For clastic collisions we
have t he following conservati on laws:

• Conse rvat ion of particlos of like and unlike partieles:

• Conserva tion of mome nt um and energy bet ween like particle collisions:

• Conse rvation of tot al momentum and energy be tween unlike par ti cle collisions :

T he equations of multi- fluid t heory are obt ained by taking t he moments of the Boltzmann
equa t ion (2.9) that correspond to mass, momentum and energy for each species.

./ {Boltzma nn' s equation} diU =? conservat ion of mass

./ {Boltzmann 's equation} iU diU =? conservat ion of momentum

./ {Boltzmann 's equat ion } .~2 diU =? conser vat ion of energy

At this po int the reader is adv ised to go back to Chapter II and refresh his memory with
the definitions of 'na(i;', t ),'va(T,t ),Qa(i;', t ),]a(i;', t ). q uanti t ies for part icles of species narc
obtained by taking an aver age over velocity space. For a qu ant ity g(iU,r,t ) the average
< g(f;', t ) >a is defined as
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Conservation of particles
T he zeroth order moment of the Boltz ma nn equat ion (2.9) for pa rt icles of type Q is

.I [Boltz mann 's equa t ion} d:\ jj

or

j.Df",d3 - j' -,..., j' [3 - .I F", ,..., f d3 - .I C [3-Dt W + w .v x "'( W + m ", 'V w ", W = "' ( W

'-v-' '-v-' '--v--' '-v--'
1'1 '12 T, = 0

Note that Xi , W j, an d t are independent coordinates. This means that the int egrati on over d3f jj

and different iat ion wit h resp ect to the t ime D/ at an d wit h respect to the spatial coor dinates
\7x can be int erchan ged . In Problem 1 you are asked to show that

W ith the use of these res ults we ob tain the equation JOT conserua iion of particles of species Q

(3 .2)

T his is the cont inuity equa t ion for particles of species Q . It tells us that in the absence of any
int er action processes which create or ann ihilate particles of this species, the pa rt icle number
density and also the mass density and the charge density remain un chan ged . The cont inuity
equation is the first fluid equation of our mul t i-fluid plasma. It coup les the plasma de nsity
n"" p", to the fluid veloci ty V"'. Hence we need another equatio n for the fluid velocity V"'.
Since Va is the first moment of the dist ribution function, this equation will resul t from t he
first order moment of the Bolt zmann equat ion (2.9) for part icles of type a .

Conservation of momentum
T he first order moment of the Boltzmann equa t ion (2.9) for part icles of type a is

rna .l {Bolt zmann 's equation} fjj d3 fiJ

or .I ~fta m a'Wkd\jj + .Im,,'lJ)kw.\7x fa d l·{u + .IwkFo. .\7wfa d:\jj = / C,;rnawkdl ·{u
'--v--' ' • , ,

'r, 1'2 1 :~

In P roblem 2 you are asked to show that
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p =

< WkWI >" deno tes the average of WkWI over the par t icles of type Ct as defined in (3.1). The
random velocity flo of the part icles of ty pe (Y wit h respect to t heir average velocity iJ" is
defined in (2.4) . T hese random velocit ies a re im por tan t for the thermodyna mic qu an ti ties
(e.g. pressure, temperature). Of course < 11" >,,= O. \Ve now use th e rando m velocities to
rewrit e < WkWI >0 (see P roblem 3) as

Inser t t his res ult in T2 and find

3 a 3 a
T2 = L -a. (p" V" ,kV" ,z) + L ,,---- (p" < 1/" ,k1/" ,1 >,,)

1= 1 .rl 1= 1 (IXI

Not unexpectedly the first order moment of the Boltzmann equat ion contains terms of second
order in the random veloc it ies Po < 1/" ,k11" ,1 >0 ' In orde r to figure out wha t these terms are ,
it is helpful to recall t he definit ions of pr essure and temperature in an ideal gas

P = nkBT

n m 2 P ?3 < 1/ >= '3 < 11- >

For an isot ropi c ideal gas all elements of the tensor < 1/;1/j > are zero wit h the except ion of
those on the diagonal which are equal: < 11;' >=< 11~ >=< 11; >=< 1/2 > / 3. Hence the
tensor Po < 1/" ,;1/ 0 ,1 >" is actua lly a generalization of pr essure for a plasm a. This tenso r is
ca lled the pressure tensor and deno ted as Po,kl:

O ften the pressure tensor is split into an isotropic pressure Po and its anisotropic part Il " ,kl:

p" (3.4)

P o is the isotropic pressure of th e particles of type a . Ilo •kl is t he stress te nsor du e to the
anisotropy of the dist ri bu tion function l ,. It is identically zero for an isot ropic dist ri bu tion
functi on (f.e, a Maxwell-Boltzmann distri bution (2.10)) . Note also th at t he diagona l eleme nts
of Ilo •k1 can be different from zero . Po,kl is symmetric and can always be diagonalized by the
principal axes theorem.

T he int ern al energy Uo is a measure for the kinet ic energy of t he particles of typ e Ct due
to rando m mot ions. It is defined as

(:J.5)l
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and relat ed to pressure and temperature

T he concept of an isotropic pressure makes sense when the dist ribut ion funct ion f a does
not deviate st rongly from isot ropy. 1£ fo is st ro ngly anisotropic with different temperatures
para llel To.II and perpend icular Tad _ to the magnet ic field lines, the concept of an isotropic
pr essure is not of much use. For a hi-Maxwellian distribution fun ction (2.14) with the z-axis
along the magnet ic field th e pressure tensor is (see P roblem 4)

\Ve use the pressure tensor to rewrite

In Probl em 5 you are asked to compute Ta. T he result is

\Ve denote th e right hand side as /l o .k and comp ute it with the use of the random velocit ies
(sec Problem 6)

(3.6)

Fa is t he average transfer of mom entum from all par ti cles to the particl es of ty pe a becau se
of collisions. It is solely du e to the random mot ions. m o I C o ,l3u n .kd:Jfu is the average t ran sfer
of momentum from the pa rt icles of typ c (3 to the particlcs of typ e (J; . Combining the resul t s
for the various terms we obt ain the equation for conservation of m oment um for particles of
species a :

3 {)

+ L -;:;- (Po V" ,kVo,1+Po 15kl +n. ,»
1=1 u XI

P0 9k - Q " E k - (1" x B)k = Jio ,k (3.7)

T his equation relates the fluid velocity to density, pr essure an d th e elect romagnet ic force.
T he elect romagnet ic force now acts on plasma elements an d not on indi vidual particles. The
equa t ion for conservat ion of momentum for part icles of species a is very similar to the Navier­
St okes equation of conventio nal hyd rodyn ami cs. It can be seen as th e Navier-Stokes equa t ion
with the elect ro magnetic force added . T he electromagnetic for ce couples the equat ion for
conservatio n of moment um to the full set of Maxwell' s equa t ions (2.7) and makes it very
distinct from the Nav ier-Stokes equatio n of convent iona l hydrod yn ami cs where we have only
pressure and viscous forces act ing on tho fluid clements . T ho electromagnetic force also
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coup les all th e charged plasma compone nt s together. T he reason is tha t the electric and
magnet ic fields in t he elect romagne tic force act on all charge d components and that at the
same time all charged comp onent s contribute to the elect ric and magnetic fields. Hence, if you
p lan to solve th e equat ion of mot ion for one pl asma component, you cannot escape solving
the equation of motion for all of th e plasma comp one nts . All p lasm a components dep end on
each ot her and on the electric and magnetic fields .

Dyadic not ation ca n be used to ob tain more compac t equations. T he equat ion for conse r­
va tion of mom en tum for particles of sp ecies a ca n be written as

I is the unit tensor. Let us have a good look at the equation for conserva tion of momentum.
Reca ll that this is the first ord er moment of the Boltzm ann equat ion (2.9) and note that
it cont ains second order quantities: pressure and the stress tensor. \Ve do not have any
eq uations for th ese second order quantiti es so far. You have already guessed a way out of t.his
dea dlock; take second order moments of the Bolt zmann equat ion (2.9) (how many do you
need actu ally"] . You are righ t. But th ink harder a nd see more t rouble on the hori zon : th e
second order moments of the Bolt zm ann equat ion (2.9) will contain th ird order terms and in
order to have equ ations for these third order terms you need to take fourth order moments of
the Bolt zm ann equat ion (2.9) and so OIl. T he poi nt is that by now you should b e convinced
that in princip le you need an infinite number of moments of the Bolt zmann equation (2.9).
We cannot han dle an infini te number of equations, so we need to t run cate the syste m . The
penalty for doing that is a syste m of equation s t hat is not closed . T he rem ed y to that disease
is additional ass umptions . The sit uatio n is even worse since we do not have an equation for
It.

Conservat ion of e nergy
T he seco nd order moment of t he Bolt zmann equation (2.9) for particles of typ e a is

J w 2 .
Tn o {Bolt zm an n 's equat ion } 2 d\v

or

A straightforward calculation (sec Prob lem 7) shows that

a Pov;
Dt(-2- + PoUo)

2 2 - :J 3
't"7 { (POv", U ) - Po < 'U",uo >O} '"'~('"' p . )
v . 2 + P", o v'" + 2 + L.J D . L.J ""kIV",,1

k = 1 J,k 1= 1

So we had it right; we predicted a third order term to appear in the second order moment of
the Boltzmann equat ion (2.9) and there it is: ~P", < u;:;u", >",. It is the flux $", of kinetic
energy of random motion s of th e particles of ty p e a by their random mo t ion s, or in other
words the flux of heat of the particles of type a by the random motions:
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(3.9)

\Vith this nota t ion T2 can be written as

In P roblem 8 you are asked to compute T.1. T he resu lt is Ta = - PoJJa .§ - L .ft. \Ve compute
V a wit h the use of the ra ndom velocities (see P roblem 9)

is the gain (or loss) in heat of the particles of ty pe a due to collisions with the other particles.
;va.ila can be int erpreted as work done by the momentum transferr ed during the collisions on
the particles of typ e a.

On combining the results for the various terms we obtain the equa tion for conseroatiou of
energy fo r particles of species a :

(3 .11)

T he momentum equation an d t he equa t ion for total energy may be simplified by using the

continuity equa t ion to remove th e contributions ~. Also, since \7w will not be used any
longer , we denote \7x as \7. We obtain (see P roblem 10)

rl" _ ~ 11 \7
dt - iJt + ".

is the total t ime derivat ive wit h respect to the average flow of the parti cles of type a. T he use
of this total t ime derivative enables us to obta in somewhat shorter versions of the conservation
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laws. However , we have to remember that it is differen t for each ty pe a of particl es. In the
Sectio n on one-fluid theory we shall introduce and use the total time der ivative wit h respec t
to the average velocity of the plasma as a whole,

Conservation of int ernal energy
VIe now t ake the scalar product of t he equat ion for the conservatio n of momentum with the
average velocity VA and find the equation for the cha nge in kineti c energy as

\Vhen we subtract this equa t ion from the equat ion for th e change in to tal energy we find the
equation for th e cha ngo in intern al energy

(3.12)

T he equ ation t he cha nge in intern al energy can be writ ten in a more tractable form by using

~~ p ova"
~~ -rs:
1= ] k= ] k

T he resul tin g equation is

'J 'J
Po ( 0 - '<"7) ~~ II Ova"-- -0 + Vo · v Po + c. «: o,kl -O '
Po t 1= ] k= ] Xk

Often you will see this equation with the coefficient s 5/ 3 an d 2/ 3 rep laced wit h 10 and 10 - 1.
You do not have to wor ry about t hese coefficient s. Wh en calculati ng the int ern al energy of
t he particles we have only allowed for 3 degrees of translational freedom . For particles which
have more or less than 3 degree s of freedom (e.g. due to ro ta t ion and/ or vibrat ion) 3 is
replaced by f = degrees of freedom , 5/ 3 is rep laced wit h (J + 2)/ f = I and 2/3 wit h ,- 1.
T he equation of energy is then

{

3 3 }dapo _ Pa daPa = ( _ 1) - \7 $ _~~ II . DVo,1 + H
dt 10 dt 10 ' 0 ~~ a,kl Cl.. 0

Po 1=1 k= 1 UX k

T his equa t ion is best known in its isen t ropic version with

(:U 3)
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so that its right hand side is iden ticall y zero . Note tha t th e equation of momen tum, energy
and interna l energy ar e not ind ep en dent ; onl y two out of three are ind ep endent.

Recapitulation
T his is a goo d place to reca pit u late and list t he macroscopic qua nt it ies that we have de fined
for th e particles of typ e a so far and the equat ions that we have derived for these macroscopic
qu antiti es:

n o:

Prt
Vo<
QQ
Jo<
P rt,ij

pQ

IIrt,i j
TQ

UQ

11Q

$Q

number of particles per uni t volume
mas s den sity

average velocity
clcct rlc char ge den sity per uni t volume

electr ic cur rent density
pressu re tensor

isotropic pr essure
stress tensor
tem per ature

internal energy per uni t volume
transfer of mom en tum due to collisions

flux of heat du e to rando m motion s
transfer of energy du e to collision s

change in internal energy due to collisions

From the previous Sections t he read er ca n select a set of thr ee ind ep endent mul ti -fluid equa­
ti ons for mass, mom ent um and ene rgy. A possibl e choice is

mass

momentum
d;l "+ " (. I + II ) - Q E- -r n- - -pQ .t v . [to Q - PQg - Q - J Q X - IlQ

ener gy

dQP" _ 'V PIX. di t Q = ('V - 1) { - \l $ - ~~ 11 kl DVI. + H }-----;]1 ta Po< t t o: . " L L Q , 7JXk o
1= 1 k= l

T hese equations a re exact consequences of the Bolt zmann equation (2.9). They cont ain
infor mation about global quantities related to the par t icles of typ e a. We have lost the
infor mation on the d ist ribution fun ct ion s in velocity space. T he high-frequ ency dynamics
of the elect rons and the low-frequ ency dyn am ics of t he ions ar e present in t he mult i-flu id
equat ions . At the moment the multi-fluid equat ions are not very useful since as yet the set
is not closed : there are more un kuowu s than equat ions ! T his is inhe rent at t he method of
moments. In ad d it ion the re are terms due to the collisions. We shall try to avoid the effects
of collisions as mu ch as possible an d as a matter of fact we shall be rather successful in that
respect. T he only occasio n where we ca nnot avo id collisions is when we look a t elect rical
resistivit y which is related to collisions of electrons with ion s.
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3.2 Two-fluid theory

69

Two-fluid equat ions for mass, momentum and energy
P lasmas consist of elect rons wit h mass m.; and elect ric charge qe = -e, ions wit h mass tn ;
and electric charge qi = Ze , and possibl y neutral s. Here we ass ume that there are not any
neutrals and that there is only one ion component pr esent . If these ions are protons then
Z = 1. The equations for mass, momentum and energy for such a plasm a are easily obtained
from (3.14) by t aking Q = e, i:

dePe Pe dePe ) { - ~~ aVe! }-- - 'Ye - - - = b e -1 - 'V.<I>e - L L IIe,kl- -' + H e
dt Pe dt l=! k=! a Xk

ani " ( _) °7ft + v . n ivi =

:3
diVi k '" a ( - - )Pi-it' + L -a ' (pi15kl + II i,kl) - Pigk - QiEk - .ji x I3 k = ILi,k

( . l=! ·1,1

diPi Pi diPi { _ 3 3 aVi.l }
- - 'Yi ~- = bi - 1) - 'V.Pi - L L II i,kl-- + Hi
dt P, dt l=! k=! a Xk

(3.14)

de a _ di a _ "
dt = at + ve.'V , di = {}t + Vi· v

arc th e total t ime derivati ves wit h respect to t he average flow of the elect ron fluid and th e
ion fluid resp ecti vely. The equat ions (3.14) suffer from t he same disease as t he mu lti -fluid
equat ions (3.14). They do not lim n a closed set . \Vc nood addi tional assumpt ions to ob­
tain closur e. \Ve shall come back to this issue later. The two-fluid equat ions have to be
supplemented with Maxwell 's equat ions (2.7) for th o electric and mag net ic fields. T ho oleo­
tromagneti c force couples the elect ron fluid and the ion fluid as argued in the pr evious Section
for a multi-fluid plasma. A simplified vers ion of this set of two-fluid equations has been used
in Ch apter II to st udy the plasma oscillations. The equat ions used th ere are obtained by
putting

Pe = 0, IIe.kl = ()
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tIe = 0, $e = 0, He = °
Pi = 0, ITi ,k l = °

ti i = 0, $ i = 0, IIi = 0

T he plasm a was free from random motions, it was unrnagn etiz ed and there were not any
effect s du e to collisions. In first instance the massive ions were t reated as immobile.

Langmuir waves
T he two-fluid equations are powerful equa tions as t hey contain informat ion ran ging from
high-frequency short seale dynamics charact eri zed by Wpe , Wee , X » , l' L ,e , Wpi , Wei , l' L ,i up to low­
frequ ency large-scale fluid dynami cs. In order to illustrate the potential of th e two-fluid
equations we consider the tempera ture correction on the plasm a electro n oscilla t ions. Wo
relax the ass ump t ion that t here are not any random moti ons in the plasm a and allow Pe to
differ from zero . The two-fluid equations (3.14) now red uce to

dePe - , e!!!!. dePe = 0
dt Pe dt

o n i ( _)at + V'. n i Vi = 0

d iVi -
P·_ + V'p· - Q E = O, di i z

d iP i _ .Pid iP i - 0
dt i , Pi di -

(3.15)

To this set (3.15) we must add the relevant Maxwell equa t ion (2.7) for the elect ric field

EOV'.i!; = Qi + Q€

At this poi nt it is inst ru ct ive to compare (3.15) wit h the corresponding set of equ ations (2.18) .
\Vh ere are the addit iona l terms and why are they there? As in Ch ap ter II we start wit h a
plasm a where the electrons and ions are initi ally uniformly dist ributed, so t hat th e plasma is
elect rically neutral everywhere. The equat ions for this uniform st at ic background are:

7)e,0 = 0, 7)i ,0 = 0
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ne,O = n i,O= const an t

Pe,O = constant, Pi,O= constant

Qe,O = - n e,oe = - n i,Oe = - Qi,O

Eo= 0.
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(3.l())

(3.17)

(3.18)

(3.19)

(3.20)

T hc subscript 0 refers to equilibrium quan ti ti es. This system is now per turbed by displacing
the elect ron and ion fluids from their equilibrium posit ions. T he equat ions for the linear
moti ons of the elect ron and ion fluids are obtained by linear izing th e origin al equat ions in the
same way as was done in Chap ter II . Again we st art by treat ing the heavy ion s as immobil e
in compa riso n to the light electrons and set

-Vi, l = 0, n i ,l = 0, Q i ,l = 0

T his lead s to t he following set of linear equations

ane.l _----ot + n e.OV .Ve. l = 0

OPe,l _ "Ie Pe,O OPe,l = 0
at .Pe,O at

Eov .iA = -en e,l (3.21)

(3.22)

T his set of equations is to be compared wit h the cor respo nding set (2.21) for a cold plasm a.
Sincc thc plasma is no longer cold , (3.21) has an addit ional elect ron pressur e term in the
equat ion of mot ion and an equat ion for int ern al energy of the elect rons . T he equat ions (3.21)
have constant coefficient s and hence allow solutions in te rms of plane waves. T his boils down
to writing any pertur bed quantity h (x, t ) as

!J(.15, t) = 11exp (i (k ..f - wt))

Here k is the wave vector , w is the freq uency and 11is the constant amplit ude. T he system
of linear equat ions can then be reduced by simple mani pul ation

a ~
- -----; -iw. v -----; ikat -

to a hom ogeneous sys tem of linear equ ations. T he condi tion that th ere are non- t rivial so­
luti ons to this homogeneous linear sys te m then leads to the disp ersion relat ion t hat relates
the frequency to the wave vect or. Explor ing this route is left as an exercise for the reader.
Another way for solving this system of difl'eren tial equa tio ns (3.21) is to derive an equat ion
for the perturbat ion of t he num ber density of the elect rons nc , l

{
02 2 2 2}

- 2 + wp e - "IeV( e V n; 1 = 0at . , ,
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This equation is to be compared with (2.22). It has an addition al term which tr an sforms
it from the linear oscillator equat ion (2.22) into a wave equation . It is the equat ion for the
Langmuir waves. The disper sion relation that corres ponds to this equation is known as the
" Bohrn-C ross dispersion relat ion"

(3.23)

Compared to (2.2:{) the imp ortan t differ ence is that (:{.2:{) has disp ersion , the frequencies
dep end on the wave vector. From the disp ersion relation it follows th at there are no Langmuir
waves wit h W < wp,e ' Fur thermore waves with W > wp,e only occur as a resul t of the finite
temp erature of th e electrons. At low k (k --+ 0), i.c, at long wavelength , or at low te mperature
(Te --+ 0), the ph ase velocity of the wave w/k can become arbit ra rily large (w/ k --+ (0 ), and
t he gro up velocity "h w goes to zero (V'kW --+ 0), so that no inform at ion or energy propagate s.
T his non- propagating wiggle at low k is the plasm a oscilla tion . At high k (k --+ CXJ ), i.e. at
shor t wavelength , or at high temp era ture (Te --+ CXJ) t he Langmuir wave resembles an elect ron
soun d wave .

T he Lan gmui r waves are one example of the wide ra nge of ph enomena that can be studied
with t he use of the two-fluid equa t ions . Hence , the two-fluid equat ions are a powerful tool
for studying plasm as . However , the two-fluid equ ati ons have their obvious limi tations. By
integratin g over velocity space we have lost the microphysics cont ained in the dist ribntion
fun ction in velocity space. Inter acti on of waves with par ticl es is ou t of the scope of t he two­
Iluid equat ions . For example, Landau damping of Lan gmuir waves in a collisionless plasm a
where th ere is transfer of energy from the waves to par ticl es that have the sa me velocity as the
phase velocity of the wave, requires a fully kineti c treatment using the distribut ion fun cti on
in velocity space .

3.3 Single-fluid equations

Goin g from a mul t i-fluid descript ion to a single-fluid descr ipt ion is a big st ep . In single­
fluid theory we forget that the plasm a is compose d of various indi vidual species and use
qu ant iti es for th e plasm a as a whole. Hence, by doing so we loose the infor mati on on
the high- frequency and small-scale dyn am ics of the electro ns and ions char acter ized by
Wpe , Wee, AjJ," L ,« , Wpi , Wei , r L ,i ' T he single-fluid equations describ e the very-low-frequency and
large-scale fluid-like beh aviour of plasmas . The single-fluid qu an ti ties that we are int erested
in are: mass density P, average velocity ii, charge den sity Q, elect rical current density J, ran­
dom velocity ii, the stress te nsor Pi j , pressure p , intern al energy U , te mpe rature T , and the
flux of heat $. Ma ss density p, average velocity ii, charge density Q, an d elect rical curr ent
density J have already been defined in Chapter II . From equations (2.2), (2.3) and (2.G) we
recall that:

n Lna, P = LPn = Lnnrno:
0. 0. 0.

PV LPa'Ua
a

Q (3.24)
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T he random velocity '/7, the stress tensor Pij , pressure p , internal energy U , temperat ure T ,
and the flux of heat eli are defined as

ul - v

L m o1f oUilLj lP/V = L m o1f o(Wi - Vi)(Wj - Vj )d3·/v
o 0

p

pU

nkBT

1~ 1", 1f 2d3 - 1", 1f 1- - 12 d:! -3 L Pi, = 3 L mo .0U W = 3 L rno 0 W - v W
z= l 0: 0:

~ L m .,1f o u2d:JUj = ~ L mo1fo 1 Uj - V 1

2 IP1V
o 0

'" m.,1f 2 - d:! - - '" m.,1f 1- - 12 ( - - )d3 ­L 2 o U U W - L 2 0 W - v W - v W
o 0

(3.25)

Not e t hat the random velocit ies are now defined wit h resp ect to t he macroscopic velocity of
the plasma as a whole and that the ther mody namic quantities are defined by means of these
random velocit ies. In general

A straight forward calculation (see Problem 13) shows t hat

p

T

'" 1 '" 1 ~ ~ 1
2

L Po + 3 L Po Vo - v
o 0

L Po,ij + L Po (V",i - Vi )(V",j - Vj)
0: Q :

L (PO,ij + PoVo,iVo.j)
o

2 3

L {<Po,k + (PoUo + p,;V" )Vo,k + L Po,lkVo,d
" [ = 1

(3.26)
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The first two equalities tell us that total pressure and the total pressure tensor differ from
L" p" and L " P" ,ij by qu adrat ic terms in lY- lY" . A similar resul t holds for the temperatures.
According to the thi rd equa lity the temperature of the plasm a as a whole T differs from the
mean of the temperatur es of th e different plasm a compo nents (L " n"T,,)/n by qu ad ra ti c
te rms in v- v" .

The equations for density p , velocity v and total energy (and hence for pressur e P and
int ernal energy) are obtained by summing the corresponding mul t i-fluid equa tio ns over the
various species:

2)conse rvation of mass for spec ies a )
rt

2)conservation of moment urn for species a)
o

2)conservation of energy for species a)
o

For what follows it is help ful to not e that the operators L", -& and {)~k can be int erchanged .

Conservation of mass
We start from the equat ion of mass for particles of spec ies a (3.2) and sum over all species
a . With the use of (3.24) we ob tain t he equat ion of to tal mass conservation

~ + Y'.(pv) = 0 ( ;~ . 2 7)

Note that thi s equation is written as a conservat ion law. At this point it is convenient to
int roduce the to tal tim e derivative or convecti ve tim e derivat ive or Lagrangian time derivat ive
with res pec t to the flow of t he plasma as a whole:

d 8 _
- = - + v .Y'
dt 8t

(3.28)

With thi s tot al t ime der ivative (3.28) t he equat ion of total mass conservat ion is

11i- +PY' .v= o (3.29) 1

Conservation of charge
We multiply the equation for conservation of num ber density of par ticles of ty pe a (3.2) by
q., and add over all species a to obtain the equation for conservation of charge:

(3.30) 1

Conservation of momentum
We st ar t from the equa t ion of mom entum for part icles of species n (:~ . 7) and surn over all n .
With the use of (3.24), (3.25) and (3.43), and taking int o account that L " /7" = 0 we obtain
the equation of motion for the plasm a as a whole
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I %t (pil) + \7. (pilil+ P ) - p,cj - Q15 - .J x B = 0 (3.3 1)I
75

T his is th e momentum conservat ion equat ion in Magneto hydrodynamics. With the use the
to tal tim e derivative (3 .28) we can rewrite th e equa t ion of motion as

(h7 - ~ -
P-d = - \7.P + P9 + QE + j x Bt

(3.32)

vVe can identify the force du e to the pre ssur e te nsor - \7.P , the grav itational force P9 , the
elect ric force Q15 and the Lorentz force J x B.

Interludium 1
Wh at now follows is an intorludium which ca n be skipped on a first read ing. Its aim is to
write the equat ion of motion in the form of a conservat ion law. The first form of the equat ion
of motion is almost in th e form of a conservation law. In order to cast (3.:n ) in the form
of a conserva t ion law we have to rewrite - P9 - Q15 - .J x jj in term s of part ial derivatives
with respect to t ime t and Xk . This is easier sa id th an done. Let us have a look at th e
elect romag net ic force and see if we can write it in conserved form . Of course we know we
can. We have learn ed about Maxwell's stress tensor and th e mom entum associated with th e
elect romagnet ic field . In P robl em 14 you are asked to show th at the elect romagnet ic force
can be wr it t en as

- ~ - a ( - -)QE + j x B = \7.M - at foE x B

M is Maxwell's st ress te nsor

(
2 2) --f oE B - - BB

M = - -- + - I + foEE + -
2 2po /10

and
f UE 2 I32

--+-
2 2po

is the isot ropic pressure due to the electromagnet ic field . Now let us have a look at th e
gravitational force. \Vri te.q as 9 = - \7\[1 with \[1 the gravit at iona l potential. In case .q
is caused by self-gravitation we have \72"" = 47rGp, \7.9 = - 47rGp. A st ra ightfo rwa rd
calculat ion shows t hat

where 1ik is the gravit at ional stress tensor. We can combine these results to write the equation
of motion in the form of a conservat ion law as

D( -- )
D

p17 + fo(E x B ) + \7.A
t

o (3.33 )
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T his equation is wri tten in the form of a conse rvat ion law. T he op erator BE act s on terms that
correspond to momentum: PVi is the momentum asso cia ted with the motion of the plasm a
as a whole, EoE x 13 can be seen as the moment um assoc iate d with t he elect romagnet ic field.

T he operator \7 = 2::~= 1 ~ acts on term s tha t cor respond st resses . Alread y known are th e

pr essure tensor P , the Maxwell stress tensor M and the grav itat iona l stress t ensor T . pvv is
called the stress tensor of Reynolds. It is the macroscopi c twin of t he viscosity stress tensor
which is buried in P . A = P + pvv - M - T is the so-called grand momentum st ress tensor.

C onser vat ion of e nergy
We start from the equation of ene rgy for par ticl es of species cy (3.11) and add over all typ es
CY. W ith the use of (3.24), (3.25) an d (3.43), and taking into account that 2::

0
Uo = 0 we

obtain the eq uation for conse rvation of energy for the whole plas ma

pv 2 ~ 3 3 a
\7'{(2 + pU)v + <!,} +{;~ aXk (V/Pk/)

pv.§ -I.E= 0 (3.34)

With th e use of th e tot al t ime deri vative we can rewrite the equation of ener gy as

(3.35)

We can identify the work done by the stress tensor - 2::%=1~ (2::r=1 v/Fk / ) , the work done

by the gravitational force pv .§, and th e work done by th e elect ro magnet ic forces I. E (see
problem 15).

Interludium 2
Here is anot her interludium. As the first one it can be skipped on a first re ading. Its aim
is to write the equation of energy in the form of a conse rvat ion law. T he first form of the
equa t ion of energy is almost in the form of a conservat ion law. We have to rewrite

pv .§ + ).if

in terms of partial derivatives with respec t to time t and Xk. This is eas ier said t han don e.
Let us have a look at the work done by the electromagnetic forces and see if we can write it
in conse rved for m. Of course we know we can . Wo have learned ab out Poynt ing's theorem:
(see also Prob lem 16)

-r ~ if x jj a EoE 2 B 2

.J .E = - \7.(--) - - (- + -)
~o at 2 2~o

In Problem 15 you are asked to verify that I.E is the work done p er unit time by the electro­
magnetic forces. Poynting's theorem is telling us that the energy densit y of the electromag­
netic field
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changes in time beca use of the flux of energy of the electromagnetic field , known as the
Poynting jiua:

Ex B
/10

and becau se of the work done per unit time by the electromagnetic forces. OK , we are
happy with Poynting's theorem as it provides us wit h an expression for J,E in the form of a
conservation law.

Let us have a look at the work do ne by the gravitational force and see whet her it can
be written in t he for m of a conservation law. Straightforward calcula tio n shows that (see
problem 17)

-piJ.?]= 'V.(p1JiiJ) + ~(p1Ji ) _ poIII. at at

You cannot always get what you want. We do not like the term - pqjf but we cannot do any
better! piJ.gis t he work done by the grav it at ional force . It causes a c:hange in the gravit ational

energy pw , a flux in gravitational energy pWiJand the term - pqjf . Combining th ese results
we can write the equation of ene rgy as

(3.36 )

T he operator 0/at acts on the different form s of ene rgy density : kinet ic: energy, int ern al
energy, electromagnetic energy and p ot ential energy . The operato r 'V act s on terms that
corr espond to the different ways in which cnergy can enter or leave a volume of plasma through
it s bounding surface: (pv2/2 + pU + plll)iJ is th e flux of kineti c: energy + int ernal ene rgy +
gravitational energy due to t he global motion of the plasma; L:~= l O/OXk(L:r=l VtPkt) is the
work do nc by the st ress ten sor due to the global motion ; (E x B) / /10 is t hc Poynting flux
or the flux of electromagnetic energ y and il> is the flux of energy due to the ran dom motions
in th e plasma . T he la t ter flux has t he elfcet that ther e can be a flux of energy pr esent in a
plasma without a global mot ion.

Conser vation of internal energy
We take the sca lar product of the equation for the conservation of momentum (3.32) with the
average velocity iJ and find the equatio n for the change in kinetic ener gy as

d (V2) 3 3 OPkt _ _ _ _ -: __
p- - + L L - ..-. Vt - pg.v - Qv.E - (J x B ).v = 0

dt 2 1= 1 /,;= 1 ox /,;

\Vhen wc subt ra ct this equation from the equation for the c:hangc in total cncrgy (3.35) we
find t he equation for the change in internal ene rgy

3 3
dU '"""' '"""' OVt - - - - -py +~~ PWij- + 'V.<I> - E .(j - Q11) + (j x B) .iJ= 0

t 1=1/';= 1 x/,;
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T he terms due to the electromagnetic field can be writ ten as (sec P robl em 18)

- E.(J- Qv)+ (J x B).v = - E*.I*

with

\Ve have new quantities: E* and J* . Do they mean more problems or ex tra fun'! Recall that

so th at

(3.37)I
Qv is the convective electric current densit y, it is ca used by the net cha rge of posit ive or
negative elect ric charges th at are convect ed by the flow of t he plasma as a whole. J* =

2::" n"q" (v" - v) is the conductive electric current density , caused by the rela tive motions of
t he posit ive and negative charges. It is t he elect ric cur rent measured in a reference system
that moves wit h the plasma wit h velocity v. Go back to the previous Chapte r an d recall
electrical quasi-n eutmlit y of a plasma . Realize t hat electrical quasi-neut rality mean s that the
elect r ical charge density is zero to high degree of accur acy over spa t ial scales sufficiently larger
than AD and t imes scales sufficient ly longer than the electron plasm a period : Q "'" 0 and
consequentl y

Ioo1<<I.JI, .J = J*
E* = E+ v x fj is t he electric field measured in a reference frame that moves with velocity
11; it is the elect ric field seen by an observer who moves wit h the plas ma . In the following
Chapte r we shall show that

E* "'" 0 in ideal MHD

E* """ 1.7 in resist ive .MHD

OK here is a preview, which you can skip if you want . In resist ive MHD

(3.38)I
is the Ohmic hea ti ng. You will hear morc abo ut this term in the next Chapter . \Ve usc this
result to write t he equat ion for int ern al energy as
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A simple calcula tion and usc of the equation of mass conse r vation enables us to rewri te the
cont ri bution d ue to the pressure te nsor.

We usc this result for th e contribution of th e pressure tensor an d recall that pU = 3p/2 t o
obtain what is pro bably the most popular version of the equation for intern al energy

Often you will see this equation wit h the coefficient s 5/3 and 2/ 3 replaced wit h , and Y >: 1.
You do not have to worry abo ut these coefficients. When ca lculating the internal energy of
t he par t icles we have only allowed for 3 degrees of trans lational freedom . For particl es which
have more than 3 degr ees of freedom (e.g. due to rotation and /or vibrat ion) 3 is repl aced by
f = degrees of freedom, 5/3 is replaced wit h (J +2)/ f = , an d 2/3 wit h ,- I. The equation
of ene rgy is then

dp , p dp { ~* 7* 3 3 DUI }
----=(J- l ) - \7.<I>+ E .J - L L 1hl-.
dt p dt 1= 1 k = ] Dx"

(3.39)

T his is t he equation for internal energy in Magnetohydrodyn am ics. \Ve can write th is equation
in terms of temperature by recalling that

(HO)

m is the mean mass of the par t icles an d li is the mean atomic weigh t . m, li an d R are de fined
as

R

lirnp

k B 'J ., ., 1
- = 8.2548 x 10' m"s- "K­
rnp

Recapitulat ion
From the previou s subsect ions we ca n select d ifferent sets of indep enden t sing le-flu id equ ation s
for mass , tot al charge , momentum and energy. A po ssibl e selec tion is:
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mass *+ p\7 .ii = 0

elect ri c ch arge

momentum
diJ - - -: -Pdt + \7 .P- pg- QE- } x B = O

internal energy

{

3 3 }dp _ 1l!. iJJ!. = (r - 1) - \7.(1) + E*.)* - L LIhl~
rlt P rlt i);/:k

1= 1 k=l

(3 .41)

Closure
Have a very good look at th ese equat ions. T hey ar e exact consequences of th e Bolt zmann
equa t ion (2.9). T hey are non-linear partial differential equations (whi t) . Not e that we have
kept our promise; you do not sec any te rm th at contains th e collision term . Collisional
invari ance has done a very good job. T hat is th e good news, now th e bad news. T he
equat ions do not form a closed set . You know the reason . We have t aken the zerot h mom ent
of the Boltzmann equa tion (2.9); that gave us an equation for density p and 3 new first order
unknowns, namely th e 3 com pon ents of velocity v. We have t aken th e 3 scalar first order
moment s of the Boltzmann equat ion (2.9) (mult ip lication wit h Wi) and that gave us 3 scalar
equat ions for the comp onents of velocity (or 1 vector equa t ion for the velocity ) but also 6
new second order unknowns, namely the clements of th e stress tensor P;j , i = 1, 2, 3; j 2: i.
\Ve have taken 1 second order moment of the Boltzmann equa t ion (2.9) (mult iplicat ion with
w2 ) and that gave us 1 equa t ion for pr essur e (= t ra ce of th e st ress tensor ) and 3 addit ional
third orde r unknowns, namely th e 3 components of th e flux of heat du e to random motions
<1> . Equa tions for all elements of the stress tensor could be obt ained by t ak ing 5 add itional
second ord er moments of the Boltzrnann equat ion (2.9) (which 5?) , bu t t hat would give us
addit iona l third order unknowns. T he conclusion is th at we do not have any equa t ions for
t he anisotrop ic part of the st ress tensor and for t he flux of heat due to random motions. This
is not unexpected but inh erent at the method of mom ents.

However it is more complicat ed th an that . Ex pressions for the anisotropic part of the
st ress tensor and for th e flux of heat du e to random motions do not suffice for obtai ning a
closed set of equa t ions. In order to make that po int clear , let us look at a stat iona ry sit uat ion
(8/at = 0) which has a minimal number of unknowns but is still a MHD probl em. \Ve forget
about the anisot ropic part of th e st ress tensor an d th e flux of heat for th e moment. Th e
unknowns in this situat ion are ii, p, p, ii. T he elect ric current density J can be calculat ed
by using one of Maxwell's equa t ions (2.7). T he relevant equa tions are t he equat ion of mass
conserva tion , the equat ion of mot ion , the equa tion of internal energy and th e remaining
Maxwell equation (2.7)
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'V.(pV) = 0

1 --p(v. 'V)V = - 'Vp+ - ('V x B ) x B
11

v.'Vp = I PV. 'Vp
p

81

(:1.42)

Hence there are 8 unknowns (3 component s of velocity, density, pressure and t he 3 components
of the magnetic field) and we have Gscalar equat ions in total.

T he message is very clear now. Exp ressions for the an isot ro pic part of the stress tensor
and for the flux of heat du e to random mo tions are a necessa ry bu t not a sufficient condit ion
for closure. We need an add it ional equation to close our syst em of single-fluid equat ions. In
order to understand why we need an addi tion al equation, we have to go back to the equation
for cons ervation of mom entum (3.31), (3.32). T his equat ion contains the elect rical current
density, Y, as a new variable. Henc e, to close the system we need an equation that links Yto
the plasma variables p, P;,j ,V. This equat ion will be obtained by comput ing the first charge
moment of the Boltzmann equation (2.9) which is the genemlized Ohm '8 law. The generalized
Ohm's law and its approximate MI-ID form are at the hear t of :t\lHD and deserve a chapter
of their own.

3.4 Recapitulation

"For all your education, Ben, you seem rather naive about certain t hings . One of them
is th at someday you are going to have to earn a living."
"Am 17"
"Of course ."
"Are you going bro ke or something? You can 't afford to feed me any more?"
Conv ersation. of Benjamin Braddock: with his fat her, The qraduale.
C. Webb

• Kin etic th eory: Bol tzmann-Maxwell equations
The full set of Boltzmann-Maxwell equat ions (2.7) - (2.9) provides a very det ailed
description of plasma behaviour. However , this set of equa tio ns is vir tually impossible
to solve in any nontr ivia l situatio n. T his realizatio n has led to the development of
simp ler mathematical mod els wit h a nar rower ra nge of ap plicab ility.

• Mult i-fluid theory.
Mul ti-flui d theory recognizes that the plasma is compose d of di fferent par t icle species
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and assumes that each species beh aves as a separate fluid . It captured the d iffere nces
in the fluid beh aviour of t he ligh t elect rons and the heavy ions .

• Mult i-fluid theory.
Mult i-flu id theor y derives d ifferentia l equations that govern the temporal and spat ia l
variatio ns of the macroscopi c variab les directly from the Bolzrna nn equat ion (2 .9) with­
out solving it . T hese d ifferential equations are obtained by taking t he moments of the
Boltzmann equation (2.9). T he first three mom ents give us the equation of conservation
of mass (continuity equation), the equation of conservat ion of mom entum (equation of
mo tio n) , and t he equation of conservat ion of energy (energy eq uation) for particles of
ty pe a .

• Multi-fl uid theory.
However , a t each stage of th e hierarchy of mom en ts , t he resulti ng set of equations is
not complete . Each t ime a higher moment of t he Bolzmann equation is calculate d a
new macroscopic variable appears . For example, t he con tinuity equ ati on relates the
number density an d t he mean velocity. The inclusion of the momentum equation adds
the kin eti c pressur e tensor , and the incl usion of th e energy eq uation adds the heat
flow vector. It is thus nece ssary to truncate t he sys tem of equation s at some stage of
hierar chy by introducing a simplifying ass umpt ion conce rn ing th e high est moment of
the distribu tion fun ction t hat appears in the system , T his t runcation create s a closed
syst em of equat ions.

• Multi-fluid theory.
T he mult i-fluid equat ions are exact conse que nces of the Bolt zm ann equat ion (2.9) . T hey
contain information ab out global quantities re late d to the particles of type a ranging
from high-frequenc y short scale dynamics up to low-frequen cy largo-scale fluid dynamics.
By integrating over velocity space the micro ph ysics related to th e distribution functions
in veloc ity space is lost .

• Multi-fluid theory.
The elect ro magnet ic force couples the eq ua tion for cons erva tion of momentum to tho
full set of Maxwell's equat ions (2 .7) and makes it very d ist inct from the Nav ier-St okes
equat ion of conventiona l hyd ro dynam ics where we have on ly pressure and viscous forc es
act ing on the fluid eleme nts . T he elect romagnet ic forc e also couples all t he char ged
plasma components together.

• Two-fluid theory.
T he two-flu id equations are a specia l case of the multi -fluid eq uations for a full y ionized
plasma consist ing of electrons and one typ e of ion s. T hey are powerful equat ion s as they
contain infor mat ion ranging from high-frequency shor t-sca le dynamics character ized
by Wpc ,Wcc , AU ,TL.e , Wpi , Wci , T L ,i up to low-frequency lar ge-scale fluid dynamics. As an
example of their strength they ar e used to det ermine the temper ature cor rection on the
plasma electron oscilla t ions.

• Single-fluid theory.
So far the equations are wri tten separately for each particle species. However , p lasm a
can ab o be considered as a conduc t ing fluid (one fluid theory) without specifying it s
various individual species . In this case , each macroscopic var iable is formed by adding
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the contr ibut ions of the various particle species in the plasma . T he equations for density,
velocity and pressure are obtain ed by summing the corr esponding equat ions for each
species and by using collisional invariance. The high- frequ ency short scale dynami cs of
t he elect rons and ions is removed when adopt ing t he single-fluid equa t ions for describing
a plasma . Single-fluid theory is restricted to large-scale low-frequ ency fluid behaviour.

• Single-fluid t heory.
Th e single-fluid equatio ns for mass, mom entum and intern al energy do not form a closed
syst em.

3.5 Problems

"I' ll figure it out .
I 'm going to use all the power of my br ain ."
H am el' Si mpson
T he Sim psons

1. Go back to t he cont inuity equ ati on for particles of species Q (3.2). Com put e the terms
T, and Tz and find

T = j'afo d3w~ = ann j' ~ n f, d3 ~ n ( - )
1 at at ' Tz = w. v x o • W = v x - n a V a

Show that

and usc th is result t o compute T3

I (f o - ) 3 - Jfn - "'en! = V'w· - Fo d w = - .-Fn .dS oo = 0
. rna: rna:

2. Go back to the equa t ion for conservat ion of momentum for part icles of species Q (3.7).
Compute T, and Tz

3. Show th at
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,1. A system of par ticles e.g. electrons is characterized by a uniform and time ind epend ent
d istribut ion fun ction I(wx , wy , wz ) .

Comput e the stress te nsor P;j , the scalar isotropi c press ur e p , the temperatur e T and
t he heat flow vecto r (= t he flux of heat du e to ra ndo m motions) for

• the Maxwell-Boltz man distr ibut ion function

• t he bi-Maxwell-Boltzman distribu t ion function

(I31986)

5. Show that
Wk Fa. 'Vw l a = v. . (/aWk Fa) - l a F a ,k

and use this result to compute

6. Use the random velocit ies to compute

I~a ,k = rna Ic:1La ,kd~1V = rn a L ICa ,i3 1La y P 1V
. i3 .

Note that

7. Go back to t he equat ion for conservat ion of energy for part icles of spec ies a (3.11).
Compute T1 and T2

T
1

Jrnaw
2

Dla p - - !!.... (pav; u)
2 fJt C W - fJt 2 + Pa a

3 ( 3 )+ L D~ . L Po ,kiVa ,1
k = l k 1= 1

A helpful result for the second equa lity is

:l

2 2 '"(V(~ ,k + 1ta ,k) (Vo + 1La + 2 c: Va ,t1ta ,tl
i=1

3

V;Vo,k+ < 1L; >a Va ,k+ < U; 1La ,k >a + 2 L Va ,i < 1ta,k1ta ,1 >a
1=1



3.5. PROBL EMS

8. Not e that

and show that

Compute then
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9. Use the random velocities to compute v" as u.; = lI" + v,l'/1" . Here also remember that
.r C,,(P1ll = 0

10. Usc the equat ion for conservat ion of mass (3.2) to show th at

and th en usc t hese result s to rewrite th e equa t ions for conservat ion of momentum and
of energy as

3 {) 3

L a;:- (q,,,.k+ L V" ,tP" ,kll
k= l . k 1=1

p"Vex.g - ]ex .E = Vex = Hex + Va·Pex

11. Go back to the subsect ion on Langmuir waves. Start from t he equat ions for the linear
motions of th e elect ron fluid (the heavy ions ar e tr eat ed as inuuobile)

One,l (- )at + l! e,OV' Ve,l = 0

{)Pe, l _ Ie Pe,O{)Pe, l = 0
Dt Pe,O Dt
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Look for solut ions III te rms of plane waves and write the linear qu an ti ties
n e ,l , Pc, l , 1Jc , I ' E} as

fJ (x , t ) = 11exp (i (k .x - wt ))

Here k is the wave vector , w is the frequency and 11 is the const an t amplitud e. T he
system of linear ordinary equations can then be reduced by simple man ipulation

o . " 'k­- ---t - 'lW v ---t '/;"'
Dt

to a homogeneous system of linear equat ions. The condition that t here are non- t rivial
solutions to this homogeneous linear sys tem then leads to the dispersion relation t hat
relates the frequ ency to the wave vect or.

12. Derive the equat ion for t he perturbation of the number density of t he elect rons n e. l in
a finite tem peratur e non-magnetic plasma when the ions are immobi le:

{
{)2 2 2 2}

- 2 + W p e - "le V i e \7 n e 1 = 0()t ' , •

13. Go back to the Section on single-fluid theory. Consider a plasma which is made up of
a mix t ur e of par t icles of var ious species a . Show that :

p

T

(B1986)

~ 1~ 1- - 12L p", + 3" L p", V", - V
O! 0:

L P"" ij + L P",(V"" i - Vi) (v"" j - Vj)
'" '"

2 3

L {<Pn,k + (pnUn + Po2V
o )V"" k + L Pn,lkVn,d

'" 1= 1

(3.43)

14. Go back to the equation of conse rvation of momentum in Magnotohyd rodynamics (3.31) .
Use three of the Maxwell 's equat ions (2.7) and t he vector ident ity

2

(\7 x 17) x 17 = (17. \7)17 - \7 ( ~ )
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to write the electric force QE and the Lorentz force Jx 13 as

- - - DB EoE 2

QE = Eo\7.(EE) - EoE x at - \7(-2-)
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Jx B
2 -1 - - B DE -- \7. (B B ) - \7(-) - EO- X B

/10 2/10 Dt

Combine these two result s to write the elect romagnet ic force as

_ -: _ {(EoE 2 B 2
) -- BB} a __QE + J x B = \7. - -- + - 1 + EoE E + - - - (EoE x B)

2 2/10 /10 Dt

15. Show th at the work per unit t ime (or power) done by the elect romag netic force is .rE.
Start from

Work per unit time = L Jqa(E + W x B) .wfad:lw
a

16. Use two of the Maxwell's equat ions (2.7) and the vector iden ti ty

\7.(a x b) = b.(\7 x a) - a.(\7 x b)

to find Poynting's theorem:

- - 2 2-: - E x B D EoE B
J .E = - \7.(--) - - (-+-)

/ 10 Dt 2 2/10

17. Show that the work per unit t ime don e by the gravitat ional force can be written as

_ _ ~ D(pWVk) D . Dw
- pv .g = ~ ---- + - (pw ) - p-

k= l aXk Dt at

18. Show th at
- E.(J- Qv)+ (J x fJ ).v= - E*.j*

with

Use
c7 x B).v = - (v x fJ).j, (v x fJ).v = 0
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J ames Clerk Max well (1831 - 1879).
On e of Maxwell's most important achievements was his extension and math emati cal
formulation of Michael Faraday's theories of electr icity and mag netic lines of force. His
paper On Faraday's lines of force was read to th e Ca mbr idge Philosoph ical Society in
two parts, 1855 and 1856. Maxwell showed t hat a few relatively simple mathematical
equations could express the behaviour of electr ic and magneti c fields and th eir interrc­
lation .
When the subject anno unced by St John's College Cambrid ge for the Adams Prize of
1857 was T he Motion of Saturn 's Rin gs Maxwell imm ediately interest ed . He showed that
stability could be achieved only if the r ings consisted of numerous sma ll solid particles,
an exp lanation now confirmed by t he Voyager spacecra ft. Maxwell's essay won him
th e Adams P rize an d Airy wrot e:- It is one of th e most remar kable applications of
math ematics to physics that I have ever seen.
In 1860 Maxwell was appo int ed to th e vaca nt cha ir of Nat ural P hilosophy at Kin g's
College in Lond on . Th e six years that Maxwell spent in this post were th e years when he
did his most imp ort ant experimental work. In Lond on , around 1862, Maxwe ll calculated
that the speed of propagation of an elect romagnet ic field is approxima tely that of the
speed of light. He pro pose d that the phenomenon of light is therefore an elect romag net ic
phenomenon . Maxwell wrote the t ruly rema rkable words :- \Ve can scarcely avoid the
conelusion th at light consist s in th e t ra nsverse undul ations of the same medium which
is the cause of elect ric and ma gnetic ph enomena.
Maxwell also cont inued work he had begu n at Aberdeen, considering the kinetic t heory
of gases. I3y t reating gases statist ically in 1866 he formulated , independ ent ly of Lud wig
Boltzmann , the Maxwoll-Boltxmann kineti c th eory of gases. T his theor y showed tha t
temperatures and heat involved only molecular rnovcrncnt. This t heory meant a change
from a concept of certainty, heat viewed as flowing from hot to cold , to one of statistics ,
molecules at high temperature have only a high pro bability of moving toward t hose at low
temp erature. Maxwell's approach did not reject th e earlier studies of thermody namics
bu t used a bet ter theory of the bas is to exp lain the observation s and experiments.
Maxwell left Kin g's College, Lond on in t he spring of 1865 and return ed to his Scottish
estate Glenlair. He made perio dic tri ps to Cambridge and , rath er reluct antly, accepted
an offer from Cambridge to be th e first Cavendish P rofessor of Physics in 1871. He
designed the Cavendish lab orat ory and helped set it up. T he Laborat ory was form ally
opened on 16 June 1874. T he four par t ial different ial equati ons, now known as Maxwe ll's
equations , first appeared in fully developed form in Elect r icity and Mag net ism (1873).
Most of this work was done by Maxwell at Glenlair during the per iod between holdin g
his Lond on post and his taking up th e Cavendish chair. They are one of the great
achievements of 19th-eentury mathematics.
On 8 October 1879 he retu rned wit h his wife to Cambr idge bu t , by this ti me he could
scarce ly walk. One of th e grea tes t scient ists th e world has known passed away on 5
Novemb er.
http:j j www-history.mes.st-andrews.ae.ukj historyj l\ Iat hematieiansj
Art icle by: J . J. O 'Connor and E . F . Rob ertson



Chapter 4

Magnetohydrodynamics

T he Sixti es are often regarded as a storm that carne and passed, a cyclone tha t blew
through, it s damage long repaired . But among the era's more enduri ng legacies was
establishing a style of yout h, of be ing young, that's been passed on for thirty years now
by example in an endless cha in of kids.
M ichael Frain
"T he surv ivor 's Guide" , May 16, 1990.
The Laws of Ollr Fathers
Scott Turow

T he attent ive reader is well aware of the fact that the single-fluid equ ati ons for mass,
momentum and intern al energy that we obtained in the previous Chapter do not form a
closed set . T he aim of this Chapter is to obtain closur e. Let us recall that expressions for
the anisotro pic part of the st ress tensor and for the flux of heat du e to ra ndom motions ar e
necessary but not sufficient for obtaining this goal. Inspect ion of the single-fluid equat ions for
a very simple case (3.42) revealed that there are more unknowns than equat ions. It dawned
on us t hat we do not have any evolution equation for t he electr ic current density, J. Hence,
we need an equa t ion linking J to the plasma variables p, Pi j , ii. Since (2.6)

J= L Q",v", = L q", Jf ",wdw
o o

is the first order elect ric charge moment of f", summed over all species o , our required equation
is th e first order elect ric charge mom ent of the Boltz ma nn equ ati on (2.9) summed over all
species Ct. T his equat ion is known as t he qencralizcd Ohm 's law. It links 8J/ Dt,J, E, B to th e
plasma var iables. In its MHD approxi ma t ion , the generalized Ohm's law links J,E,B to v.
T he generalized Oh m's law cont ains t he loss of momentum due to collisions and we cannot
avoid deriving an expression for this quantity.

T he generalized Oh m's law, th e single-fluid equa t ions for mass, momentum and internal
energy and the pre-Maxwell equations provide us wit h a closed set of MHD equations . T he
assu m ptions th at we need t.o introduce in order to derive expressions for th e anisot ropic part

89
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of the st ress ten sor , the flux of heat due to random motions and the loss of momentum due
to collisions and for obtain ing th e approximate MHD version of the generalized Ohm's law
put add it ional restrictions on the domain of validity of the IvIHD equations .

4 .1 Generalized Ohm's law

In orde r to obtain th e first charge moment of the Boltzmann equat ion we multiply the equat ion
for con servation of mom entum for particles of species a (3.7):

3 {)

+ L;:;- (PaVa,kVQ,[+ JlQ6k[ + IIQ,kl )
[= 1 u .7:[

PQ.lJk - QQEk - (.Tc. x B)k = fl a,k

with qa/rna and sum over all sp ecies a . The result is

T his is t he most general form of the generalized Ohm's law. It is an exact conse quence of the
Boltzmann equat ion but not of mu ch practical use. It is an evolut ion equat ion for the elect r ic
current densi ty .J.

Let us now specia lize to a fully ion ized plasm a con sisting of electro ns and ion s. The index
a that indicates the typ e of sp ecies is a = e for th e elect ro ns and a = i for the ions . In
additions we assume that the ion s ar e protons, so that Z = 1. The electrons have electric
charge '[e = -e, mass m e , their number den sity is H e and their bulk velocity is ve ; the ions
have elect ric charge qi = e , m as s nu , their number den sity is Hi and the ir bulk velocity is Vi .
In terms of these quantities we can write the macroscopic qu antiti es P, ii,Q,J (3.24) as

Q (n i - ne)e

For later use we solve these equat ions for ru;n.: V; , ve in terms of the global plasma quantiti es
P, V and J and find

ni
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p -miQ / e P P
'--------'--''-'--- ~--- ~-

m , + m e m ; + me m ,
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(4.1)
pV - Tn;)/ e _ m , -; _ ;
'--------'--':::-';-- ~v - -J ~v - ­

P - m iQ / e pe ene

T he successive approximations are obtained by first using the ass umption of quasi-ne utra lity
of the plasma and then by noting that m e << m , and by putting cons iste nt ly m e/mi equal
to 0 compared to 1. Quasi-neu t rali ty is a very accurate descrip t ion of reali ty as exp la ined in
Cha pter II . Q uasi-neutrality mean s that

T he last equality implies that the electric current is due to the relative motion of the elect ron
gas to the ion ga s. Neglect ing m e/ m i compared to 1 is not really an approximation .

Let us 110W rewrite t he general form of the generalized Oh m 's law for a fully ioni zed plasm a
cons isting of electrons an d pro ton s. The loss (or gain) of momentum of the elect rons du e to
collisions with the ions is equal t o the gain (or loss) of momentum of the ions due to t he same
collisions. Hence,

fIe = - fIi = R

where Ii is j ust an ab breviation . Withou t any approximations we get the followin g resul t

m e Djk :l D n i :l D m e
----ilt + n eTneL -;:;-( - Vi,kVi,l - Ve,kVe,l) - L -;:;-(Pe,kl - - P;,kzl

e u 1=1 U XI !!:;..- 1=1 U XI ~

;:, 1 « 1

( n i m.; {( _ n, rne _) - } (Tne )- ene 1 + - - )Ek - en e Ve + - - Vi X B k = - R k 1 + -
n c rni rl e m , m ,-- -- -;:,1 « 1 ;:,1 « 1 « 1

T his eq uat ion can be simplified by usin g the approximations m e/mi = 0, ru[n; = 1. The
quad ra tic term in the velocit ies (VikVil - vekvezl can be rewritten in terms of the global plasm a
quantiti es vi •Jby usin g the expressions for Vi,ve in terms of v,.J. The result is

ui; { aj k ~ a I} 1~ DPe kl R k - _ -
- 2- - + L - (vdl + »ii» - - j d l) - - L --'- + - = (E + Ve X B )k
e n.; Dt 1= 1 D.T[ en; en.; 1=1 D,q en.;

Let us note again that t his is an evolution eq uation for the electric current;' It cont ains the
te rms Pe,kl, fte,i for which we do not have express ions so far.

OK, let us now get down to the real approximat ions . So far we have only assumed that
t he plasm a is elect rica lly quas i-neutral and that t he mass of the elect ron can be ignored
compared to t hat of an ion . T hese ar e not really approximations to be worried abo ut. In
order to make fur ther progress in Ohm 's law we nee d to have all expressio n for the transfer
of moment um from the elect rons due to t he collisions with t he ion s. Another name for this
transfer of momentum is the drag force 011 the electron fluid due to the electron collisions
wit h the ions. T his d rag force was already introduced in (2 .55) where it was assu med to be
proportional to the to the relative veloci ty of the electron gas to the ion gas . Hence, we can
borrow (2.55) and note that here lie = FIr, ,0 that



92 CHA PTER 4. M AGN ET OHYDRODYNAMICS

VeJ is the aver age electron collision frequency defined in Chapter II. According to (2.56) it

varies inversely with T! /2 and is ind ependent of the ion mass. fj is the electrical resist ivity
and a is the elect rical cond uct ivity. T hey are defined as (2.57)

1
a = -

~
(4.3)

We can now write the genera lized Ohm 's law as

3 { 3 }~ ~ .h, 1 aPe,kl m e a.h, a. . 1 . .
Ek = - (vc X E)k + - - - L -- + - 2- - + L - (Vk.11 + vu» - --.1k.7t)

a cne t-:1 o x / e ti ; a t 1= 1 aXI en;

Dyadic notation helps us to write the generalized Ohm 's law in a more compact form as

E~ ( - E~) J 1 n p Ute { oj n (_7 7_ 1 -;'-;')}= - Ve X + - - - v . e + - 2- - + v . VJ + JV - - JJ
a cne e n.; a t en ;

(4.4)

We prom ised that we would derive an equation t hat links links oj/at,],E,B to t he plasm a
variables. T his requires elimination of ve and of P e ' T his is easi ly done for ve and introduces
the Hall term as an addit iona l term in the right ha nd side of (4.4)

~ ~ - J 1 -, - I
E = - (v x B) + - + -.1 x B - --V.P ea en ; en ;

m e {a,.J n ( _7 7_ 1 -;'-;') }+ - 2- - + v . VJ +JV - - -JJ
e n.; a t en c

(4.5)

T he genera lized Ohm's is written as an equat ion for the electric field and not as an equa t ion
for oj/at. The reaso n is that the cont ribut ion containing the lat ter term will be dropped in
a few minutes. The terms on the right-hand side all have specific nam es:

•
- (v x ti) = the dynam o term or the indu ct ion term

It represents th e electric field generated by th e motion of t he plasma as a whole in the presence
of a magnetic field.

•
Ohmic term

•
1 - -- j x B = t he Hall term

en e
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•
1

--'V.P e = the bat ter y term
erie
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It is t he electric field that t r ies to counte ract the motion s of the elect rons driven by the pr ess
tensor in order to keep the plasm a elect rica lly neutral.

•
m e {DJ .,..,( _7 7_ 1 77)} 1 I ..- 2- -D + v . VJ +JV - - JJ = t ie e ectron inertia term,

e rle t erie

In view of th e very small mass of th e elect rons we can drop t his term wit hout any problem .
A n important assumption in classic Magnetohydrodynamics is that the collision s lead to

isotropic distribution j unctions [or both electrons and ions. Hen ce the pressure tensors for
electrons and ions (3.25) have only cont ribut ions from the isotropic electron pressure and the
isot ropic ion pressure:

Fro m a m athematical poi nt of view the qu an ti t ies Te , T, and T ar e a llowed to differ. However
from a physical point of view the sit uat ion is different . If a single-flu id theory is to make
phys ica l sense, t he ion and electrons fluids should have comparable temperatures. Ideally, the
ions and electrons should have the same tem perature which is the temperature of the plasm a
as a whole T

(4.7)I
We shall come back on the ass umptions (4.6) and (4.7) in Section 4.4. whe n wc scr utinize thc
conditions for va lid ity of lVlHD. Comb ined wit h n; = n , and t i = t i; + tu , (4.7) im plies that

p = rlkl3T, Pe = rlek13Te = rlik131'; = Pi , P = Pe + Pi (4.8)

The read er is now asked to go back to P roblem 13 of the previou s Chapter. Reduce the
second line of this problem for a two-fluid plasma to

P = P + P + ~ 1 if - iJ 1
2 + .12 I iJ -if 1

2
e z 3 e 3 I

Since
-r_ _ m'

e
j _ _ _ J

Vi ;:::;V + -- ;:::;V , V e ;:::;v - -
rrz,i cn.. cn.;

writ ing

P = p; + Pi

comes down on assuming that
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so that the electron and ion fluids move at nearl y equa l velocit ies. This condition will come
back when discussing the MHD approximation of t he genera lized Ohm's law. With the
press ure tensor reduced to an isot ropic pressure we can write the bat tery term as

When we drop the electron iner tia term , we can write the genera lized Ohm's law as

- _ - J 1 -0' - 1
E = - (v x B ) + - + - (] x B) - -\lPe (4.9)

(J en; en;

\Vhen we compare the generalized Oh m's law wit h the well-known Oh m's law for an elect ric
cond uctor in rest

~ ~ ~ J
j = (JE , E = ­(J

we immed iately understand the meaning of the adjec tive "generalized" .

4.2 The MHD approximation of Ohm's law

T he generalized Ohm's law (4.9) is writ ten as an equation for the electric field and has four
terms on it s right-hand side. Rather comp licated! Let us find out which terms are important
and which ones can be discarde d. In order to do so we choose the indu ction te rm if x jJ
as refer ence and compare t he ot her terms to this reference terrn. T his comparison is done
by scale analysis. We keep in min d that MHD is a mathematical theory of non -relativistic
macroscopic plasma phenomena . Macros cop ic mean s that the typical length sca le L of the
spati al var iations and the typical time scale T of the temporal variations that we are interested
in , are orders of magnit udes longer than the microscopic length sca les and ti me sca les defined
by th e elect ron and ion dynamics. Often we use W = l/T, which has the dimens ions of as
freq uency, instead of T for characterizing the large-scale low-frequency fluid-like behaviour of a
plasma system. In Chapter II we found t hat the qua nt ities w p,c , AD, we ,c , TL ,c characterize the
high-frequency an d short scale dy na mics of the electrons and that t he qu antities Wp,i , We,i , TL ,i

are characteris t ic for the the low-frequency dynamics of th e ions. Non-rela t ivist ic mean s th at
we are dealing wit h velocities v ::::: L / T << c. T he sea le analysis is based on using Land T for
obtaining (crude) approximations of te mpora l and spatial derivatives. Formally we repl ace
derivatives using the simp le rule

For example

D
Dt

1
\l ----4

T ' L

~ B of E
1\l x B I::::: I) 1at I::::: -:;

Let us first go back to the third of Max well's equa t ions (2.7). It is straight forward to show
that the displacement cur rent can be neglected compared to \l x B in a non- relat ivistic theory.
\Ve use the first of Maxwell 's equa t ions (2.7) to est imate E/B as

E L
B:::::~
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Hence
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I (1/ c
2
)8Ej Dt I :::::; .!_Ji~ :::::; 2.. (~) 2 :::::; ( ~ ) 2 « 1

l \7x B I c2 B T c2 T c

In a non-rel ativistic theory all term s pr opor tional to (v/ c)2 are neglected and consequent ly
the displacement current can be neglect ed and th e third of Maxwell's equations (2.7) takes
the simple form

1- 1 -j=-\7x B
It

(4.10)I
Let us now compare the Ohmic term to th e induct ion term as

I 0 hmic term I
I Induction te rm I

ijl \7xBI~ ij _ 1 _ 1
I""t I v x iJ I ~ ILLv - aJLLv - Rm

R m is th e magnetic Reynolds number'and is defined as

L v
Rm = a JLL v = ­

'f)

where 'f) is defined as

(4.11)I
1 ij

1) = - = -
JLa IL

(4.12 )

It is nam ed the magnet ic diffusivit y and should not be confused wit h ij; T) oj ij.
T he magnetic Reynolds number (4.11) is almost always a very large number. It is th e

product of th e electrical conductivity a, th e length scale L and th e velocity v . An increase in
any of th ese three quantiti es lead s to lar ger values for Rm . Pl asm a flow velocit ies are usually
restricte d to low values. In tokamak pla sma physics I4n is large becau se the electrical con­
du cti vity is large. In solar physics and astrophysics R rn is large, even for relatively moderate
electrical conduct ivit ies, becau se of the large spat ial dim ensions of th e systems . In that sense
we are dealin g with a large-scale limit.

In what follows we shall have to make choices for th e velocity v which is to be understood as
a velocity charac te rizing the very-low-frequency fluid-like beh aviour of plasm as. In Chapter
II we have seen that the quan ti ties wp,e, AD,w e,e, ri:« cha racterize the high-frequ ency and
very short scale behaviour of a plasm a dictat ed by t he dynamics of the elect rons and th at
the quantit ies wp ,i , We,i , ri.: are character istic for th e low-frequ ency behaviour of a plasma
dictated by the dynamics of the ions. In Sect ion 8 of the present Chapter and throughout
Chapter V we shall see that the very-low-frequency fluid-like dynami cs of the magnetic field
lines to which the plasma is fastened is characr.crizcd by the Alfvcn velocity VA . It is defined
as
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In Chapter V the sound velocity, V8 , defined as

(4.14)

will emerge as the velocity that chara ct erizes the dynamics associated with the plasma pres­
sure and comp ressibili ty. T he ratio of t he plasma pre ssur e p to the magnet ic pressure B 2 /2JL
is known as the plasma bet a

(4.15)I
T he very-low-frequency fluid-like behaviour of a plasma is characterized by the quantities
VA , V8 , L , where L is a length sca le for the system as a whole which can be specified by the
spat ial vari ati ons of the global qu antities.

Let us now go back to the magneti c Reynolds number Rm (4.11). If we subst itute th e
Alfven velocity V A for the velocity V in the definition of R rn then Rm is called the Lundquist
number u.

(4.16)I
Let us now compare the Hall term to the ind uction term as

IHall term I _ 1 IJ x 13 I ~ 1 IJ I ~ 1 B
IInduction term I - en e I iJx jJ I ~ en e JiYl ~ en e jLVL

Recall that n; = n , = ~ so that

B lp
e ti; We,i

where Wc,i = eB [m, is the Larmer frequ ency or cyclot ron gyration frequency for ions (2.65) .
Hence

I Hall term I

I Ind uction term I
In order to further evaluate this ratio we need to make a choice for v. For a plasma with its
int ernal energy of the sa me order as the magnetic energy the ther ma l veloci ty of the ions Vt ,i

is a good choice for the characteristic velocity 7J. Hence,

I Hall term I
l Induction term I

\Ve can drop the Hall term in comparison to t he ind uction term if

TL ,t ,i « 1
L
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This is exac t ly cond ition (2.70) for th e ions to be magnetized . In Chapter II we have found th e
equivalent condi tions (2.73). The Hall term can be dropped in comparison to th e induction
term if the ions are magnet ized . The ions have to be effectively glued to the magn etic field
lines and should consequent ly perform man y gy ro-ro tations during th e ion th erm al transit
time. This is a str ong condition as was explained in Ch ap ter II . Recall also that magnetized
ions impl y tha t th e electrons are also magneti zed , so that in ord er for th e Hall term to be
dropp ed the plasma as a whole must be glued to th e mag net ic field lines.

For a pla sma with its int ern al energy much smaller th an th e magneti c energy , th e Alfvcn
veloeity is a good ehoice for th e characterist ic velocity v. Hence,

I Hall ten n I
I Induction te rm I

with TA the Alfven t ran sit time and r £ ,A ,i th e Lannor gyra t ion radius for ions moving at the
Alfven velocity

L
TA = - ,

VA

VA
1"£ ,A ,i= ­

Wc,i

T he conelusion is the same. T he Hall term can be dropped in comparison to th e induct ion
term if

I rr,t ,i « 1 (4.18)I
The Larmor gyration ra dius of the ions has to be much smaller than the length scale of the
system so th at t he ions are effect ively fast ened to th e magnet ic field lines. An equivalent
condition is that the ions perform many gyro-rotations d uri ng the Alfven transit time. The
ions have to be magnetized! T his impli es that th e electrons are also magnetized . Hence, we
can drop the Hall term if the plasma as a whole is glued to the magneti c field lines.

Another estimate for th e relati ve importance of th e Hall term compared to t he induction
tenn follows from

j - - - -=? - = Vi - V e = V - Veene

so that
IHall term I Iv- ve I

I Induction te rm I "'" Iv I
The IIall term can be dropped in comparison to the induction term if

I v- ve I 1
I v i « (4.19)

Hence we can drop the Hall term if th e drift velocity of th e electron gas wit h resp ect to th e
plasma as a whole is sma ll. T he elect ron s ar e eas ily ma gnetized and consequent ly tightly
glued to th e magnet ic field lines. Saying th at th e drift velocity of the elect ron gas t o th e
plasma as a whole is sma ll, implies tha t the ions also should be fast ened to the magneti c
field lines. Hence , th e Hall term can be dropped if th e plasma as a whole is fast ened to
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the magnetic field lines. Go back to U.S) and look at the cond ition for the approxima tion
P = Fe + Pi to be valid . Remarkable, isn 't it ?

Compare now the battery term to th e induction term as

I Battery term I

I Induction term I
I \lpc/ en e I Pe 1

I v x iJ I ;::;; ene L v B

\Ve use Pe = n ekBTe , n.; = ni and note that IVlHD impli citly assumes that T; = T, so that
Pe = Pi = n irrl i Vi ,i ' Hence

I Battery term I tn, 1 v t
2

Vt' 1 Vt . "'L t . Vt .
.,-':-----,_ --:-"__---'-, f'"',J ~ ,t """J ,t ~t ""'-' "l ,t

I Induct ion term I ~ eB z--;; ~ we,;z--;; ~ L --;;
O.K . what about v ? As for the Hall t erm we choose th e thermal velocity of th e ions Vt. i if
the intern al energy of t he plasma is of the sa me orde r as th e magnetic energy. In th at case

I Battery term I ~ r L,t ,;

I Induct ion term I ~ L
The cond it ion for th e electron pr essure term to be dropped is then t he same as that for th e
Hall term to be dropped (4.17); the ions have to be fastened to the magneti c field lines. In
case th e int ern al energy of th e plasm a is much smaller than th e magnetic energy we use VA

as characte rist ic velocity. Hence,

I Battery term I TL L i.,.-':---...,-----.-"---------'-;- << - '-'
l Induction term I L

Hence for st rong magnetic fields the cond it ion for th e elect ron pressure term to be dropped
is much less st r ingent.

Let us now compare the electron iner tia term to the ind uction term. \Ve can drop thi s
term based on t he simple argument that th e electron ma ss m e is very small and that th e
inertial effect s on th e electrons can be neglected all together. A more educated argument
goes as follows. \Ve compare th e first contribution to th e elect ron inertia term with the left
hand side of the generalized Ohm's law E

I (me/e2n
e ) oj/at I

lEI

\Ve lise the fourth of Maxwell's equations (2.7) and th e equat ion for conservation of charge

and obtain
I (me /e2n

e ) oJ/Of I

l EI
W = l /T is a macroscopic frequency associated with the slow variation on th e long time
sca le T. For plasm a phenomena with a time scale that is sufficiently longer th an the pla sma
oscillation period, that is for all macroscopic (low-frequency) plasma phenomena , the elect ron
inertia term can be dropped.
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Let us comc back to the Hall te rm and the ba ttery term or elect ron pressure ten n. An
esti mate for the ratio of these two terms is as follows

I Battery term I

I Hall te rm I

LIJ and L p arc the length scales for t he var iat ion of iJ and Pc respectively. Usua lly th eir
ratio is of th e ord er of uni ty. The relative imp or tance of the bat tery term to the Hall term
is controlled by the plas ma f"J. For a sufficient ly st rong mag netic field the bat tery term is
uni mp ort ant compared to the Hall term.

There is no such th ing as a set of typical values for u, L, TIe, B ,T; for space plasmas.
You can look at plasmas in th e solar chromospher e, th e solar coro na , the solar wind, the
magnetosphere of t he earth and on each occasion you are confronted wit h a different set . Wo
take

as a set of typical values (taken from 51983) and usc

/Lo 41T x 1O-7H m- I , e = Ui022 x 1O-19 C,

m e 9.1094 x 10- 31kg, kR = 1.3807 x 1O- 23.J K- 1

We then find that

I Ohmic term I
I Induct ion term I

I Hall te rm I

I Indu ction term I

I Battery term I
I Indu ct ion term I

I Electron iner tia term I
l Induct ion term I

10- 12 « 1

;:::::: 0.1

10- 2 « I

;::; 10-5 « 1

T his exa mple shows that in a typical large-scale low-frequ ency space plasma sit uation , the
ind uction term - v x jj is comfortably larger than all the ot her term s on the right hand side
of the generalized Ohm's law (4.5) , with th e possible excep t ion of t he Hall term, Jx B/(ene ) .

T his imp lies that a very good approxima tion to the generalized Ohm 's law (4.5) is

I E = - v x iJ (4.20)I
T his is t he ideal MHD approrinu itun: OT the ideal MHD limit of t he generalized Ohm 's law.
It is an equ at ion for the elect ric field in terms of t he plasma velocity v and the magnet ic field
iJ and shows that the electric field is generated by the motion of the plas ma as a whole in
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the pre sence of a magnetic field . At this poin t the reader sho uld be aware of the fact that
the estimates used to arr ive at the ideal 1\1HD approximat ion of the generalized Ohm's law,
arc globa l est imates. Local devia tions can, an d as a mat ter of fact , do occur. Note that
if* = if + v x B is t he elect ric field seen by an observer who is moving wit h the plasma
velocity. In ideal MIl D if* = o.

\Ve can ob tain a mor e accurate approxim ati on for the elect ric field by retaining the Hall
term (4.5)

(4.21)I
T his is Ohm's law in Hall M'Hl). T his more accura te version of the l'vIHD ap proximation of
Ohm's law shows that the elect ric field is caused by the motio n of the elect ron gas in the
presence of a magneti c field .

\Vhen we retain the Ohmic te rm I/O' in addi t ion to the indu cti on term , t he generalized
Ohm's law is

- ~ - jE = - v x B + ­
0'

which we can rewri te as

I ~ ( ~ ~) ~i = 0' E + v x B = 0' E* (4.22)I
This is the generalized Ohm's law of resistive MHD. It is an algebraic relati on between
} ,if ,B,v. It ' is the genoralizat ion of the class ic Ohm 's law for a conductor in rest , since
if* = if + v x ii is t he elect ric field measured in a reference frame that moves with velocity
v. if* is t he electric field seen by an observer who moves with the plasma. From a formal
po int of view we can obtain t he ideal IvIHD approximation of Oh m's law by taking the limi t
0' = 00 in the resist ive MHD approximatio n of Ohm's law. T his mathematical fact has led
people to talk about infinitely electrically cond ucting plasma. From a physical po int of view
this do es not make sense. T he ideal MHD approxima t ion is based on the very large values
of the magnetic Reynolds numb er and th ese large nu mbers occur in solar an d space plasmas
becau se of t he huge spat ial dimensions of these plasmas , not becau se of their high elect rical
cond uctivi ties .

The nature of Ohm's law in ideal MHD is different from that in resist ive MHD. In resist ive
MHD, it is an equ ation that exp resses I in terms of if, jj and v; in ideal MHD it is an equ ation
that expr esses if in terms of B andv. As a consequence we need an addit ional equa t ion for
comput ing I in ideal MHD.

Two final comments in this Section. T he first comment is concerned wit h t he battery
term which we shall largely forge t in what follows. Dimensional ana lysis has convinced us
that I \lPe/ (ene) 1« 1v x B I. T he induct ion term - v x jj lies in a plane normal to jj
and has no comp onent along B. \lpc has component s parallel and normal to B. Hence, the
battery term can generate a (weak) electrica l field in the direction along jj that we sha ll not
be concern ed about . T he second comment is concern ed with the resistive term in Ohm's law.
Dim ensional ana lysis indicates that it is overall very small comp ared to the induct ion term
and also compared the Hall term . T he reason why the resist ive term is often kept in favour of
the Ha ll term is that the resisti ve term causes diffusion of the magnetic field and dissipation
of magnetic energy in heat.
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4 .3 The pre-Maxwell equat ions
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Let us go back to th e Ma xwell 's equations (2.7) for th e elect romagnetic field. In the previous
Section we have seen that for non-relat ivist ic ph enomena the displacem ent cur rent can be
dropped from the third equa t ion of this set producing the simple relation (4.10) between J
and fl .

Quasi-neutrality is a key element in .tvIHD. In Cha pt er II we have shown that qu asi­
neutrality is a very good approximat ion of reali ty on lengt h scales and ti me sca les th at ar e
sufficient ly longer than t he Debye length and t he plasma elect ron oscilla tion period. Let us
have a look at charge separat ion and qu asi-neutrality aga in an d sec how they tie in with th e
ideal .tvIHD approximation of Ohm's law.

\Ve compare the total charge Q to the charge of the electro ns and show that this ra tio is
much smaller than 1. We use the four th of the Maxwell equations (2.7) Q = E\7.E to est imate
Q as

~ E E E vB
IQ/ (ene ) 1=1E\7.E I( ene ) I"'" -- ""'--

en.; L eti; L

T he non-relat ivist ic version of the third of t he Maxwell equat ions (4.10) can be used to
est imate B IL as

B 1-: 1 1- - Ir; "'" fl .J "'" Ile n e v - Ve

and find

Charge neu t rali ty is a very good approxima t ion of reality in non- rela ti visti c theory. We ca n
ob tain the same conclusion by comparing the total charge Q to the charge of the ions.

E vB E B v B ep B 2 v W V;lIQ/ (Z eni) I"'" -- "'" --- "'" --- "'" - ---;- « 1
Z e n i L We ,i P L We,i lip L We'; C2

Here W = v IL is a macroscopic, very low frequen cy,

Let us now see how quasi-neutrality affect s other qu an t it ies and equations in MHD . In
Chapte r III (3.37) we have seen that the electric current J is the sum of the convect ive elect ric
cur rent density Q'u, caused by t he net charge density that is convected away by t he flow of the
plasma as a whole, and by the conduct ive electric cur rent density Pc, caused by the rela tive
motion s of the positi ve and negati ve charges. We now show that the convect ive elect r ic
current density Qv can be neglected compa red to the conduct ive elect ric cur rent densi ty pc .
Use \7.E = QI E, E = -iJ x E, J= (\7 X E)111 to find

I QiJ I w
2
B IL 2 (V) 2

-_- "'" --- "'" EllV "'" - « 1Ij l B I (L ll ) C

The simplified non-relativistic MHD versions of the equations of Maxwell or the so-called
pre-Mrunucll equations are
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- aB\l x E = - ­
at

\l .B = 0

(4.23)

Vie have retained th e right hand side Q/ E in the 4th Maxwell equat ion in stead of putting
it equ al to O. I have no doubt th at the attentive reader has figured out why the se equ ations
are called t.he pr e-Maxwell equations. Neglect of th e re lat ivist ic contributions to Maxwell's
equations has removed the electromag netic waves an d sent us back to the era before Maxwell.

4.4 Equations of Ideal and resistive MHD

The equat ion of motion
\Ve now show that the elect rost at ic force Qf!; in the equat ion of motion can be neglected in
com parison with th e Lorentz force .7 x B. We use th e following intermediate results

- - - 1 Qf!; 1 2
1j x B 1:::0 B 1j I,~:::o (v/c) « 1

1 J x B 1

The conclus ion is clear. In a consistent non-relativist.ic t.heory we have t.o throw th e elect ro­
stat ic force out of th e equ ation of motion in comparison to Lorentz force.

A similar resu lt. can be obtained for t.he energy den sit.ies in the elect rostat ic field and in
the magnetic field:

Let us reca ll th at classic Magnotohyd rod ynam ics assumes that collisions lead to isotropic
dist rib ution fun ctions for both elect rons and ions. Hence th e pressure tensors for elect.rons
and ions have only contributions from the isotropic elect ron pressure and from the isotropic
ion pr essure (4.6) . In addition it is implicitly accepted t hat T; = T, = T (4.7) so t hat
P = nkBT = Pe + Pi (4.8). Reducing th e pressure tensor to the isotropic pressure means that
viscosity is neglected . The equation of motion in non-viscous MHD is:

di! - -
Pdt = - \lP+ pg+ j x B (4.24 )
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Anisotropic transport coefficients
The electrical cond uctivity a that appears in the genera lized Ohm's law of resistive MHO
(4.2) has been trea ted as a scalar so far. In Section 2.8 I have explained that the motions
of charged particles in the pr esence of a magneti c field can be dr astically differ ent from
those in an nonmagnetic plasma. In a nonmagnetic plasma life is the same in all dir ections
and th ere is perfect isotropy. As a consequ ence the transport coefficients ar e scalars . In a
strong magnet ic field the charged par ticl es are effectively glued to the magneti c field lines.
Becau se of the influence of th e magnetic field on the particl e trajec tor ies, a magnetic plasma
is not isotropic, havin g instead a limited form of isotropy in which the tr an sp or t coefficients
are invari an t only for rotations at a given poin t about a line pa rallel to E. The t ra nsport
coefficients are tensors that are laterall y isot ropic about B. Scalar transport coefficients apply
to nonmagnetic plasmas or weakly magnet ized plasmas in the sense that

TJe.i >> w e,e

However , in plasm as with st rong magne tic field s where

Ve ~ i «wc,e

(4.25)

(4.26)

the dissipation coefficients are no longer isotropic but rather anisotropic an d described by
tensor . It can be ant icipated th at th e scalar dissip at ion coefficients obtained for nonmagneti c
plasmas or weakly magneti zed plasm as , describe the beh aviour par allel to the magn etic field
lines. \Ve illustrate the anisot ropy of the dissipation coefficients for the electrical conduct ivity.
Our st ar ting poin t is a reduced form of the equa t ion of motion of the elect ron fluid in which the
elect ron inertia, pr essu re and viscosity are dropped . In the plasma reference frame (1)= 1)i),
this equatio n is - -- eE* - eii; x B - m el/c,rVe = 0 (4.27)

Since in the plasma reference fra me J= - eneve the pr evious equa t ion (4.27) can be rewritten
as

- ~* (JO - ~j = (Jo E - - j x I3
enc

where ao is th e isotropic scalar cond uct ivity defined in (4.3). In ord er to make further pro gress
we t ake the z-axis along the magnet ic field and rewri te the previous equation as

j x E * we.e .
(JO x - =--Jy

Vei

j y E* wc,e .
(JO y + =--Jx

Vc.i

i , (Jo E ; (4.28)

T his set of equat ions (4.28) is now considered as a set of three linear equ ations for the un known
qu antities j x , j y,jz. It s solut ion is

a is the conduct.ivity tensor

; = (JE* (4.29)
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where

o o
(4.30)

- 2v: i Wc,eVe ,i
(}II = (}(j , (}1- = 2 ' 2 (}(j , ()/\ = 2 2 (}(j

Wc,e + V e,i Wc,e + Ve ,i

T he qu ant it ies a1-, a /\ are also called the P edersen and Hall conduct ivity respec t ively. For a
nonmagnetic plasma we recover from (4.31) the isot ropi c res ult

(}1- = (}II = (}(j , ()/\ = 0

For weak magnet ic fields Ve,i >> w c,e , (4.:n ) tells us that

() /\ « (}1- "'0 (}II

so that the conductivity is almos t fully isot ropic. For strong fields Ve,i < < we ,e, (4.31) implies
t hat

\Vh en Ve ,; = We,e it follows that
1

o 1- = ()/\ = "2(}11

T he conductivity tensor a has lateral isot rop y with respect to the z-ax is, hence with respect
to the magnetic field . In the pr esence of a magnetic field all second-order phenomological
tensors have lat eral isotropy wit h respe ct to the magneti c field and have t he same st ructur e
as (4.30). Incidentally, the pr esent analysis reve als that the generalized Oh m's law is obtained
from a simplified version of th e equa t ion of moti on of t he electron fluid .

The eq u a t ion for internal ener gy
In the equation for intern al energy we have two te rms for energy losses or gains : the heat flux
and the Ohmic dissipation. There is no loss term du e to radia tion because we have forgotten
ab ou t radiation all together . In the solar corona the energy loss function , L , consists of
t hree main terms, energy losses (or gain s) t hro ugh th erma l cond uction, energy losses thro ugh
op tically thin plasma radi a tion and energy gained th rou gh heatin g. The effect of the flux of
heat is to reduce and eventually to wip e out spat ial differences in temperat ur e. It is common
practice to pu t $ proport ional to \IT. T he prop or tionality factor is rea lly a tensor since the
mot ion of charged particles along the field lines is ra ther different from that in plan es nor mal
to the magnetic field lines when the magnetic field is st rong . Thus, L can be written as

",\IT (4.32)
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In the thermal conduction , 1£ is the ani sotropic thermal condu ctivity tensor. In a st rong
magneti c field , th e conduct ion across th e magneti c field is inhibited whereas conducti on along
the field is un affected . The th ermal conductivity tensor has the same structure as the electrical
conduct ivity tensor (4.30). It is character ized by t hree scalar quant ities "" 11 ' I£~, 1£1\. T hese
qu antities sa tisfy the same ty pe of inequ ali ties as their corres ponding electric conduct ivity
quantities. The important quantity is 1£ 11 ' It is given , to a good approximat ion , by

. - 10- 11T5/ 2\V' - l K- 1
1£11- * m

where T* is the numerical value of temperature expressed in K. Q(T ) is the op tically thin
ra diat ive loss fun ction th at has been observed and calculated . It may be approxima ted by a
piecewise cont inuous function of the form

Q(T ) = XT"

where X and Q vary between temperature ran ges. Op ti cally thin radiation is a valid assump­
tion above a temperature of 104 K. H is the heating term that in the coro na may consist of
several terms. For example we may have

II = lIo+ tt;

where Ho is the coronal heating fun ction that dep ends on the coronal magnet ic field , small­
scale reconnection events and wave hea tin g. H; is the viscous hea tin g term. Rememb er also
that 1 J 1

2 [ o is the Ohmic heating term. L severely complicates the energy equat ion. In
many applicat ions we can neglect all th ese terms. So here is another major simplification of
ideal and resist ive MHD! Take

£ =0

An analysis based on typical length and time sca les can be used to make this simplificat ion
plausible . The equation for internal energy is then

lip i P lip
- - --
lit P lit

() ideal MHD

b - 1) 1J 1
2

resisti ve MHD (4.33)
a

The induction equat ion
It turn s out tha t we do not need all of the pre-l\l axwell equations (4.23). The third of these
equat ions implies that

T his seems to be in cont ra dict ion with the equa t ion for cha rge conservation. Recall that we
obtaiu ed t he third pr e-Maxwell equ ation by dropping th e displacement current as a (v/ c)2
contribut ion to the original third Ma xwell equ ation. T he int erpretation of 'il,J= () is that
'il,Jis proportional to (v/c? , not that it is exac tly O. T he equation for charge conservat ion is
an equa lity between two qu antit ies that are both proportiona l to (v/ c)2 In a non-relativist ic
theory thi s equat ion can be thrown over board .
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\Ve can use th e -lth Maxwell equat ion for comput ing Q, or bet ter we can note that Q docs
not appear in any of the remain ing equations and drop th e fourth of the Maxwell equations
from our system of equations .

Let us now look at th e electr ic field E and rea lize that it only appears in the first pre­
Maxwell equation and in the generalized Ohm's law. Hence, we can combine these two
equations into an evolution equa tion for B which is known as the induction equation . \Vhen
we do th at using the ideal or res istive approximation of Ohm's law we obtain:

aiJ
at = \7 x (vx B) ideal MHD

\7 x (vx iJ) + ry\72iJ resis t ive MHD (4.34)

Here T} = l / (fL(j) is the magneti c diffusivity (4.12) (which we have assumed to be spat ially
constant). Note that T} i= Ti ! T he second of th e pre-Maxwell equ at ions (4.23) is then an init ial
condition for iJ. Finally we can eliminate .J from the equat ion of motion and the energy
equa tion by using th e th ird of t he pr e-Maxwell equa tions (4.23) .J = (\7 X iJ )/ Il.

Summary
T he closed syst ems of equa t ions of ideal and resist ive MHD are

mass

Wi = - \7.(pu)

momentum
dv - 1 - -P(Jl = -\7p + pg + Ii (\7 x B ) x B

internal energy

r!l!. _ _ 1 \7 x B 1
2

dt - -rp\7·v + (r - 1) 2
Ii o

induction

9J- = \7 x (v x iJ) +e:
(4.35)

The resistive terms are underbraced for cla rity. The elect r ic cur rent density .J and the elect ric
field E have been eliminated by th e use of

_ 1 - ~ ~ ~

j = - (\7 x B) , E = - vx B +ry(\7 x B)
I" '-v----'

T he equations (4.35) are written wit h both local partial ti me derivat ives a/at an d convect ive
t ime derivatives d/dt . Rewrit ing the se equa tions in fully Eulerian form with only local pa rt ial
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t ime deri vati ves DIDt or in fully Lagrangian form with only convective t ime dcrivat.ivcs dld!
is straight forwa rd.

Conditions of validity
T his is a goo d point to look back and reflect on the ass umptions and restrictions that have
been made in orde r to ar rive a t t he MHD equa tions (4 .35). Let us reca ll that the Maxwell­
Boltzrnan descript ion (2.7) - (2.9) using d istribution fun cti ons for the various species in ph ase
space was our starting point . Fro m tha t descrip tion we moved on to mult i-fluid theory in
order to finally arri ve at Magn etohyd rodynamics which is a single-flu id theory wh ere the
d ist inct ion between d ifferen t spe cies has b een lost . By now t he attentive reader has figur ed
ou t th at t here is a hierarchy of temp oral and spatia l scales in a plasma. When we move
from mic roscopic to macroscopi c, the first level cor res ponds to the very high frequenc ies an d
very short length scales defined by the dynamics of the ligh t electrons. T he second level is
concern ed with th e dynamics of the heavy ions . Here we have low frequen cies an d short len gth
sca les charact er ized by We ,i and 'T'L ,i. T he last level is that ofthe very-low-frequency long len gth
sca le fluid beh aviour of plasmas. Hen ce, the approximat ion of MH D makes physical sense for
plasma sit uat ions where the spat ial and tempor al scales of the variat ions of the fluid s and
fields are subs tant ially longer than the correspondi ng scales of th e heavi est compone nt of the
plasma, i.e. the ions, If wand L are the characte rist ic frequency and the characteristic len gth
sca le of any var iat ion th en, in order for MHD t.o be a valid th eory for it s description , we must
have

I' I- ,i « 1
L

W

Wc,i
« 1 (4.36)

T his cond it ion has emerge d on several occasions. In par ti cul ar it is t he cond it ion (,1.17),
(4.18) for neglecting t he Hall te rm compared to the ind uction term and to ar rive at the ideal
MHD approximat ion of the genera lized Ohm's law. It is a vital cond it ion for MHD to be a
valid approximation of plasma beh aviour.

T he single-fluid equa t ions of MHD assume th at the collisions lead to locally nearl y
Max wellian distribution fun ction s for both electrons and ion s so that t he pressure tensor s
for electrons and ion s have onl y cont ributions from the isotropic elect ro n pressu re and the
isotropic ion pressu re, For ions the dominant collision mechanism is ion-ion interact ions,
charact eri zed by an averaged collision time Ti ,i = 1 / T/i ,i , wit h T/i, i the average frequency of
collision s of ion s wit h ot her ions. For elect rons it is interactions wit.h eit he r ions or with ot her
elect rons. Since

we do not nee d to make the d ist incti on. In order that sufficient collisions (h igh collisionality)
take place to make the d istribution functions locally nearl y Maxwellian , it is required that
the collision t ime s a re short compared to the global t ime sca le of t he sys tem defined by e.g,
t he thermal velocity of the ion s VI ,i and the size L of the system . Henc e
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Te ,i Vt ,i << 1
L

Since

Ti,iVt ,i << 1
L

(4.37)

the second of inequ alities (4.37) sets th e st ronger condition. The heavy ions take much longer
than th e light elect rons to reach isotropy. (4.37) also impl y tha t the mean free path s of the
ions and electr ons are much shorter that L . If (4.37) arc sat isfied , t he viscosity is negligib le

I 'V'Pi 1/1 'VPi 1« 1

T he assum ption (4.7) tha t th e ions and elect rons have th e same temp erature T, = T; means
that th e energy equilibration time Teq is mu ch shorte r that global tim e scale L / Vt ,i ' It can be
shown that

Hence,

1n i Te ,iVl ,i << 1
m e L

(4.38)

It can be shown that , when inequ alit y (4.38) is sati sfied, th erm al conduction in th e energy
equation can be neglected. (4.38) is a stronger condition than (4.:n) , so that we only need to
worry about (4.38). (4.36) and (4.38) are condit ions for MHD to be an accurate represent at ion
of a plasm a phenomenon charact erized by a given temporal scale T . Actually there are four
possibilities.

• T < Te ,i . Doth the electrons and the ions are kinet ic in the sense tha t they requ ire a
kinet ic theory for their description. T; and T; are kineti c temperatures. The continuum
thermodynamic defini t ion of temperature does not ap ply.

• Te ,i < T < Ti ,i' The elect rons behave as a fluid. The ions ar e kinetic and T, is kinetic.

• Ti ,i < T < Teq• Both th e elect rons and the ions behave as a fluid . Hence a two-fluid
model wit h isotropic elect ron and isotrop ic ion pr essure is app licable. However, T; oF Ti .

• Teq < T . One-fluid model with T; = T, is all right .

Ideal MHD requi res the additional cond ition that the magneti c Reynolds number R, n (4.11) ,
is much larger th an 1

I u.; » 1 (4.39)I
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The conditions for small gyro-radius (4.36) , and large magnetic Reyn olds number (L1.39), are
well sa t isfied for a wide ra nge of plasm as of fusion and ast rophysical int erest . However , con­
di tion (4.38) for high collisiona lity is not sa tisfied for plasmas of fusion inter est and probably
also for many plasm as of as t rophysica l inte rest . This conclusion is in st riking cont ra dict ion
with the overw helming evidence that l\UI D prov ides a very accurate descrip tion of most
large-scale low-frequency plasm a beh aviour in tokamaks , The reason why MHD gives a morc
accurate descript ion tha n antic ipated on t he basi s of condition (4.38) , is linked to the role of
the magnetic field in collisionless plasmas. In a collision less pla sm a, the magnctic field plays
the role of collisions for motions perp endicul ar to t he magneti c field lines. Perpendicul ar to
the field lines the par ticles are confined to th e vicinity of a field line an d execute 2-dimensional
nearly isot ropic motions at least when their Larmor ra dius is much shorter t ha n t he size L
of the sys tem. T he perpendicul ar motion is fluid-like. The perp endicul ar components of the
equation of mo tion provide an excellent descrip tion of plasma beh aviour in both collision­
dominated and collisionless plasm as. In t he direction parallel to the magneti c field , MHD
t reat s the physics inaccurately. However , it turns out tha t in the collision less regime, the part
of dyn ami cs that is inaccurately describ ed by MHD , does not matter. As far as the energy
equa tion is concerned, it turn s out t he collision-domi na ted an d t he collision less equations are
identica l when the plasma motions are incompressible. Deviat ions do occur for compressib le
mot ions.

4.5 The induction equation and conservation of magnetic flux

T he aim of the pre sent Section is to show that t he induction equat ion implies that the mag netic
field lines are anchored to the plasm a or in Alfvcu 's words "the mat ter of the fluid is fastened
to the lines of forces ." T his anchoring of the magnetic fields to t he plasma is perfect in ideal
ME D, in resisti ve MHD thcre is a possible slippage of th e magnet ic field lines.

The importan t qu an ti ty in this Sect ion is t he total t ime derivative of the magnetic flux
t hro ugh a sur face that moves wit h thc plasma as a whole. From analysis of vector fields we
know tha t the total time derivati ve of t he flux of a vecto r Xthrough a sur face S t hat moves
wit h velocity 11 is given by

deI> d J- J{aX - -}-1 = -1 A.iT dS = Cl - V' x (II x A) + UV' .A .ii dS
( t ( t itt

With V'. B = 0, the total t ime derivative of the magnetic flux through a sur face that moves
with velocity 11 is

!!.- rB.ndS= I { ~')B - V' x (11 x B) }n as
dt Js . ut

T he time deriva tive of the magnet ic field is given by the ind uct ion equat ion (4.34) . Let us
now consider a sur face S that moves with the plasm a as a whole (i.e. put 11 = if ) and adopt
the ideal MHD approximation of the induction equation for comput ing the t ime derivative of
B. The resul t is a cornerston e equation of ideal MHD

I ~ .I B.n dS = 0 (4.40)I
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T his equation tells us that mag netic flux through any sur face that moves with the plasma
is invari ant in t ime in ideal MHO or that th e magnetic flux through any sur face that moves
with the plasma is conserved!

F lux conservation imp lies th at th e magnetic field lines are anchored to the pla sma or
that they are frozen into the plasma or that they are glued to th e plasma. This can be
easily understood by looking at a magnet ic fl1LX tube. A magnetic flux tube is defined as th e
cylindrical volume th at is enclosed by the collect ion of field lines that int ersect a given closed
curve C. The nam e magn eti c flux tube will also be used to indi cate th e cylind rical sur face
form ed by the collect ion of field lines that int ersect the closed curve C. A given magneti c flux
tube contains a constant amoun t of magneti c flux in th e sense th at

[ B.ii dS = constant along th e flux tube.

This is a direct consequence of the definition of magnetic flux tube and th e Maxwell equat ion
that V.B= O. T here is no magn etic flux through any part of th e cylindrical sur face formed
by the collection of field lines that int ersect the closed curve C. We let this flux tube evolve
in time and look at th e plasma elements move with their loca l plasm a velocity. Becau se of
flux conservation plasm a elements th at are initially on th e magnetic flux tube remain on th e
magnetic flux tube . In ideal MHD the ma gn etic fi eld evo lves in such way as to preserue the
in tegrit y of each m agn etic fl ux tu be!

Conservat ion of magn etic flux implies conservation of magnetic lines. Specify a given
mag net ic field line as the intersect ion of two mag netic flux tubes. Since plasma elements that
ar e initially on a magneti c flux tube remain on that ma gnetic flux tube forever , it follows that
plasma elements th at are initi ally on th e int ersection of two magneti c flux t ub es remain on
that int ersectio n , or plasma elements th at are initi ally on a given mag net ic field line remain
on that mag net ic field line forever. The magne tic fi eld lin es are f rozen in to th e plas ma. T his
is th e basic property of ideal MHO! The magnetic field lines can be visua lized as a spider web
that is dragged along and deformed by the flow of th e plasma. Whether the plasma motion
cont rols the magnetic field or vice versa depend s on the amount of energy in the flow and in
the magnetic field respectively. In what follows we shall see that the magn etic field lines do
not like to be deformed and produce a Lorentz force that opp oses the motions th at induce
these deformati ons. At taching the plasma to the magneti c field lines has th e effect of giving
mass to the field lines and this circumstance is seen clearly in shea r Alfvcn waves.

Deviations from ideal flux freezing occur du e to effects that are absent in ideal MHO. To
make this clea r let us start from the generalized Ohm 's law (4.9). As before we use the first
and t he th ird of th e pre-Maxwell equati ons (4.23) to obtain

DB
at

- ( 1 - - ) - (VPe)V X (it x B ) - V x --j x B - V x (r/V x B) + V x - .-
cn e cnc

- - (VPe)= V X (v-:C x B) - V x (r/V x B ) + V x --
en.;

T his is the indu ct ion equ at ion (4.34) but now we have inclu ded the Hall term and the ba ttery
te rm. Let us reiterate that the effect of the battery te rm is sma ll from a globa l point of view
bu t

V x (VPe)
en e
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j' ( ~ \1Pe) _\1 x - 1/\1 x B + - .- .n d.S;
s, en;

so that th e ba ttery term ca uses an Eulerian temporal change of E if there is a gradient of n;
oblique to th e gradient of p. :

Let us now comput e the change in tim e of the magnetic flux through a surface that moves
wit h the velocity of th e plasma V or wit h th e velocity of t he elect ron gasve . Th e tot al time
deri vati ve of the magnetic flux through a surface tha t moves wit h the plasma as a whole is

d f ~ f ( ~ 1 ~ ~ \1Pe)-d B. ild.S = \1 x - T/\1 x B - - j x B + - .ii dS
t , 5 ' 5 en ; en ;

i'( ~ 1 ~ ~ \1Pe) ~
- 1/\1 x n - -.j x ts + -.-' .i, d8

C eti; en.;

- J: ir .i, ds = - EMFIc
wit h EMF th e elect romot ive force per unit charge that is produced by 13* around th e contour
C. This resul t is of cours e no sur prise, From a formal point of view it is the standa rd relation
between the tempora l var iat ion of the magnetic flux and the elect romotive flux , However ,
our resul t is more th an a formal relation since 13* is given in terms of macroscopic plasm a
quan ti ties, The concl usion is that if the freezing of magnetic flux to the plasma flow is violat ed
on any given mom ent and at any givcn place that this is du e to

(
~ 1 ~ ~ \1Pe)\1 x - T/\1 x B - - j x B + -

e t i; ene

T his term is responsible for th e fact that the mag netic field lines are not perfectl y glued to
t he plasma and that t hey can slip with respect to the plasma.

We have already not ed th at th e Hall term gives the largest cont ribut ion to th e elect ric
field E* = E+·v x E. T he tot al ti me derivat ive of th e magnet ic flux thro ugh a surface that
moves with the electron gas is

d j' ~-d nnss,
t 50

i ( ~ \1Pe) -- 1/\1 x B +-- .I , 118
~ erte

i E~.ft 118 = - EMF e
o;

Conservation of magnet ic flux t hrough a sur face that moves wit h t he elect ron gas is a bet te r
approxima t ion of reali ty t han conservat ion of magnet ic flux through a surface that moves with
the plasma as a whole. T his is because of the simple fact that the heavy ions are much less
well glued to the magneti c field lines than the light elect rons. Deviation from conservation of
magnetic flux through a surfac e that moves wit h th e elect ron gas is d ue to the Ohmic term
and to th e bat tery term. These two terms are responsible for the fact that the magneti c
field lines are not perfectly glued t o the elect rons and that they can slip with respect to the
elect rons.

4.6 The diffusive limit of the induction equation

T his paragraph is concerne d with th e indu ct ion equ ation and in par ticular with the effect of
the Ohmic term. Wo go back to the inducti on equ ati on in resistive fvIHD (4.34) and rememb er
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that we have dropped the resisti ve ter m r(\;12B with the argument that the magnet ic Reynolds
number Rm » 1. Neglect ing the resist ive term in th e induction equat ion lowers th e ord er of
the induction equa tion seen as a differential equation. T his is usuall y a good indicat ion of
the existe nce of boundar y layers.

In the resistive vers ion of the induction equa t ion the first t erm on the right hand side
describes the fact that the magnetic field lines ar e glued to the plasma. Let us now determine
the effect of the second term . In order to do so we consider th e limiting case Rm « 1 so that
we can drop the convective term . T he induction equation then takes the form of a diffusion
equat ion

(4.41)I
Let us consid er the simple case of a unidirectiona l magneti c field that varies in on ly one
direction perp end icular to the magnetic field lines in a system of Cartesia n coordina tes, for
example

B (x ,y, Zjt ) = B( x jt)lz .

For this magnetic field the ind uct ion equati on takes the form

Look now at a posit ion :1' = :1'm ax where Bz attains a local maximum. At this position

oB
-< 0at

so that B ; decreases there in t ime. Simila rly, at a positio n x = Xmin where B; attains a local
min imum

oB > 0
at

so that B; increases th ere in t ime. Thus the term we are lookin g at tends to smoo th out any
inhomogenei ty in Bz and aims to red uce Bz to a constant value in t he whole space. In other
words the magnetic field diffus es from regions of high 13 to low field regions. In this T/ plays
th e role of a diffusion coefficient . The typica l tim e scale of thi s diffusion process Try can be
est imated as

so that

(4.42)

T he elect romagnet ic diffusion time sca le Try can be used to rewrite the magn etic Reyn olds
number as the rat io of two ti me scales since
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R - Lv _ -.!!L _ !!l
m - I] - Ll v - Td. (4.43)

with Td the dynamical t ime sca le, If we t ake the Alfvcn velocity V /1 for v, then th e dynamical
time scale is the Alfven t ra nsi t t ime TA = .~ and R rn is then known as the Lundqui st number
Ln . The Lundquist number is the ratio of the elect ro magnet ic diffusion time scale T ry to the
Alfven t ransit t ime TA

Lu = T 1)

TA
(4.44)I

T he condition Lu » 1 moan s that the cha racter ist ic t ime scale of the diffusion of the magneti c
field is very long compa red with the dyn am ical ti me sca le and that for ph enomena with t ime
scales comparable to T A the diffusion of the magnetic field is unimpor tant. Conversely, the
cond it ion Lu « 1 mean s that the cha racterist ic t ime scale of the diffusion of t he magneti c field
is very short com pared with the dyn ami cal ti me scale so that the induction term \7 x (if x B)
can be ignored for the evolut ion of E,

T he condi tion Lu » 1 is globally almost always sat isfied , but local violations of this
cond it ion can an d act ually do often occur. An electrical cur ren t always experiences resis tance
from the plasma in which it flows. T he ideal sit ua t ion Lu = 00 obviou sly does not occur
in nature. For ti me spans th at are shor t compared to T r" the plasma behaves (to a very
approximation ) as if it is a perfect conductor and the magnetic field lines follow t he mot ion
of the plasma . A temp oral change in B is main ly du e to a redis tributi on of the magneti c field
lines by the motion of the plasma. However , this picture does not hold for t ime spans that
are comparable to T ry. T he magnetic field lines do not follow th e motion of the plasma and
the magneti c flux in a material volume can change substant ially. Ohmic diffusion provides
an important contribut ion to the tempo ral cha nge in E,

The discussion becomes even mor e complicated if you go back to the definit ion of Try and
note that the velocity field if can be nonuniform and that L is the length scale for the spat ial
variat ion of the magnetic field . L is determined by the gradients of the components of E,
These gradient s can un dergo large var iat ions over the whole plasma and can be small in
some part s of the plasm a an d large elsewher e. Electromagnetic diffusion is imp ortant at the
posit ions wher e the gradients of t he components of B are large and relati vely unimportan t
where these gradient s are small. Strictly speaking we should tr eat TTl as a function of posi tion .
Local devia t ions from the approxi mation of an ideal conductor occur at posit ions where th e
local value of Try is of the same order as or small compared to the Alfven tra ns it time TA .

T he magnetic Reynolds number or the Lundquist numbe r te lls us whet her the temporal
evolut ion of the magneti c field is determin ed by the flow of the plasma or by diffusion . W hen
Lu » 1 the diffusion term in the induct ion term can be neglected and t he temporal evolut ion
of the magnetic field is determined by the flow. T he magneti c field is frozen into the plasm a .
T he solar wind is a good example of a plasm a wit h a high Lundquist numb er : Lu ~ 1016 _1017 .

As a consequence there is almost no diffusion of the magnet ic field in the solar wind. Onl y
the component of veloci ty perpe ndicular to E enters in the convect ive term. Any flow along
the field lines has no consequences. Wh en Lu ~ 1, diffusion is importan t for the temp oral
evolut ion of th o magnetic field and can dominate this evolut ion. Also in a diffusion dominated
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region , plasma can almost freely flow across the magnetic field lines wit hout any substant ial
effect on the magneti c field .

The evolution of the magnetic field is complet ely determined by resisti ve effects at positions
where

\7 x (iJx B) = 0

T he magnet ic field changes only on the long electromagnetic diffusion time sca le T,/ . On
shorter t ime spans the magne tic field can be considered to be t ime independent . In ideal
.MHD the pr eviou s equat ion is the conditi on for the magneti c field to be stationary or t ime
independen t.

Since the resistive ter m 1/\72B is only imp ortan t in thin layers where eit her the magneti c
field is characterized by large gradients and/ or \7 x (iJ x B) "" 0 the te rm resistive boundary
layers is used in analogy with the well-known viscous boundary layers of fluid dy namics.

4.7 Magnetic field lin es

In this Section we shall firs t look at the mathematical repr esent a tion of magneti c field lines.
T his only involves repeti ti on of sim ple concepts of different ial geometry of curves. Then we
sha ll look at an important conseq uenc e of the fact that in ideal MIl D the magnetic field lines
are glued to the plasm a or frozen int o the plasm a .

A 3-dimensional curv e can be expressed in parametric form as

.r = 11(zz), Y = h (u), z = h (u)

in terms of a parameter u. 1'1 (u) , h (u ) , h (u ) are three known functions of the param eter u ,
they can be seen as th e three compo nents of the vector function [(u). T he tan gent vector to
this curve is

t = dx (u ) = [dx (u ) , dy(u) . dz (u)r
du. du dll ' tlu

T he magnetic field lines are the 3-dimensiona l curves with the magne t ic field being ta ngent
to this cur ve in all po ints. So for a magnetic field

the differential equat ions for the magneti c field lines are

dx (u) = AB
x

dy(u) = AB dz(u ) = AB
zth: ' du v- du

T he fact or of proportionality A can be a fun cti on of posit ion and time. It is st ra ight forward
to show that

1 ds
A = - ­

B du
with 8 the arc length along the magnetic field line and B the strength of the magneti c field

B =

W ith th e arc length 8 as par am eter, the differential equations for the magneti c field lines are
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dx (s)
ds

dy(s )
ds

dz(s)
ds

(4.45)
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Let us now look at a 2-dimensio na l magnet ic field in Cartesian coordinates (act ua lly it is a
poloidal mag ncti c field with invariancc in the y-dirccti on)

T he mag net ic field lines are now planar curves in the xz-plane (or bet ter in planes parallel
to the xz-plane) . T he differenti al equations for the magnet ic field lines are

dx(s)
ds

and can be combined into one equation

s ; dz( s) e,
B' ds B

T his is of course a fami liar result . It is the classic first ord er differential equation for 2­
dimensional cur ves with pre scribed direct ion field. A 2-d imensi onal cur ve ca n be seen as t he
graphic representation of an equat ion

W(x, z ) = C

Along that cur ve
8w 8w dz
- +-- = 0
ox 8z dx

so that
dz
dx

8w/8x
----

oifi/o z

When we apply t his resu lt to the field lines of our po loida l y-invariant ma gnetic field , it
follows that

so that
oW 8w ~

Bx -o + B Z -

8
= (B .\l)W = O.

x z

T he derivative of ifi along the magnet ic field line is zero (t his is not a big sur prise since ifi = C
is th e equat ion of the ma gnetic field line). W is the st ream function of the peloida l magnetic
field . Because of the adopted y-invar iance th e equation

W(x,z) = C

repr esents a sur face in 3 dim ensions. It is the magnetic sur face associated wit h the constant
C.

For our po loidal y-invariant magnetic field we can tri vially sati sfy the condit ion \l .B = 0
by writi ng
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(4.46)I
T here is no room for confusion , this is indeed th e stream line function of the magnet ic field .

T he read er knows from his/her first year undergra du ate course on elementary differen­
t ial geometry that the vectorial velocity and th e vectorial accelera t ion of a paramet rized
3-dimensiona l cur ve are given by

dx ds ~ d2x
du = du I t , du2

resp ectively, where It is th e uni t vecto r ta ngent to the curve. For a magnet ic field line
It = In, the vecto rial velocity and the vectorial acce lera t ion span the osculat ing plane. For
our 2-dimensional v- invarian t magnetic field these are two vectors in the .rz - plane and the
osculat ing plane is simply y = Cte . T he uni t vector normal to the oscu lat ing plane is I y . Of
course IE is th e uni t vector in the magneti c surfac e and par allel to th e magnetic field lines
and Iy is th e unit vector in the magnetic sur face and perpendicular to the mag net ic field
lines. So we have two orthonormal dir ections in the magneti c sur faces; th e third orthonormal
direct ion is defined by th e unit vector normal to th e magne t ic surfaces.

Let us now see what it means t hat th e magnet ic field lines are glued to th e plasma for
our 2-dimensional v-invarian t poloida l magneti c field . In part icular , we arc interest ed in
understanding what happens when there is a velocity field that is
• incompressible (no compr ession or expansion of the plas ma)
• in the magnetic surfaces
• perpendicular to the magnetic field lines!
Hence

iJ(x ,z) = vy(x,z) Iy

We can wri te th e induct ion equat ion as

(4.47)

T his incom pressib le flow in the magnetic sur faces and perp endi cular to the magneti c field lines
creates a t ime depend ent magneti c field in the y-direction . T his t ime depend ent magnetic
field in the v-direction tr ies to counte ract the velocity field that deform s the magnetic field

lines. A necessary condit ion for a stationa ry plasma is that tyl- = 0 which leads to the
following cond it ion for v y

~ dv y(B .\l )vy = B -
d

= 0
s

so th at vy is constant on a magnetic field line or

I v y = vy (1JJ ) (4.48)I
Nonuniformity of v y along a poloidal magneti c field line would lift the field line out of its
osculating plane and would generate a ti me depend ent magnetic field in the v- direction.
T he field lines have to be displaced wit.hout. being deformed.
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Let us now look at an axisymmetric po loidal magnetic field III cylindrical coordi nates
(1', 'P,z)

B1' = E,.(1', z )l ,.+ Ez(1' , z )l z

For our poloidal 'P- invariant magne t ic field we can trivially sa t isfy the condition \l .B = 0 by
writing

- 1Bp = \l X (\(1(1',z)---'£ )
T

Since \l x (~ ) = 0 we can write 131' as

(4.49)

- 1'1' 1 0\(1 - 1 O\.II ­B = \l\.II (1',z)x-= ---lr +--1z
I' T' T' Oz 'r Or

Hence
0 \(1 0\(1

Br a;: + B, az = (Bp.\l)\.II = 0

T his means that \.II (1' , z ) is const ant along a po loidal magnetic field line. For thi s reason \.II (T' , z )
is named the st ream function of the po loidal magnetic field ill" T he equa t ion of a poloidal
magnetic field line is

\(1 (I', z ) = C

Actually, bec ause of the axi symmetry (a/a'P = 0) this is the equation of a magnetic surface.
Let us look at a particularly simple situation of a st raight magneti c field

(4.50)I
Since

1 a\.II
B r = --- = 0

r Oz
it follows that

\.II = \(1 (1' )

T he magn etic surfaces \.II = C are cylinders. T he unit vectors in the magn eti c surfaces,
res pect ively parallel and perpendicular to the magnet ic field lines are l z and 1'1" The third
orthogonal un it vector is 1,. .

Let us now see what it mean s that t he magnetic field lines are glued to the plasma for
t his simp le st raight magneti c field . Again we are interested in a velocity field that is
• incom pressible
• in the magnetic surfaces
• perp endicular to the magnet ic field lines!
Hence

Let us rewri te v'P (1', z ) as
v'P (r,z) = T'Q( I', Z)

and relate the azimuthal velocity field to a (possibly differential) rotation around the z-axis.
It, is st raightforward to rewrite the ind uction equation as
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(4.51)

We can go back to (4.47) an d rep ea t t he observation we made there wit h y replaced wit h .p,
T he incompressibl e flow in the magnet ic sur faces an d perpendicular to the magnet ic field lines
create s a ti me dep end ent magnetic field in the cp- d irect ion . This ti me depend ent magnet ic
field in the cp- d irect ion t ries to counteract the veloc ity field that deforms the magneti c field
line s. A necessary condition for a stationa ry plasm a is that

(1.52)

so that v<p is constant on a magneti c field line . Nonuniform ity of v<p along a peloidal mag­
net ic field line would lift the field line out of it s oscula ti ng plane and would generate a time
dependent magnetic field in the cp-direct ion. T he field lines have to be displaced without
bein g deformed.

F ina lly, let us look at an ax isymmet ric 2-dimensional p oloidal magneti c field in cylindr ica l
coordinates when there is an azimutha l velocity field

We have if x B = D'Vi[! and

aD = 'VD x 'Vi[! = D (i[! ,11) r
at D(r, z ) ~

(4.53)

T his is basica lly the sa me res ult as obtained in (4.47) and in (4.51). T he plasm a is stat ionary
if

'V11 x 'Vi[! = 0

which mean s that 'V11 and 'Vi[! are par allel so that

I 11 = Q(\Ii) (4.54)I
A neces sary condi ti on for a st ationa ry equilibrium is that 11 is onl y a funct ion of \Ii. Sin ce \Ii
is constant on a po loidal magne ti c field line, t his means that D is also constant on a poloidal
magneti c field line. This is Ferraro 's isorotatio n law. Nonuniformity of 11 along a pol oid al
magnet ic field line would lift the field line out of it s osculating plan e and would generate a
time dep endent azimuthal magnetic field . The field lines have to be displ aced wit hout being
defor med . Ferraro 's isorotation law is a necessary condition for a stationa ry equilibr ium . It
implies that

v<p=m(\Ii )

T he magne t ic fields (4.46), (4.49) an d (4.50) have been subje cted to inco mp ressible mot ions
that are in the magnet ic sur faces and p erp endicular to t he magnetic field lines. T his resulted
in the generatio n of t ime dep end ent ma gnet ic fields (4.4 7), (4.51) an d (4.5:~) eounteract ing the
motions that deform the magnetic field lines. Stationarity requires that the mot ions displ ace
the magnetic lines without deformation as is dictated by (4.48) , (4.52) and (4.54 ).
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4.8 T he Lorentz force
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In the pr eviou s Section we have looked at t he kinematics of the magneti c field when a class
of specific motions was pre scribed . T he motions were incompre ssible an d d irect ed in the
magneti c sur faces perp end icular to the magneti c field lines. We have seen that in order to
have a sta t iona ry situa tion the motions should not deform the magnetic field lines. Ob viously,
t hat is not th e end of t he story. In order to understand the reaction of t he magnet ic field we
need to look at the Lorent z force. The Lorentz force is

_ _ 1 _ _ 1 _ _ B 2

.f x B = - (\7 x B ) x B = - (B. \7)B - \7(- )
~ ~ 2~

(B .\7 ) is the directional derivative along the magnetic field line. Hence (B. \7) = B iswith
8 th e arc length along the magnct ic field line. Wo denot e tho un it vector tangcntial to the

magnetic field line as f t so that f t = II~ II' T he first term in the righ t hand side of the

Lorentz force can be rewrit ten as

(
2) 2-1 ~ ~ B d _ d B _ B dl t- (B .\7)B = --(BIt ) = - - I t +-­

It It ds ds 2/t It ds

At this point you have to go back to your und ergraduate elementa ry cours e on differenti al
geomet ry. Recall that for a 3-dimensiona l curve you can define three na t ur al orth ogonal
directi ons: the tan gent , the normal and the binormal and also recall the first formula of
Frenct which specifics th o var iat ion of th e un it vector t angcnt to tho curve as you move along
the curve:

dft r,
ds It;

R; is the local ra dius of curvature an d fn the unit vector along the normal d irect ed towards
the local centre of cur vature. Hence

1 _ _ d ( B 2 ) _ B 2 fn- (B .\7)B = - - I t + - ­
It ds 2~ It R;

Since you now know t hat thoro arc three natural or thogonal direct ions associated wit h the
magneti c field line you immediately underst and that it makes sense to decompose \7 as

where \7.L is the \7- opera tor in the planes norm al to the magnetic field lines. Co mbine these
resul ts to write tho Loren tz force as

(4.55)I
T he Lorentz force is confined to plane s normal to the magnetic field lines and has no com­
po ncnt along the magneti c field. T his we already kn ew as (\7 x B) x 13 is perpendicu lar t o
both Band \7 x B.

T he first term in th e Lorentz force,
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(4.56)

is the magnetic pressure [orce. Lt is isotropic in the plan es normal to the magnetic field lines
and is directed from high magne t ic pr essur e (high field st rengt h) to low magnetic pressure
(low field strength ) in the same way as the gas pressure. T he magnetic pressur e force is
present when the st rengt h of the magnet ic field is non-constant in space.

T he second ter m in the Lorent z force,

(4.57)

is tho magn etic tension [orce, which we shall deno te as Tn in what. follows. It. is directed t.o
the Local cent re of curvatur e and its magnitude is inversely propo rt iona l t.o R; so that the
more a field line is curv ed t.he st ronger the tension force is. This is no sur prise. Everybo dy
who has played with a sling-shot. as a child (or also at a lat er age) kn ows that the tension
force is directed to the local centr e of curvature and that its magni tude can be increased by
increasing the curvature of the sling-shot. T his magnetic tension force behaves in an iden tical
way as the tension force in a st ring. It is present for magnet.ic fields with cur ved field lines
and it. aims to make curved magneti c field lines straight .

The at tentive reader has realized that magneti c te nsion gives us the answer to our ques­
tion abo ut what hap pens when Ferr aro 's law of isorotat ion is viola ted . Defor mation of the
magnetic field Lines generates a magnetic tens ion for ce which is directed t.o the local cent re
of curv ature and tries to make the magnetic field lines st raight agai n . Recall from elemen­
tary physics that a tra nsve rsal displacement of par t of an elas t ic st ring generates tra nsversal
waves that propagat.e along the string. Since magnet.ic tension is similar t.o tension in an elas­
t ic st ring, a t ra nsversal d isplacement of part of the magnetic field line generates a t ra nsversal
wave that. propagat es along the magneti c field Line. T his wave was first discovered by Alfven
a nd is named the AtIve n wave. Let us take this ana logy between a string and a magneti c field
line a ste p fur ther. T he velocity of the t ran sversal waves propagati ng along an elast ic st r ing
with te nsion T per unit. lengt.h an d mass m per uni t. lengt.h is

T he magnet ic tens ion an d mass of a flux tube per unit length and per unit tr an sversa l area are
res pec t ively B 2 / J1. and p. T he analogy with the elas t ic st ring suggests us to pr edict. tran sversal
waves that propagate along the mag netic field lines with th e (Alfvcn) velocity

(
B 2 ) 1/ 2 B
li p = JIli5 = VA = Alfven velocity (4.58)

As an t icipated in Sect ion 4 of tho present. Cha pter the Alfven velocity VA is indeed a fund a­
mental quantity for the charact.eriza tion of the very-low-frequency fluid-like dynam ics of the
magnetic field lines to which the plasma is fastened .
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4.9 Recapitulation

"Every t ime I learn something new it p ushes some old st uff out of my brai n!"
Homer Simp son
The Simpsons
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• At the end of t he prev ious Chapter we came to the conclus ion that our system of
single-fluid equ ations is not closed . Closure requ ires an evolution equat ion for the
electric curr ent density ; and expressions for the t ran sfer of moment um du e to collisions,
the st ress tensor and the flux of heat . T he evolut ion equation for ; is obtained by
eomp uting the first order eharge mom ent of the Boltzmann equation and is know n as
the generalized Ohm 's law. It contains the t ransfer of momentum of electrons to ions
which was computed by making the ass umption that this tr an sfer is proportional to the
relati ve velocity of the eleet rons to t he ions.

• T he generalized Ohm's law is further simplified by comparing the various te rms with the
induct ion term . T he ideal ap proximation of Ohm's law only keeps the induct ion term
and drops all other terms. T his is the very low-frequency large-scale approximation
taken to the ext reme. T he magneti c field changes in t ime becau se the plasma moves.
T he essen tial eondit ion for thi s ap prox imation to make physical sense is that the lengt h
scale of the plasma phenomenon under consideration is much longer tha n th e ion Larme r
radius.

• The Maxwell equations are simp lified to the pre-Maxwell equations ap plicable to non­
rela tiv istic plasmas. The electromagnetic waves are removed from th e scene.

• Class ic MHD ass umes isot ropic elect ron and ion pressures and t akes the temperatures
of elect rons and ions to be equa l. All contr ibut ions of the eleetric field are dropped . T he
equa t ion of intern al energy contains several com plicated term s du e to Ohmic dissip ation,
radiatio n , conduct ion and heati ng. In ideal MHD all these terms are neglected.

• Combination of Ohm's law and the 3-rd pr e-Maxwell equation gives the evolution equa­
t ion for the magnetic field , known as the induetion equa t ion . In ideal MHD this in­
duction equation implies that magnetic flux thro ugh any surface that moves wit h the
velocity of the plasma is conserved and also t hat the mag netic field lines are frozen into
the plasm a or that the plasma is glued to the magnetic field lines. The proper ty of flux
conservation an d frozen-in ma gneti c field lines is the most basic property of ideal MHD!

• Deviati on from flux conservation occurs becau se of terms ot her th an the indu ction
te rm. Inclusion of the Hall term shows t hat t he elect ro n fluid is the on ly com ponent
that you can be sure about to be glued to t he magnet ic field lines. Deviat ion from
flux conservation also occurs becau se of resistive effects. The resisti ve term makes the
magnet.ie field diffuse away when th e magnetic field is spat ially inh omogeneous. T his
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process of diffu sion takes place on a (lon g) ti me scale. T he Lun dqu ist number tells us
whe ther the temporal evolution of the magn etic field is dictated by th e plasma How
iLu » 1) or by diffu sion iL» "'" 1) .

• In compressibl e motions in the magnetic flux sur faces pe rpe ndicula r to the magnetic field
lines generate a time dep endent magnetic field in that direction unless the magn etic field
lines are displ aced without being deformed .

• T he Lorentz force can be writ te n as the sum of a magnetic pressure force and a te nsion
force. T he magneti c pressure force is isotropic in planes normal to the m agn etic field
lines and is directed from high to low pressur e in the same way as th e gas pressure.
T he magnetic tension force is present for magn etic field s with curved field lines. It is
di rected to th e local centre of cur vat ure and its magnitude is inversely proportional to
the local rad ius of curvature.

• Since magnetic field lines are loaded with plas ma, the magnetic te nsion force will cause
transvers a l waves. These transversa l waves ar e predicted to propagate along the mag­
net ic field line s at the Alfven velocity, V A . He nce, the Alfven velocity V/l is a funda­
mental quantity for the charact eri zation of the very-low-frequen cy fluid -like dynamics
of the magnetic field line s to whi ch th e plasma is fas te ned .

4.10 Problems

"Now look" , sh e sa id . "I' m sure th ere isn 't a man living who wasn 't a little scared his
first time."
"Do you really believe I 've never done this th ing before'!"
"Well," she said , "It 's pretty obvious you haven 't . You don't have t he slightest idea
what to do. You 'r e ner vous and awkward. You can 't even-"
"Oh my God ," Benjamin sa id .
"I mean just because you might b e inad equate in one way doesri 't- "
"Inadequate"!"
Conversa tion of Benjamin Br addock with Mr s. Robinson
The graduate
Charles Webb 1963

1. Show that

1 fl ip
en e Wc,i

ill "'"
r L,A ,i

ene
~VA
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2. Start from (4.27) and find th e system of equations (4.28). Rewrite (4.28) as a linear
syst em of equat ions in it s standard form for th e unknowns j x , jy ,jz and obtain th e
solut ion (4.29) , (4.30) , (4.31) .

3. Work out the limiting cases we,e = 0, we,e « Ve ,i and we,e » Ve,i for a ll ' a -l and a /\ .

(BTI 997, W1986) .

4. Determine the graphs of a ll ' a -l and a ); as funct ions of wc,e! Ve,i in the interval [0, 10].
(BT I997).

5. Denote by ii the tensor inverse of a so that a.ii = 1. Show that

o o

where

(WI986).

6. Derive the induction equat ion in ideal and resistive MHD

DB
Dt

\7 x (iYx B) ideal MHD

= \7 x (vx B) + r/\72B resistive MHD

7. In this problem you tr y to underst and under wha t circumstances we can neglect thermal
conduct ion. This you do by comparing th e therma l conduct ion term to the ideal term

t"7 ( 5/2t"7) p'Y d Pv. K,(JT vT -t -----;;-
,- l dt p Y

by a scale analysis. Ta ke values in the solar coron a

T = 106K, P = 0.01 Pa, T = Ih

and compute th e corr esponding length th at your magnetic field line should have for
thermal cond uct ion to be unimportant ! (H2000)
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8. Rewrite the induction equat ion of ideal l\IHD as

dB - --1 = - I3(\7. i7) + (I3 .\7)iJ .
di

~g is the variation in tim e of the magnetic field when we follow the moti on of the
pla sma clement. In terpr et the two terms in the right han d side of thi s equation.

9. Determine the dim ension of 'I! (112000)

10. Compute Rm and the diffusion time Try for a sunspot ! Use

(H2000)

11. Comput e the plasma (3 for a coronal active region where the magnetic field is closed
and for a corona l hole. In an act ive region

Corona l holes have a weaker magnetic field strength and a lower temperature . Take

(H2000)

12. Consider the diffusion of a cur rent sheet. St art from an initial ant i-para llel ma gneti c
field

I30 L x > 0

Comp ut e how t his initi al discont inuity diffuses away at x = 0 assuming that the field
rema ins in the z-direction for all time. The equation that you have to solve is

{)B {)2B
75t = 'I {)2x

subject to the initial condition B = Bo(x ). (H2000)

13. Consider the kinematic concentrat ion of the magnetic field du e to the granular motion
in th e solar photosphere. \Ve can model gra nulat ion by an ar ray of cells wit h a flow
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given by the velocity

Vx va sin(kx)

V z = - k z va sin (b :)
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To make an alytica l progress neglect t he back reaction of t he magnetic field on t he flow
and onl y conside r the induct ion equation. (H2000).

14. Fill in the ga ps in the deri vation of Ferraro's isoro tation law.

15. Look in Cartesian coordinat es (x ,y , z) at the followin g ma gneti c fields

iJ Bafx ,

B BaeYL,

B Bo( f x - 2xfy )

iJ Bo( f x + 2x f y )

B Bo(2y fx - fy)

B Bo(2y fx + fy)

B = Bo(yfx + (ia:fy), o:~ > 1

Det erm ine for each of these magneti c fields the equat ion of the field lin es and sketc h
the field lines for 5 equidistant values of the integration constant in the equat ion of th e
field lines. Calcul at e the elect ric current, th e Lorentz force, th e magn etic pr essure, the
magnetic pressure force and the magneti c te nsion force. (P I985, H2(00).

16. Look in cylindrical coordinates (T, <p, Z) at the mag neti c field 13(-,.) = B(T)f"" with

B(T ) = J,.
1 1/T

if T' ::; 1

if T' > 1

Sketch t he magnetic field lines. Calcul at e the Lorentz force, the magnetic pr essure force
and the magnetic tension force in T' ::; 1 and in T > 1. Are your results con sistent with
your intuit ive ex pect a t ions abo ut pr essure.
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Joseph Larmor (1857 - 1942)

He went on to become Lu casian P rofessor of Mathematics at Cambridge in 1903, the
ch air becomi ng vacant on the death of Sto kes in Febru ary of th at year.
He published t hree pap ers all ent it led A dyn ami cal theory of the elect ric and luminiferous
medium bet ween 1894 and 1897. T hese pap ers pr esented his theory of the electron , which
of course ga ined further weight in 1897 when J . J . Thomson experimentally identified
the electron.
Larmor wrote Act.her and Matter in 1900 (renamed by Lamb Aothcr and no matter )
which was a winning entry for the Ad ams P rize at Cambridge in 1898. It incorporated
mu ch of the work of the three maj or papers of 1894-1897 we referr ed to above. War­
wick writ es in [14]:- His book of 1900 , Aether and matter , Cambridge Univers ity P ross,
Cambridge , 1900, helped to est abli sh a research school that guided the de velopment
of mathematical elect romag ne t ic theory in Cambridge until the end of World War I.
However War wick [14] also wri tes:- Today, however , Larmor is wide ly rem embered by
scient ists for just two formulae and one theorem which, all hough cor rectly attributed to
him , have been seen by histor ian s of science as tangent ial to his main research interests.
Indeed , none of the recen t scho larly st udies of Larmer 's scientific work even mention the
now famous formulae and theorem.
We should take War wick 's lead and make sure that we mention th ose conce pts to which
Larmer 's name is attached to day. These are the 'Larmer precession ' , t he 'Larmor fre­
quency' , 'Larrnor's theore m ' and 'Larmer' s formula'. The first expla ins the splitting
an d polar isat ion of the sp ectral lines in a magnetic field . T he Lan nor frequ ency relat es
to electrons or biti ng in a magnetic field and led him to pos tulate electrons as orbit ing
around some cent re. He appears to have bee n the first to predict this beh aviour. Lar­
mor 's theore m is a related result concerning how a certain transformation can negate the
ma gnetic field for a charged particl e subjec t to electric and magnetic fields . He was the
first to calculate the rate of energy radiation from an accelerating electron and for this he
gave Larmors formula which gives the power radiated in te rms of the electr on 's charge
an d acce leration . T he formula br eaks down for velocit ies close to the sp eed of light du e
to rela tivistic effects. When George Stokes and Willi am Thomson (Lord Kelvin ) died ,
Larrnor act ed as an editor for th eir complete works. He also brou ght out a new ver­
sion of Henr y Cavendish 's works in 1921, Maxwell had been the editor for the or igina l
publication.
Lannor retired from the Lu casian Chai r of Mathemati cs at Cambridge in 1932 . He was
succee ded in this p osition by Dirac.
Lan nor was conserva t ive in temperament , quest ioning modern trends even in such mat­
ters as the installa tion of baths in the Co llege (1920). "V/ e have don e wit hout them for
400 years, why begin now?" , he once said at a Co llege meeti ng. Yet onc e the innovation
were mad e he was a reg ular user. Morn ing by morning in a mackintosh and cap , in
which he was not seen at ot her ti mes, he found his way across th e brid ge to the New
Cour t baths.
http:/ / www-hist ory.mcs.st- and rews.ac.uk j history j Mat hemat icians j
Article by : J . J . O 'Connor and E . F. Rob er tson



Chapter 5

Basic MHD dynamics

Peop le my age ar e hung up on the Sixt ies. Everybody kno ws that and regards it as sor t
of a problem wit h us: the generation who won' t th row out their bell-b ottoms.. . .
So naturally I th ink something spec ial happened in th e sixties. Didn 't it ? Or was it j us t
becau se I was that age, between things, when everything was st ill possible, that t ime,
which in ret rosp ect , do esn 't seem to las t long?
Michael Frain
"T he survivor 's Guide" , Septemb er 4, 1992.
The Laws of our Fathers
Scott Turow

T his Chapter is conce rned with the dynamics of magnet ized plasmas in the very-low­
frequency large-scale approxim ati on of Magnet ohydrod yn arnics, The focus is on the basic
MHD waves that can occur in a magneti zed plasma. \Ve forget about the grav itat ional force
and are conce rne d wit h t he MHD waves that are dr iven by the plasm a pressure force an d
the Lorentz force. T his leads us to Alfveu waves and ma gnet osonic waves. T he st udy of
these waves enable us t o ident ify the Alfvcn veloc ity, VA , an d th e velocity of sound, Vs , as
fundamental qu antities cha rac te rizing t he very-low-frequency large-scale fluid-like behaviour
of plasm as. Magneto-gravi ty waves will be absent for t he present d iscussion . T here ar e
sit uations in solar and astrophys ica l plasm as where a gravitationa l force , eithe r du e to an
external gravitat ional field or du e to self-gravitat ion , has to be included in t he mathematical
ana lysis.

5. 1 Lin ear m otions superim posed on a static equili brium

T he previous Sect ion ended with the prediction of t ransversal waves on magne t ic field lines
which ar e driven by the magneti c tension force; these ar e the famous Alfven waves. Alfven
waves are not the only waves tha t can exist in a magnetized plasma . Since a plasma is
compress ive we can ant icip a te acous tic waves possibly modified by the magnet ic field . MHD

127
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waves, and also MHD instabili ties ar e solut ions of the equations of (ideal) MHD. If you have
a good look at the set of ideal MHD equations you corne to realize that we are dealin g with
a complicated set of non-linear pa rtia l differen tial equations (P DE ). T his set of PDE 's have
to be supplemented with boundary conditions if t he plasma that we are lookin g at occupies
a finite volume (which in reality it always doesl). Let there be no doub t in your mind that
the set of MHD PDE 's is horrend ously complicated from a mathematical and computationa l
point of view becau se it contains a lot of physics.

For tunately, nature gives us a helping hand, Often , the amplitudes of the wave variables
are sma ll compared to their equilibr ium values. This for tunate sit uation enables us to lin­
ear ize the set of origina l non-l inear MHD equations. The linear ized versions of the MHD
equa tions ar e much more t ractable to math em at ical analysis and numerical simulations. Lin­
ear differen tial equat ions are well documented in mathemati cs. Linear theory of MIlD waves
is a valid ap proximation of rea lity if the plasma configurat ion under st udy occurs in a state
of (stat ic or stationary) equilibrium during a time span t hat is sufficiently longer than the
dynamical t ime scale of th e sys tem , which is the Alfven t ra nsit time. In thermonuclear fusion
the aim is to create magnet ic plasm as that exist for a sufficientl y long time to rea lize fusion of
hydrogen ions . So we ar c definit ely interested in equilibrium configur ations and in the MIl D
waves and MHD instabilit ies that can occur in these fusion plasm as. In the solar atm osph ere
we see magnetic structures that exist during days, weeks and months. So, nature provides us
with occasions where it is of obvious interest to know about equilibrium sta tes.

Id eal MHD is the adequa te framework for st udying three types of problems. F irstly, ideal
MIl D pro vides us with the mathematical to ol for com puting rea list ic stat ic (or stationary)
equilibrium configurat ions . T he mathemat ical formulation of equilibr ium configurations in­
volves non -linear partial d ifferent ial equa t ions . Secondly, t his equilibrium model has to be
tested on it s dyn amic stability wit h resp ect to small per turbations. T his can be done with
t he use of linear ideal MIlD. An equilibri um model is physically meaningful only if it is dy­
nami cally stable or if it is at least dyn am ically st able wit h respect to pertur bations wit h shor t
growth ra tes. Thirdly, we want to know wha t kind of waves can occur in this stable magneti c
equilibrium configuration. An obvious reason for our interest in MIlD waves is that they are
carrier s of energy. MHD waves can t ra nsfer energy from one par t of the plasma to anot her
part . If ther e is a way for dissipat ing par t of the energy carried by the IVIIl D waves you have
a mechanism for heating plasma. Note that dissipat ion requires going beyond ideal MHD and
includ ing dissipative effects in the MIl D equat ions ! Linear ideal MIlD is a nat ural st ar ting
po int for the st udy of MHD waves .

MHD st ab ility and MHD waves are two complementary facet s of the dynami cs of a plasm a .
MHD st ability is concern ed with the un stabl e motions of the plasma that terminate the equi­
lib rium while MHD waves are the stable motions that can persist in the plasm a equ ilibrium
for long time spans until they are damped by dissipation . It is no surprise that they bo th
can be studied with linear ideal MH D. It is good to be aware of the limitations of linear ideal
MIlD. Because it is linear, linear ideal MIl D cannot give you any infor mati on on the non­
linear evolut ion of a linearl y unstable perturbat ion an d it cannot give you any information on
the stability wit h respect to lar ge amplit ude motions. Because it is ideal, linear ideal MIl D
cannot give you any informat ion on dissipative instabilit ies. Becau se it is linear', th e use of
linear ideal MHD is res tricted to sma ll amplitude MHD waves. Because it is ideal, linear ideal
MHD cannot give you any informat ion on the possible damping or excitat ion of linear idea l
MH D waves. In sp ite of this (incomp lete) list of limi ta tions, linear ideal MHD can give us a
lot of information on the dyn ami cs of magnetic plasmas .
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The aim is to study linear motion s superimposed on a static equ ilib rium or background .
Our starting point is t he idea l MHD version of the set of non-linear part ial differen t ial equa­
tions (4.35) . For our present pur p oses the E ulerian version with partia l time der iva tives
is to be preferred . T he equa t ions t hat govern t he linear mot ions superimposed on a st at ic
equilibrium st a te ar e ob tained by linearizing the or iginal MIlD equa tions around this static
equilib rium .

A plasma is in equilibr ium if it do es not change in time

a
- = 0
at

and it is in st at ic equili brium if in addition

Under thes e cond it ions the equations of ideal MHD (4.35) ca n be simplified to the equations
for a magn otost.ati c eq uilib rium

1 --- \lp+ p,rJ+- (\l x B)x B 0
/1

\l.B 0 (5.1)

T he firs t equatio n expresses a balance between the mechani cal forces and the Lorentz force
(note that we shall d rop th e gravitational force in wha t follows). An exact MHD equilibr ium
state do es not exist in the rea l world. T here are always temporal changes in a MIlD system .
T hey ar e du e to MIlD waves (an d MIlD instabiliti es) and to the d iffusion of t he magnetic
field due to elect rica l resistivity. Recall that the diffusio n of the magnet ic field happ ens on the
electromagnetic diffusion t ime scale T 1]' Hen ce, the notion of a sta t ic equilib rium only makes
sense on ti me spans mu ch shor te r than Trl • T he ti me scale of the MHD waves in a magn et ic
plasma is the Alfven crossing TA and the notion of a static equilib rium only makes sense on
time spans much longer than TA . Hence

L L
- = TA « TAI SE « TTl = L11 ­
VA VA

with TM S E the ti me scale of the magnetostat ic equi librium. An obv ious necessary condit ion
is that Lu » 1. Let us now go back to the or iginal non-linear MIlD eq uations and obtain
the equation s that govern the linear motions around a static equilibrium state. We need
to make a dis tinction between the d ist ri butions of t he physical variables, den sity, pressur e,
magnetic field and velocity, in the equilibrium state and in the perturbed state where motions
a re superimposed on the equilibrium state . T he dist rib utions of the physical variables in th e
equilibrium state are de no ted by a subscript O. Hen ce

are the equilibr ium distributions. T hey sat isfy the equations of rnagnetostat ic equilibrium
(5.1). Let us now super impose motions on the equilibrium state so that the plasma element
that is at the position r is d isp laced to the pos ition T"+ {
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(5.2)I
[ is called the Lagrangian displacement. T he motions cause changes in density, pressure
and magnet ic field . We can measur e t hese cha nges in a fixed geomet rical posit ion (Eulerian
description) or while following th e motion of th e plasma (Lag ra ngian descript ion ). If we
denote th e physical quantities in the static equilibrium as fo(1) and in t he time dependent
plasma as f (1; t ) then

I f '(1;t) = f (1;t ) - fo(r) (5.3)I
is the change in the qu ant ity f in a fixed geometrical posit ion . It is the Eu lerian per turbation
of f . On the oth er hand

I of(1;t ) = J(i' + [; t) - fo(1) (5.4)I
gives the change in f while we follow the motion of th e fluid. It is the Lagm ngian per turbation
of J. In linear theory t he Lagra ngian and Eulerian vari at ion of f are sim ply related as

of U';t ) = 1' (1;t ) + [ \7 foU')

The equat ions that govern the linear mot ion s super imposed on a sta t ic equilibr ium st a te are
obtained by lineari zing the ideal MHD equat ions . After this st ra ightforward process we find

p' - \7.(po[)

{P[
Po 8t2

I 1 - - , 1 - , -- \7p + - (\7 x 8 0 ) x 8 + - (\7 x 8 ) x 8 0 (5.5)
/1, /1

The righ t hand side of the linoarlzcd version of thc equa t ion of motion can be writ te n in te rms
of [, since both pi and iJl can be written in terms of [ Hence, we can write the linear ized
version of the equat ion of motion with the aid of t he force operator F([ ) as

82
[ - -

PO-2 =F(O
8t

where

t \ [ ) = \7 ([\7po+ , Po \7.0 + '!'(\7 x iJo) x iJl + '!'(\7 x iJI) X iJo
P. /1

In order t o make it very clear th at iJ' is also wr it ten in terms of [ we somet imes use the
not atio n
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This equation shows that there arc only three unknown scalar function s in linear ideal MHD ,
nam ely th e three components of th e Lagrangian displacement [(7"; t) . This is in sharp cont rast
to non-linear ideal MIlD with its eight unknown scalar functions, the three components of
velocity ii, t he th ree components of B, density and pressure.

T he equations for th e linear motions of an incompressible pla sma can be obt ained by
taking the limi t

V~ ---t CXJ or I ---t CXJ combined with \7.f = ()

so that th e Eul erian and Lagrangian perturbations of pressure ar e finit e

15p = pov~ \7.f and pi are finit e.

V~ is the squ are of the local speed of sound and is defined in (4.14). T he equations for the
linear motions of an incompressible plasma arc

\7.{ = o

jj' \7 x(f x Bo)

cP{
Po 8t2

I 1 - -, 1 -,-- \7p + - (\7 x Eo) x E + - (\7 x E ) x Eo (5.6)
p p

pi canno t be eX1?ressed in terms of {. Hence, we have four unknowns functions, th e three
componen ts of C. and p'. T he problem is well defined since \7.( = 0 combined with th e
linearized equation of motion provide us wit h four sca lar equ ations. The reader migh t be
confused by the limi t v~ ---t CXJ in a Chapte r th at is using MHD to st udy very-low-frequency
waves in magne tized non-relati vistic pla smas. What is mean t by this limi t is that vs is much
larger th an any ot her fluid-like velocity in th e plasma. In th e pr esent situat ion th e only other
fluid-like velocity is th e Alfvcn velocity, V,l .

The equilibrium states are tim e independ ent by definition. As a consequence the lin­
earized version of the equation of motion seen as a differential equa t ion in t ime has constant
coefficients. This means that we can look for solut ions of th e form

I f (f; t ) = 1(fJexp(-iat) (5.7)I
where 1(7") is the time ind ependent part of the solution and f stands for any of the perturbed
quan ti ties. If we leave the system to its own devices, meaning tha t we do not give the system
a kick at some moment in t ime or we do not impose a perturbation during some tim e int erval
on a spec ific par t of the syste m, then we are looking at th e normal modes of oscillation of th e
system. These normal modes are governed by th e equation

or
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i and F ar e linear and t ime indep endent ope rators. The eigenvalues of the op erator i
a re the squares of t he eigenfreque ncies of the plasma sys te m that we ar e looking at and
thc corr espo nding eigenvectors are the eigenmodes. It ca n b e shown that the operator i in
combination with t he appropriate boundary condi tions is Herm it ian with resp ect to the sca lar
product

(<S ,-S)= .!v PO{d 2dV

T his resul t is impor tan t since it im plies that the eigenva lues a 2 are real and that t he eigen­
vectors are mu tually or thogonal. The fact t hat the eigenvalues a 2 are real means that we
have two types of solu tions :

• For a2 > 0 the solut ions va ry harmonically in t ime as cos(at) . T hese stable solu tions
corr esp ond to oscillat ions and waves .

• For a2 < 0 the solu t ions vary exponent ia lly as exp (-"Yt ) and as exp(')'t ). Here 1'2 =

_ a 2 • I' > 0 and both solu t ions a re present . The expo nent ially decayin g solution is
of little impor tance. T he exponent ially increasin g soluti on cor respo nds to a dyn amical
instabi lity of the plasma equilibrium. Linear theory onl y applies to the ini t ial line ar
stage of a dynam ical instabilit y.

Co mplex values for a 2 can occ ur in ideal MHD for so-called quasi-mod es and for MHD waves
tha t are allowed to leak energy out of the system . We shall not be concern ed here with th ese
subtlet ies .

5.2 Waves of a uniform plasma of infinite ex t e nt

Let us now try to und erstand the MIlD waves of the most simple plasma equilibrium: a
un iform pl asma of infini te extent . Of cour se plasmas are not un iform and they do no t have
infinite extens ions. Neve rt heless , a uniform plasm a of infinite exte nt is a good place to star t
our discovery jou rn ey in the wonderlan d of MHD waves . For a uniform pl asma of infini t e
exte nt th e MIlD waves exist in their mos t pure form. \Ve shall be able to put t he an imals
in separate cages . T he results for a uniform plas ma of infinite extent will help us understand
t he MIl D waves in more complicate d st ruct ured and non-un ifor m plasm as. If we do not
understand the MHD waves in the simplest sit uat ion , we cannot hop e to un derstand them in
more complicate d situat ions.

In (5.7) we have a lready fact ored out the time dep en den ce by putt ing the p erturbed
qu ant iti es propor t ional to exp( - iat ). Since t he background is unifor m , the coefficien ts in
t he syste m of the partial differ ential equat ions ar e cons tants . Consequentl y we can look for
solut ions in t he form of plan e waves and write the spat ial part j (F) of any wave variabl e f
as:

j(F) = j exp(ik.F) = j exp(i (kxx + kyY+ kzz ))

Co mbining the temporal and spa tial factor s we find

f (T; t) j(F) exp( - ia t) = j exp (i(k.r - at ))
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j is the constant amp lit ude of f , k = kx fx + kyfy + kzfz is the wave vector and IJ is the

frequency of t he wave. Since a/at and V only act on exp(i (k.r - IJt )) it follows t hat

a ­
- ---> <i o V ---> ik
at '

For a uniform plasma (5.5) and (5.6) can be simplified by not ing th at

V po = 0, V po = 0, V x Bo = 0, V.Bo = °
p'

p'

B'

..... ! i -+ ....., .....

- ikp + -(k x B) x Bo
/1

2 - - - .-Bo .B' ."tBo -,- povs k (k .E, ) - zk - - + z- -B (5.9)
/1 /1

for a compressible plasma ; and

k.{

p'

i j'

for an incompressib le plasma.

5.3 Sound waves

°
°

-+ , i ..... ..... f .....
- ikp + - (k x B ) x Bo

/1

Instead of t rying to solve the set of equations (5.9) in its full form, we take a gradua l approach
and start wit h the simplest pos sible situation and subsequent ly ad d more complexity to the
analysis. All of us are familiar with this most simple situat ion as we all know about acoustic
waves. Wo do not need a magnetic field to have acoust ic waves. Hence let us look at a



134 CHA PTER 5. BASIC MHD DYNAMICS

compressib le non-magnetic plasma. When we inser t the expression for pi in the equation of
motion of our set of equat ions (5.9) we find

T his equa t ion t ells us that t he displ acement vector [ an d the wave vector k are parallel. The
obvious qu an ti ty to use in this situa t ion is

(5.11)I
which is the compression since

\7 .[ = ik.[ = iY

T he equat ion for Y is read ily obt ained as

I PO (0'2 - k2v~)Y = 0

Non-trivial solut ions with Y oF 0 exist on ly for

I 0' 2 = k2v~

(5.12)I

(5.1:3)I
T his is the acoust ic wave. It is a completely isotropic and compressive wave which is dri ven
by the plasma pressure. It s ph ase velocity Vph and gro up velocity vgr are equ al

T he group velocity is the velocity with which the energy in the wave is transported . T he
velocity of sound us is identified here as the velocity at which the phase and energy propaga te
in a sound wave in a plasma in absence of a magneti c field . Hence, it is a fund am ental qu antity
related to the very-low-frequency large-scale fluid- like behaviour of plasmas.

5.4 Alfven waves

From the pr evious Secti on we know that plasma pr essure and compressibility in absence of any
magnetic field generat e sound waves. In this Sect ion we try to understand what kind of waves
are generated by the Lor ent z force. In particul ar we are int erest ed in the magneti c tension
force. For that reason we subject the magnet ic field lines to displ acements perp endicular to
t he magnet ic field lines. As we do not wan t any interfer ence from plasma pressure we restrict
our attention to incompressib le moti ons. So, it should be very clear to the reader that we ar e
trying to find out what happens when Ferraro 's law of isoro tati on is violate d .

The displ acement is incompressible and perpendicular to the magnet ic field lines

k.[ = 0, Bo.[ = 0

T he displacem ent vector [ is perp endicular to bo th k and Bo. Wh en k and Bo are not parallel,
then [ is parallel to Eo x k and an obvious qu an ti ty to consider here is
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Z = (Iv x k).[ = (k X [ ).fv (5.14) ,
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which is the compo nent of the rotation of the displ acement along the direct ion of the equilib­
rium field since

(\7 X [).fB= i(k X [).IB
T he analysis for propagation along t he magneti c field lines (k II Bo) is not different fro m that
for ob lique propagatio n. T he displ acement [is not confined to a line bu t to a plane normal
to Bo. T here is no mag netic pressure force and th e Lorent z for ce is red uced to the magnetic
tension force

- - 2
LF = i ' = _ (k .Bo) [

n J.L

The equat ion of motion of the set of equations (5.10) can be written as

{

2 (k.Bo)2} - .r IPo a - --- ~ = ik p
ILPO

Since k.[ = 0, it follows t hat

Po{er2- (k.Bo)2}[ = 0, pi = 0
ILPO

(5.15)

Since [is parall el to Eox k, (5.15) can be seen as an equat ion for Z . A non -trivial solution
with [ oF 0 exists if an d only if

(5.16)I
erA is the Alfven frequency an d is defined as

(5.17)

kll is t.he compo nent. of t.he wave vector k parall el t.o t.he equilibri um magnet.ic field Bo and ()

is the angle be tween the equilibr ium magnetic field Eoand the wave vecto r k. This solut ion is
t.he classic Alfven wave. T he Alfven wave is a purely magnetic wave driven solely by magnetic
tension , which we now can writ e as (see P roblem 5)

T here are not. any var iat.ions in density an d plasma pressure: pi = 0, pi = O. The displ acement
of t.he Alfven wave is perpendicular to the equi libr ium magnet ic field (Eo.[ = 0) an d to t.he
wave vector (k. [ = 0).

T he Alfven wave is highly anisotropic. Its frequen cy depends on ly on the component of
the wave vector parallel t.o th e magnetic field . T his implies that th o gro up velocity is always
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directed along the equilibr ium magnetic field . The Alfven wave tra nsports energy solely
along th e magnet ic field lines and in no ot her direction . T he eigenvalue (T2 = (T~ = k~v;\ is
(infinitely) degenerate since it only depends on one component of the wave vector, i.e. kll and
is indepe ndent of the two rem aining component s.

The equilibrium configuration is a un iform plasm a of infini te extent. In this equilibr ium
configuration there is only one preferred direction and that is the directi on defined by the
equilibrium magnetic field Bo. We can exploit this fact by adopting a system of field aligned
Car tesian coordinates (x,!J ,z)in which thc wavc vcct or k plays a spec ial role. \Ve choose thc
z -axis along the constant equilibrium magneti c field , so that

Bo = Bol x

For a given wave vcctor k the constant equilibr ium magneti c field Bo and the wave vector k
define a plan e. We choose the z-axis in that plan e so t hat

k = kSr + kSz , ky = 0

Since for the Alfven wave the di splacement is perp endicular to both the equilibrium field and
the wave vector k, it follows that

(5.18)I
With th is choice of field aligned coordinates

so that
(5.19)

T he ph ase velocity cha nges in magnitude from v A for prop agation parallel to Bo to 0 for
p rop agation perp end icul ar to Bo. The group velocity is always oriented along the magnetic
field and in magni tude equal to VA. Hence, VA emerges here as a fundam ental qu antity related
to the very -low-frequency large-scale fluid-like be haviour of plasmas . Since there are not
any forces ot her than the plasma pressure force an d the Lorent z force pr esent in the J'vIHD
description of plasmas, Vs an d VA are the two fundament al velocities associated with the
very- low-frequency large-scale fluid-like behaviour of plasmas. All the ot her velocit ies t hat will
show up in the discussion of ideal MHD waves are combinations of Vs an d VA. T he degeneracy
of the eigenvalue (T2 = (T~ = k;,v~ is obvious here since the eigenva lue is independent of kz .

T he Alven wave is highly aniso tropic. T he ph ase velocity an d in particular the gro up
velocity illustra te this extreme anisotropy. T he variations of the phase velocity and of the
group velocity wit h the angle 0 can be easily illustrated with the help of the polar di agrams
of th ese qu ant it ies. T he polar di agra m of a 2-dimensional vector field th at dep end s on 1
var iable, p(O) , is the paramet ric plan ar curve defined by t he equations x = PxtO), z = pAO).
T he polar diagram of the ph ase velocity for Alfven waves consist s of two circles with their
cent res at (vA/2, 0) an d (-vA /2 ,0) resp ecti vely and wit h radius vA/ 2. T he polar diagra m
of the gro up velocity for Alfven waves cons ists of t he two points (VA , 0) and ( -VA, O). T he
reader is asked to draw his/her po lar d iagrams for Alfveu waves in Probl em 6. Incident ally,
the polar diagram of the phase and gro up velocity of the sound waves that we found in the
previous Sect ion are a circle with its cent re at the origin and radius vs.
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5.5 A lfven waves and slow waves
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In the pr evious Section we have rest rict ed the moti ons to being incompressible and perp en­
dicular to the equilibrium magnetic field. T he outcome was th e Allven wave. In the present
Sect ion we drop the second restricti on and allow the disp lacement vector to have components
parallel and normal to the equilibr ium magnet ic field. T he displ acement is incomp ressible
k.( = 0, but not necessarily perpendicular t o Bo so t hat Bo.( i= O. T he Lorent z force is

-r Eo - - 2 -LF = k - (Bo .O - PO(JA';
JL

T he first term is the magnetic pr essure force and the second term is the magnetic tension
force. The equation of mo tion of the set of equations (5.10) can be writ ten as

For parallel prop agation along the magneti c field lines (k II Bo) we have Bo.( = 0 in addit ion
to k.( = 0 and we are back in the prev ious Sect ion on Alfven waves . When k and Eo are not
para llel, then these two vect ors combined wit h Bo x k are three linearly indep end ent vectors.
T hey can be t ra nsform ed into three or t hogoua l vectors

115, k - (k.115)l15 , 115 X k

It is t hen conveni ent to use t he com ponents of ( along these orthogonal directions

x = I B.( = '; 11 ' W = (k - (k.IB)IB).(, Z = (IB X k).( = (k x (J . IB (5.20)

W can be exp ressed in terms of X by usin g the const ra int r(= 0 so that W = - k ll'; II ' Since

k.( = 0, it follows that

2 2 2 2 I k.BopO((J - (JA)X = 0, pO((J - (JA)Z = 0, P + i - - DoX = 0
JL

(5.21)

T here are two ty pes of solut ions

• (J 2 = (J~ , Z i= 0, X = 0, IV = 0, p' = 0, p' = 0

• ~2 = ~A2 , Z 0 X -I-O T11 k X ' - 0 ' - .r EOD Xv v =, T , n = - II ' P - , P - - z J1 a

T he first solut ion corr esponds to waves t hat have no displacement com ponent along the
magnetic field X = 1B.( = O. T he displacement is also perp endicul ar to the wave vector since
r( = O. In add it ion t here are no var iat ions in density and pr essur e. These are th e Alfven
waves.

T he second solut ion corres ponds to a wave which ha•s a displacement compo nent along
t he magnetic field . There is no var iat iou in density. P lasm a pressure and magnetic pr essure
vary, although in anti- phase so that tot al pressure is constant. T his is t he slow magnetosoni c
wave which in an incomp ressi ble plasma has the same frequency as the Alfven wave.

Let us now, as in the previous Section , adopt a sys tem of field aligned Cartesian coordi­
na tes (:/: , lJ, z ). It. is st ra ight forward to show that
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T he cons traint k.[= 0 implies th at ~z = -(kx/kz)~x .
T he equa tions (5.21) reduce to the simpler form

In this system the Alfven wave and the slow magnetosonic wave are characterized by

• 0'2 = o'~ , ~y f= 0, ~x = 0, ~z = 0, pi = 0, pi = 0

• 0'2 = o'~ , ~y = 0, ~x f= O , ~z = -kx~;dkz , pi = -ipv~ kx~x

Hence,

(5.22)

T he displacement of the Alfven wave is perp endicular to both the equilibrium magnetic field
and the wave vect or. The displ acement of the slow wave is confined to the plane defined by
t he wave vector and the constant equilibrium mag net ic field .

Here also the eigenvalue 0' 2 = 0';1 = k~V;l is (infini tely) degenera te in t he sense it is
indepen dent of kz . In addition to the infinite degeneracy wit h respect to k; there is a double
degeneracy since we have two (fundamentally d ifferent) solut ions (respect ively normal to the
plane defined by k and by Eoand in that plane) for a given set (k;r, kz ) .

T he ph ase velocity and the group velocity are the same as those found for the Alfven wave
in the pr evious Section .

5.6 Alfven waves and magnetosonic waves

Let us now drop the rest riction that the motions are incomp ressible. "Ve go baek to the
equa tion of moti on and th e induction equa t ion of (5.9) . Wo com pute th e Lorent z force and
find (see P robl em 10) t hat

We now choose a system of Cartesian coordina tes with the .r-axis parallel to th e cons tant
equilibrium magnet ie field so that

In thi s syste m of coordina tes we can write the equa tion of motion (5.9) as
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It is st raight forwa rd to write down the three compo nents of this vector equation (sec Problem
11). T hese three equations are a set of three linear and homogeneous equations for the
un knowns ~x , ~Y ' ~z that we can writ e using matr ix nota tion as

with AI a real and symmetric 3 x 3 matrix

T he wave modes arc the eigenvectors and the squa res of th e frequencies are t he eigenval ues
of the matrix A! .Since the matrix A! is real and symmetric it s eigenvalues are real and the
eigenvecto rs that belong to disti nct eigenvalues are orthogonal. T he eigenvalues (i.e. the
squares of the freq uencies a 2 ) are the solut ions of the characterist ic equation

det (M - a 2 h ) = 0

As you know from your cour se on Linear Algebra t he sum of the eigenvalues is equa l to the
sum of the diagonal clements of the matrix A! and the prod uct of the eigenvalues is equa l to
t he determinan t of M :

3

II al = detM
[ = 1

In spite of this information the actual calculat ion of the three eigenvalues of matrix M is
rather complicated. Basically mathematics is telli ng us that we have not been clever in
choosing the physical qu an t it ies for descr ibing MHD waves in a plasma. ~x , ~Y ' ~z are not
the best var iab les for cha ra cterizing th e MHD waves . Fro m the pr evious th ree Sections we
know variables that give a bet ter characteri zation. The soun d waves are characterized by
com pression measur ed by Y . The Alfven waves are characterized by rotation aro und the
equilibr ium magnet ic field; t his is measured by Z . Fi nally the slow magnetosonic waves
need a displ acement component along the equilibri um magnetic field , which is ~x. Even if
we had not taken the t ime t o go through the successive ste ps of the previous three Sect ions
we could have ide nti fied this set of vari ab les tailored to the study of MHD waves by the
following arg umentation . T he (constant) magneti c field specifies a preferred direction in the
plasma. In 0 111' system of Cartesian coordinates this is the x - direct ion , so the com po nent
in this preferr ed direct ion , ~x is a na t ur al variable. Next an important prop ert y of motion
is whether or not it causes compressions and expansions of t he plasma. T his is measure d
by \1.[ which for our plan e wave solutions reduces to ik.[ Our second natural var iable is
Y = k.[ . Fin ally, it is important to know whether t he mot ion causes t he plasma to rotate.
Since there is only one preferred directi on in the present situation, the direct ion of ii or the
x - direction, we are intereste d in rotat ion around this preferr ed directi on . T his is measured
by (\1 x t).fx , which for our plane wave solutions redu ces to i (k x [).fx . Our thir d natur al
variable is Z = (k x [).fx . T he three natural vari ables for describing the MHD waves are
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(5.23) I
With these variables t he componen ts of the equ ation of motion can be replaced wit h a far
simpler set of equations (see Problem 12)

(5.24)

It is decoupled into two subsets. T he first subset consists of the first two equations which
contain the unknowns ~x and Y. The third equation only con tain s the unknown Z.

Eigenfrequencies a n d eigenvectors
Hence, th e solutions are as follows.
The A lfv en wave

I ~x = 0, Y = 0, Z ;;f 0, 0-
2 = o-~ = k~v~ (5.25) ~

T his solut ion is th e classic Alfven wave. It is a transversal wave wit h its displ acement per­
pendicular to the mag net ic field lines. Since Y = 0, t he Alfven wave does not cause any
compression or expansion of the plasma and density an d plasm a pr essure remain unchan ged:
pi = 0, pi = O. It is a purely magnet ic wave dri ven by the magneti c te nsion force .
The m agnetosonic waves

I ~x;;f 0, Y ;;f 0, Z = 0 (5.26)I
T hese solutions are ass ociated wit h t he eigenvalues 0-2 that are t he roots of t he characte rist ic
equation

or
(5.27)

T his is the eigenvalue equat ion for the (slow and fast ) mag netosonic waves. The solutions to
t his equatio n are

(5.28)

rYe is the cusp frequ ency. It is defined as
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(5 .29)
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Vo is ca lled the cusp veloc ity. T he ind ex "s l" (slow) corresponds to the minus sign an d the
index "f" (fas t ) corres ponds to the plus sign. It is st raightforward to show that the freq uencies
(J"s[, (J"A and (J"f sat isfy the following sequences of inequalities (see Problem 14)

(5.:~() )

T he inequalit ies (5.30) are used to ca ll the waves as sociated wit h a sl t he slow magnetosonic
waves and th ose assoc ia ted wit h II f t he fast magnetosonic waves.

Let us have a look at th e following limit ing cases (see P rob lem 15)

• No magnetic field B = ()
Obviously v~ = 0 II vb = 0 so that

No slow waves, no Alfven waves, just the classic acousti c waves driven by gas pressure!

• Weak magnet ic field v~ « v~

It is st raightforward to show that

T he fast wave is the classic acoustic wave modified by t he magnet ic field . T he slow
wave is now a magnetic wave which is weakly affected by acoust ic effects. Although
its frequ ency only slightly differs from t hat of the Alfven wave , the slow wave and the
Alfven wave ar c very differ ent waves (why?).

• In comp ressibl e plasma v~ ---t +00
It is easy to show that limv1~+oo vb = v~ , limv1~+oo (J"b = II~ and hence

T he fast wave has infini te frequ ency. This is no sur prise since t he assu mption of an
incompressibl e plasma means that acous t ic signa ls travel with infinite speed and conse­
quently have infinite frequen cy (period is zcro i). T he slow wave is a magn et ic wave. Its
frequency is eq ual to the Alfven freq uency, but the slow wave and the Alfven wave are
basically differen t.
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• Strong magnetic field v~ « v~

It is easy to show that

The slow wave is an acoustic wave modified by the magnetic field. It is definitely
different from the classic acoustic wave (why?). The fast wave is now a magn etic wave
which is mainly driven by magnetic pres sure an d weak ly affected by acou stic effects.

• No plasm a pressure v~ = 0
Obviously vb = 0, ab= 0 and

T he slow wave has dis appeared. T he fast wave is a magnetic wave solely driven by
magneti c pr essure .

\Ve can summar ize these resu lts as

slow wave fast wave

8=0 a.;f = 0 a ] = k2v~

v~ «v~ 2 ~ 2 a] "" k2v~asl ~ aA

v~ -t +00 2 2 a] = +00asl = aA

v2 « v2 a 2 "" k2v2 a] "" k2v~S A sl x 8

v~ = 0 a 2 = 0 a ] = k2v~sf

(5.31)

The slow wave is always anisotropic, while the fast wave is isot ropic. The slow wave is a
magnet ic wave for weak magnet ic field s and an acou stic wave for st rong magneti c fields. T he
situation is reversed for the fast wave. It is an acou stic wave for weak magnetic fields and a
magnetic wave for st rong magnetic fields.

T he eigenvectors
Let us now have a look at the spatial eigenvectors. A straightfor ward calcula t ion yields the
following resu lts (see Problem 16)

pI -ipoY

pI -ipov~,y
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,
Pm

,
Pt

1 ~ ~,
- (Bo.V')B
It

-,
Tn =

T he rea der has alrea dy guessed tha t P;nand P;are th e Eulerian perturbat ion of the mag net ic
pr essur e an d of tot al pressure respect ively. Let us ado pt our system of field aligned Cartesian
coordinates (:D , y , z) once again so that

T he A lfven wave
From (5.25) we know th at ~x = 0, , Y = 0, , Z i= 0 so that

p' = 0, p' = 0, P;n= 0, P;= ° (5.32)

The magnetosonic waves
From (5.26) we know that ~x i= 0, Y i= 0, Z = 0. In add it ion ~x and Y are related by the
first two equat ions of (5.24) . These two equat ions are equivalent for the eigenfrequencies of
the rnagnetosonic waves, i.c, t he eigenfrcquencies that sat isfy the eigenvalue equation (5.27) .
\Ve can rewrite this eigenvalue relation as (see Problem 17)

(7,;/,1 - k2v71

(7;/,1

and find t hat (see P robl em 18)

Hence

It is st raightforward to show that £1 and t:.r are or thogona l. It is obvious th at they are also

ort hogonal to £t , so that
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arc three orthogo na l eigenvectors that span the 3-dimcnsional space of tho displacement vee­
tors (see Problem 18). Let us have It look at the ot her physical quant it ies, compression Y,
magnetic field , density, plasma pr essu re, magnetic pressure and total pr essure. We can rewri te
the relation between ~x and ~z as

Since

it follows that kx~x and kz~z have the sa me sign for fas t waves and opposite signs for slow
waves so that for a disp lacem ent vector of given magnitude and for given wave vect or , t.ho
compression (in ab solute value ) is always largest for the fast waves .

A straightforward calculat ion yield s t he following results for tho magnotosonic waves (sec
Problem 18)

ij'

pi

I
Pm

I
Pm

T1
I

PI

II

Since

v~ +V7\ a ; l,j - k;vl, a ; l ,f - k;v~
--2- 2 = 2 k2 2

Vs a sl ,f a sl,f - VA

2 ~

-poaA~z l z (5.34)

it follows tha t the plasma pr essure and magneti c pressure are in ph ase for the fast waves
(p'm / p' > 0) and half a pe riod out of phase for t he slow waves. In other words, for tho
fast waves plasma pre ssure and magneti c pressure work toget her while they are working
against each other for t he slow waves . This behaviour is most prominent for propagation
perpendicular to the magnetic field lines. Ind eed
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so that
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for slow waves wit h a propagat ion vector perpe nd icu lar to the magneti c field lines. On
the ot her hand the maxim al value of the ratio pUp' for fas t waves occurs for perpendicula r
propagat ion kx = 0

, 2 2
. ('!!!) _Vs + v 11

max 'J - 2
P Vs

Phase velocities
T he Alfven waves and the slow magnetosonic waves are very anisotropic. Let us have a look
at the pha se velocit ies . Recall that

Alfvon waves
The phase velocity of t he Alfven waves is well known by now. According to (5.19) ilph .A =

VA cos el k wit h e th e angle between the magnetic field an d the propagation vector in th e
xz - plane. T he dep endence of the (m agnitude of the) phase velocity on the di recti on of
propagation, i.e. the angle e is conta ined in th e factor cos e. T he phase velocity is maximal
for e= 0, i.e . for propagation along the ma gneti c field lines and minimal and equal to zero
for 0 = 7[/ 2 i.e . for perpendicular prop agation. Alfven waves do no t propagate perp endicular
to the magnetic field lines and prop agate fas test a long the field lines.
Magnetosonic waves
T he ph ase velocity of the magnetosonic waves follows from (5.28). It is

(5.35)

T he dependence of the ph ase velocity ( 5 . :~5 ) on t he an gle e is now more complica ted than for
the Alfven waves. T wo interesting limi ting cases are parallel and perpendic ular propaga tion .
For parallel pro pagation

Uptv.sl = min (vs , VA ) , Vph ,f = max( vs , VA)

For perpendicular prop agation

Vph ."l = 0, 'Vph ,f = (v~ + 'V~ ) 1/2

T he phase velocity for fast waves is mi nimal for parallel propagation and maxim al for perpen­
dicu lar prop agation . It var ies from ma.x(vs, VA ) to (v~ +v~ ) 1 /2 so that the variat ion is never
larger t han 41% (when does this situat ion occurs"). So, all in all, t he fast waves are rather
isotropic, T he phase velocity of the slow waves is minim al for perpendicu lar prop agation and
maximal for parall el prop agation . It var ies from 0 to min( vs , 'VA ) . Slow waves ar e definitely
anisotropic; they refuse to propagate perp endicul ar to the magnet ic field lines. In that res pec t
they are like Alfven waves. A polar d iagram of the phase velocity for t he slow and fast waves
is shown on Fig. 5.1. T he reader is asked to draw his/her own p olar diagrams for slow and
fast magnd.osonie waves in Problem 20.
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Figure 5.1: Polar diagram of phas e velocity f or slow and fast magnetosonic waves and A lfven
waves, V,1 > V8.

Eigenfrequencies again: dependence on direction of propagati on
For Alfven waves th e depend ence of th e eigenfrequency on the wave vecto r is very simple.
In a system of Cartesian coordinate s with the x -axis aligned with the equilibrium magneti c
field , the (square of t he) frequency of the Alfvcn wave is (5.25) o-~ = k~v~ . It is ind ependent
of kz (infinite ly degenerate) and var ies as k~ .

For magnetosonic waves th e dep endence of th e frequency on the wave vector is mor e
complicated tha n tha t for Alfven waves . The frequ encies of the fast and slow waves are given
by (5.28):

• 0-2 as a functi on of kx for fixed k z •

For kx = 0 we have
0-;/= 0, 0-; = k; (v~ + v~)

For l imkx~CXJ we have (see problem 20)

0-;/~ min(k; v~ , k;v~ ) , 0-; ~ max(k; v~ , k;v~ )

T he variation of o-~ , 0-;/,0-; as function of kx for fixed k; is shown on Fig. 5.2. T he

reader computes and subseque nt ly draws his/her figure showing o-~ , 0-;/,0-; as function
of kx for fixed k z (see P roblem 20) .

• 0-2 as a function of kz for fixed kx '

For k; = 0 we have
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,,2

Figure 5.2: Vari atio n of a 2 as function of kx for fixed kz (ky = 0) , VA > »s
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where (51 , a 1I are the so-called cut-off freq uencies, these are t he freq uen cies at which
th e slow resp ect ively fast waves emerge in th e sp ect ru m when a is viewed as a funct ion
of k z . T hese cut-off freq uen cies ar e defined as

(5.36)

For l imk,~oo we have (see problem 21)

Hence the cusp frequ ency (f C is the accumulat ion point of the freq uencies of the slow
magnetosonic waves. T he frequencies of t he fast magnetoson ic waves have an accumu­
la tion poin t at 00 .

\Ve can now rewrite t he las t two lines of (5.:)0) as

(5.37)

which shows that

(5.38)

ar e the four fun damental charact erist ic frequencies that give a na tural division of the spe ctrum
into the slow subspectrum , the Alfven subsp ect rum and the fast subspectrum . T he variation
of a~ , a;/,aJ as fun cti on of k, for fixed kx is shown on F ig. 5.3.
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cr '

~f>('Js=k ~ Vc

kz

. vl, cos20sinO
v gr ,z = vph sm e± 1/2

Vph (I - 6 )

Vg r ,x

Figure 5.3: Variation of CT2 as func tion of kz f or fix ed kx (kg = 0) , V S > VA

Group velocities
T he gro up veloc ity is the velocity wit h which waves t rans po rt their ene rgy. It is given by

fig1' = \7r/T

Alfven waves
T he group velocity of th e Alfven waves is well-know n by now. According to (5.19) it is
Vg,.. A = vA1x' Alfven waves trans port th eir energy exclusively along the magn etic field line s
and do it with th e veloci ty of Alfvon VA . This is anisotropic beh aviour in its most ex t reme
form.
Magnetosonic waves
As before we take a field aligned system of Cartesian coo rdinates so that k is in the xz-plane.
Wi th that choice

~ UCT UCT I
v91' = [ak

x
' 0, uk)

We use the solu t ions to the disp ersion rel at ion for magnotosonic waves (5.28) and find by
straight forward ca lculation (see Problem 22)

vb cos 0 sin2 0
v gr•x = Vph cos e'f - 1/2 '

Vph (1 - 6 )

where
2

6 (0) =4~cos2 0
v~ + v~

These expressions ar e indeterminate for the slow wave when 0 ---> 1r /2sinc e lim8~7r /2 Vph ,sl = 0.
We can lift t his ind eterminacy by rewr it ing the exp ress ions for vgr, x and vgr ,z as

vc [1 'f (1 - 6 )1/2]1/2 . 2
Uph. cos 0 'f In 1/2 sin 0

v2 (1 - 6 )
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v [1 -F (1 - 6. )1/2]1/2
= V h sin 0 ± ---.£ sin 0 cos 0

p v2 (1 - 6. )1/2
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(5.39)

T he dependence of the gro up velocity (5.39) on the angle 0 is far more comp licat ed tha n for
the Alfven waves. T wo int eresting limi ting cases are parallel and per pendic ular pro pagat ion .
For parallel pr opagati on (0 = 0, k = kxlx) we find

Here the group velocity of both the slow and fas t wave ar e in the directi on of t he wave vecto r
and equal to the corresponding ph ase velocity.

For perpendicular pro pagat ion (0 = 7[ / 2, k = kSz ) we find

The group velocity of fast wave is in the dir ection of the wave vect or and equal to the ph ase
velocity of the fast wave. For the slow wave we have the remarkable resu lt that the group
velocity is along the magnet ic field alt hou gh the prop agation is perpendicular to the magnet ic
field .

For a genera l propagation angle 0 t he gro up velocity and phase velocity make an angle.
T he gro up and ph ase velociti es have the same direction for parall el and perp end icular prop­
agat ion for fast waves and for parall el prop agat ion for slow waves. T he deviation bet ween
gro up velocity an d ph ase velocity is sma ll for the fast waves, but ra t her large for slow waves.
Also it is straightforward to show that (see Problem 22)

Vg l'.z k z > 0 for fast waves

Vg l',z k z < 0 for slow waves.

T he res ult for fast waves is what you expect . Phase and energy are both prop agated upward
or both downward. For slow waves we have the st range result that a wave with an upward
propagati ng ph ase prop agates its energy downwards and vice versa. T he polar diagram s of the
group velocity of the slow and fast waves are shown in Fig. 5.4. T he magni tude of the group
velocity of the fas t wave is minimal for parallel pr opagation and maximal for perp endicul ar
propagation . It varies from max (c, vA) to ( V~+V71)1/ 2 . This is t he same ra nge as for the ph ase
velocity of the fas t wave. The dir ection of the gro up velocity only slight ly devia tes from the
direct ion of propagat ion . Hence, the fast waves ar e isot ropi c. T he group velocity of the slow
wave is confined to a small cone aro und the magnet ic field line. Slow waves t ransport energy
only in a small cone ar ound the magnet ic field lines. T he slow wave is highly anisotropic, it
is almost as an isotropic as the Alfven wave!

T he read er is asked to draw his/ her own polar diagrams for the gro up veloci ties for slow
and fast magnetosonic waves in Problem 24.
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Figure 5.4: Group velocity of slow and fast m agnetosonic waves and of Alfv 'en waves (ky = 0) ,

vs > VA ·

Summ ary

1. Alfvon waves

• T hey are driven by th e magnetic ten sion force.

• T hey have no de nsity and pressure variations.

• T he displacements are p erpendicu la r to t he wave vector and to the equilib rium
magnetic field .

• T hey are anisotropic and cannot propagate perpendi cu lar to th e magnet ic field
lines.

• T he energy flows along the magnetic field lines at the Alfven velocity .

2. Fast magnetosoni c waves

• T hey are driven by ten sion and pr essure forces.

• T hey have de ns ity and pressure vari ations.

• Plasm a pressure and magnetic pressure variat ions a re in phase.

• T he displacement s are confined to the plane defined by the wave vector and the
equilibrium magnetic field and have paralle l an d perpendicular components with
respect to the wave vector and to the equi librium magnetic field.

• The flow of energy is fairl y isot ropic .

• T hey are pretty isotro pic with a slight preferen ce to directions p erpendicu lar to
the equilib rium magn etic field.
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3. Slow magnetosoni c waves
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• They are driven by tension and pressure forces.

• T hey hav e density an d pressure variations.

• P lasma pressure and mag netic pressure variations ar e in anti-p hase.

• The displ acements are confined to the plane define d by the wave vector an d the
equilibrium magneti c field and have parallel and pe rpe ndicular components with
respect to t he wave vector an d to the equilibri um mag netic field .

• T he flow of energy is highly anisotropic and confined to a small cone aro und the
magnetic field lines.

• T hey are highly an isotrop ic and cannot propagate in d irect ions perpendicular to
t he equilibrium magnetic field .

A first step towards understanding MHD waves in non-uniform plasmas
In the previous subsection we have often used a system of field aligned coordinate s with the
x -axis along t he magnetic field an d the xz - plane defined by the equi librium mag netic field
and th e wave vector k. T he latter we could do as we had only one preferred di rection in our
system, the directi on of t he magnetic field . T his is not always possible or , more correctly, is
seldom possible. When we move from a un iform plasma of infini te ex tent to a non-uniform
plasma of finite extent thi s will be no longer possible. In addit ion, to the preferred direction
defined by the magneti c field , we will have at least one preferred direction defined by the
varia tion of the equilibrium quantities of t he sta t ic backgro und. So as a first step toward
und erst and ing waves in a non -un iform backgrou nd we use a wave vect or k = kxfx+kyfy+kzfz
with ky # O. If we want to an tici pate effects related to the finit e extent of the backgrou nd
plasma we can look at quant ization pr escript ions for e.g . kz .

The frequ encies of the Alfven waves and of the the slow and fast magne tosonic waves ar e
given by (5.16) , (5.17) and (5.28). T he squa res of these frequencies are

with k2 = k; + k; + k;. When we look at the frequencies as fun ctions of k; we can define the
cut- off frequencies o t and a ll as the frequencies at which the slow an d fast waves emerge in
t he spect rum. Put kz = 0 in the expressio ns for a.; l ,f and find a / and a ll as

For ky = 0 we recover our ear lier res ults . For ky # 0 we have
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so that the slow subspectru m, the Alfvon subsp ccl.rum and the fast subspcct ru m are clearly
separated . T he variation of O'~, O'~[l O'J as function of kz for fixed k" and ky =F 0 is shown on
Fig . 5.5.

Let us now assum e th at t he plasma has finit e extent in the z-direct ion . A particularly
easy case is to consider a plasma that is confined between fixed walls a t z = ± L since then
k z is quantized as

Jr

kz = 2L n

with n an integer number that counts the number of zeroes in the z-direction. W hen st udying
MHD waves of a (I -D ) nonuniform background, the number of zeroes n can be used to count
the point eigenvalues .

O":;:r

2",
2

" c

v_

Figure 5.5: Varia tion of 0'2 as fun ction of k, fo r .fixed kx and .fixed ky =F 0, VA > vs .

T he basic prop erties of th e three discrete subs pcc t ra of point eigenvalues are

• The point eigenvalue
O'~ = k;v~

of the Alfven point spect rum is infinitely degenerated .

• The point eigenvalues of the slow su bspectrum have an accumulation point for k, ---t 00

lim 0';1 = O'b = k;vb
kz - oo

• The point eigenvalues of the fast subspect rum behave for large wavenumbers kz as

T hese prop erties turn out the be a reliabl e basis for the discussion of MHD waves in
a nonun iform backgro und of finite extent. T he four chara cter istic frequencies (5.38)
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(/C, (/[ , (/.1 , o tt ar c functions of pos it ion for an inh omogeneous background and
each define an interval of frequencies. Inh omogeneity lifts t he degeneracy of the poi nt
eigenvalues of thc Alfven spectrum and gene rates a cont inu um of reson an t Alfvcn cigen­
waves. It also smears out the accumulation point of th e slow spectrum into a cont inuum
of resona nt slow waves. T he inequ alities

oc < (/[ < (/ A < ou

hold at each posit ion. Each of the four charact eristic freq uencies defines an interval and
there four intervals can (partly) overlap . T his can generate MIlD waves in non-un iform
plasmas wit h mixed cha ract er and wave transformation.

5.7 Recapitulation

"You were demonstrating in support of the other lectur ers ' right to a job for life'?"
"Partly " said Robyn.
"But if they can 't be shifted , th ere 'll never be room for you , no matter how much bet ter
than them you may be at the job ."
Vic Wilcox to Robyn Penrose,
Nice Work
D. Lodge 1\)88

• In this Chapter we have st udied the basic MHD waves that can occur in a magnetized
plasma. T his has enabled us to identify us and VA as the two fun dam ental velocit ies
for the very-low-frequency large-scale fluid-l ike behaviour of plasmas. The MHD waves
are studied by looking at the linear mot ions superimposed on a static equilibr ium back­
gro und . T ho linear motions can bc studiod as an cigcnvalue problem , an init ial value
problem or a boundary value problem. We have focussed our attent ion on the eigenva lue
pro blem . In ideal MH D this eigenvalue pro blem is Hermiti an .

• In order t.o un derst.and t he properties of the basic MHD waves we have studied t.he
MHD waves of a uni form plasma of infinite extent. For th is backgroun d plas ma we
can obtain plane wave solut ions and we can pu t the different waves in separate cages.
We have used a grad ual ap proach starting from tho most. simple case and putting more
physics int.o the mathematical analysis at each step.

• The starting point. is a compr essib le plasma in the absence of a magnetic field . The only
waves present here are t he soun d waves . T hey have density an d pressu re variations an d
their displ acements ar e longitudinal ; i.e. along the wavevector k. T hey are isot ropic and
dri ven by compression . T heir phase an d gro up veloci t.y is tho sound velocit.y.

• T hen we remove compressibility and add a magnetic field . So, we are looking at. in­
compressible moti ons in a magneti zed plasma. W hen we restrict tho mot ions t.o being
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compression sonic waves
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Figure 5.6: Characterization of the different types of MHD waves in a unifo rm plasma

perp endicular to t.he magnetic field we find the famous Alfven waves. They ar e mag­
neti c waves which leave density and pr essure un changed . T hey are pur ely driven by
the magnet.ic tension . The displacement. of Alfven waves is po lari zed perpendicular to
the wave vector and perpendicular to the equilibrium magnetic field . Alfvcn waves are
the most anisot ropic animals in the zoo of MHD waves as they tr an sport energy solely
along the magnetic field lines at th e Alfven velocity.

• The plasm a is st ill incompressible but the motion s are allowed to ha ve compo nents per­
pendicular and parallel to the magneti c field lines. \Ve now find Alfven waves and slow
waves. T hey have the sa me frequ encies, bu t t hey differ essen tially by t heir d ispl ace­
ments. The properties of the Alfven waves remain unchanged. Since we are incom­
pressibl e on assumption, th e slow waves have no density variat ions. They have plasm a
pr essure variat ions but these are in anti-phas e with and have the same amplitude as the
magneti c pr essure var iations so that tot al pr essure does no t change. The displ acement
of the slow waves is confined to the plan e defined by the wave vector and t he equilibr ium
magneti c field .

• T he plasma is compressible and magnetized. T he Alfven waves are still there with
unchanged properties. Since we allow the plasma to be compressible we get sound
waves . Since we have magnetic pressure in addition to plasma pressure we get slow and
fast magneto soni c waves. In the fast magneto sonic waves plasma pressur e vari ations
and magnetic pr essure var iations are in ph ase, in the slow magne tosoni c waves they are
out of phase. The displacements of the slow waves and fas t waves arc polarized in the
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plane defin ed by the wave vector and the equilibri um magn etic field . Fast magnetosoni c
waves ar e rather isotropic; they do it a lit tl e bit bet ter in d irect ion s p erp endicul a r to
the equilib rium magnetic field than parall el to it , but t he d ifferences arc small. Slow
magnetosonic waves ar e highl y an isotropic; th eir transfer of ene rgy is confined to a small
cone around the magn et ic field lines.

5.8 Problems

"I have a to do file?
1 have a to do file??? "
Homer Simpson
T he Simpso ns

1. Go back to the equations of ideal MIl D and con sider a sta t ic plas ma:

8
at = 0, v=0

Convince yourself that the eq uat ion of motion is reduced to the equation of magneto­
static equilib rium:

1 - -- V'p+ - (V' x B ) x B = 0
II,

(What has happ ened to the remaining equations of ideal MI-ID?)

2. Co nsider a I- dimen sion al equilib rium in Cartesian coordi nates (x,1/, z) wit h

B = (Bx(z ), By(z) ,0), p(z), p(z )

Show that the equa tion of magnct.ost.at.ic equilibrium is

d ( B
2

)- p + - = 0
d.z 211

This eq uation te lls you that total pro ssur o has to be con stant! W hat has happ ened to
the m agn etic tension force? Why is it absent? Note also that you have 1 equat ion for
4 unknown func t ions and that you (or better nature) are (is ) left with a lot of freedom.

3. Co nsider a Ldimen sional equi librium in cylindrical coordinates (r, 'P, z)

B = (0, B'P(r), Bz(r')), p(r) , p(r )

Show that the equation of magnetostatic equilibrium is

(
2 2) 2~ P + B z + B ", = _ B",

dr 2/1 ILr
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You immedi ately recognize the magnetic pressure force and the magnetic tens ion force .
Again note that you have 1 equat ion for 4 un known funct ions and that you (or bet ­
te r na tur e) ar e (is) left with a lot of freedom. Cylindrical l-dimcnsional equilibr ium
models were very popular in th e early days of controlled thermonuclear fusion research.
Nowadays they are st ill used as first approximations in plasma physics and solar physics.

4. Go back to Sect ion 5.3 on sound waves. Determine the po lar diagrams for the phase
velocity and the group velocity for acoustic waves! Take vs = 1 in dimensionless units.

5. You are now in Sect ion 5.4 on Alfvon waves . You are in an infinite uniform plasma with
a constant magneti c field . Compu te the magneti c tension force for incompressibl e linear
p lan e waves with displacements perpendicular to the magneti c field lines and find that
it is indeed f:, = -poa;l

6. Draw the po lar diagram for the ph ase velocity and the group velocity for Alfven waves.
Measur e all velocit ies in the uni t V A .

7. Here is more on Alfven waves . For linear mot ions superimposed on a static equilibrium
the Lagran gian disp lacement { and t he velocity 11 are related as

-« D{ . ~
V = -'- = -la~

Dt

Comp ute 13' for incompressible linear moti ons in terms { and of if . Use this resul t to
show that there is equipart.it ion between the magnetic energy and t he kineti c energy in
the Alfven wave or

(RI967).

8. Use the result of the previous problem to find that the energy in the wave is

E tu = POif 2

In our clever syste m of field aligned Cartesian coordinates (rememb er Bo = Bof x , k =
kx I, + kz fz) the velocity of the Alfven wave is

if (.r , z; t )

Compute now the Poynti ng fiux Pfiux = bE x B = bVyBofZx (Bofx + B'), and find

~ B6 ~ ~
Rflux = - v y I y + EtuVA I x

• J1 "

(R1967).
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9. Mayb e you ar c not yet aware of it , bu t you should be puzzled by th e expressions that
you found for Ew and Pflux in th e previous problem . The group velocity, which is VA

for Alfven waves, is the speed at which th e wave tra nsfers energy. T his speed is just the
ra t io of th e Pflux to Ew . Now you see t he problem . How are you going to talk you out

of this sit uat ion? Look at th e t ime dependence of th e first term in the RHS of Pflux'
integrate over one wave period and realize that this te rm is a non-persistent flux of
energy (why?) . Repeat the exercise for the second term and be happy. T his term is th e
persist ent flux of energy of Alfven waves and it tells you th at the energy is transported
along th e field lines with veloci ty VA (why?). (RI9G7).

10. You ar e now in Sect ion 5.G on Alfven waves and mag netosouic waves. Com put e the
lineari zed vers ion of the Lorentz force and find

Compute now t he magnetic pr essur e force and the magneti c tension force.

11. Show that th e three component s of the lineari zed equat ion of motion can be written as

12. Show that th o three component s of th e lineari zed equat ion of motion can be replaced
with a far simpler set of equations for t he variables ~x , Y, Z

13. Go back to the eigenmode equat.ions for Alfven wave and magnetosonic waves. Adopt.
right from the start a system of field aligned Cartesian coordina tes with the x- axis
parallel to t he constant magnetic field Bo and with the z-ax is in the plane defined
by the wave vector k and Bo. Der ive t he eigenmode equa t ions for the wave variables
~x , ~Y ' ~z · Why are t.hese variables O.K. now?

14. Show that the frequencies a sl, a A and a f satis fy the following two sequences of inequ al­
ities
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15. Work out the var ious limi tin g cases of subsect ion on eigenfrequencies and eigenvectors!

16. Show that

pi

pi

iJi

I
Pm

i ' =n

-ipoY

ikxPov~f.x - ipo (v~ + v~ )Y

17. Show that you ean rewri te the eigenvalue equat ion (5.27) for magneto soni e waves as

a;l,f - k2v~

a;l,f

18. Determine €s l an d fr and show th at [ 1, €sl and fr are three ort hogonal vectors.

Hi. Show that for magnet osonic waves

iJi

pi

I
Pm

I
Pm
IT

I
Pt
pi

. 2 k;'v~, - a;l.j 7

l·POvA 2 1
asl,j

v~ a;l,J - k;' v~. _ k;v~
2 2 - 2 2 2
Vs asl,j asl,f - k V A

v~. + v~ a;l,f - k;' v~ a;l,j - k;'v~

------;;r.;- a;l,f a;l ,f - k2v~

2 ~

- poa Af.z1 z

20. Determin e the polar diagr am s of the phase velocity for the slow and fast magnetosonie
waves!
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21. Comput e and subsequent ly draw the var iation of oj , 0;/ ,oJ as funct ion of kx for fixed
kz. In pa rt icular determine the values of 0.;/ ,oj for kx = 0 and for kx -; 00 . Now repeat
this exercise wit h kx replaced with kz and vice versa. Compute and subsequent ly draw
the var iat ion of 071,0;/,OJ as funct ion of k, for fixed kx . In particular determine the
values of 0;/ ,oJfor k, = 0 and for k, -; 00.

22. Obtain t he following expressions for th e com ponents of th e gro up velocit y of th e slow
and fast magnetosonic waves

where
vb 2ll (O ) = 4- 2- - 2 cos 0

VA + vs
Verify t hat th ese expressions are indeterminate for t he slow wave when 0 -; 7r/ 2 since
l imo~Jr /2 Vph = O.

Now lift this indet erminacy by rewriting the expressions as

23. Show that

VgT,;r;

Vgr,z

vc [1 -F (1 - ll)1/ 2]1/ 2 .
Vph cos 0 =f In 1/2 ~m2 0

v2 (1 - ll)

. vc [1 -F (1 - ll)I /2JI/2 .
Vph sm 0 ± In 1/2 sm 0 cos 0

v2 (l- ll)

Vg1',zkz > () for fast waves , Vg 1',zkz < () for slow waves

24. Determine the po lar diagrams of the gro up velocity for the slow and fast mag netosonic
waves!

25. Comp ute the disp lacement for the slow wave in t he limit kz -; 00 and find t hat the
slow wave in this limit is po larized pa rallel to th e magnet ic field lines.

26. Consid er a coronal loop with Eo = 10 Gauss = 10-3 Tesla , L = 5 X 107 m and
n = 5 x 1014 m- 3 , Po = 8 x 1O- s kg m- a Compute for th ese values th e Alfvon
speed and find that it is approximately VA = 106 m s- l Comp ute the pe riod of the
fundamental Alfven oscillation mod e of t his loop . Usc k = 27r/1. (H2000) .
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Hannes Alfvcn (1908 - 1995)
During his career, Alfven made a number of fundamental theoretical discoveries . T he
one for which he is best known is th e magnetohydrodynami c (hydromag netic) wave,
commonly called th e Alfvon wave. But he invented a number of other fundamental
concepts th at are not so closely assoc iated with his nam e. T hese include simplificat ions
in the concepts with which we treat th e behavior of ionized gases (plasma s). He found
th e established way of calculat ing particle orbits (St rmer orbit t heory) to be impractical,
especially in the energy range relevant to auroras. T his led him to develop , as a tool, the
guiding-center approxim at ion for the motion of charged particles in electric and mag neti c
fields. He also discovered th e firs t adiabat ic invariant of charged par ticle motion, and
he invented th e concept of frozen-in ma gnetic flux. Togeth er , these to ols established
magnet ohydrodynamics as a resource and as a field of research. It is hard to ima gine
work ing today in plasma physics wit hout using the tool s he provided us. T his work,
cited as "cont ribut ions and fundament al discoveries in magnetohydrodyn amics" earned
him a Nobel Prize for Physics.
Hannes Alfven possessed a gift th at allowed him to extract results of great importance
and generality from spec ific problems. It is a mark of his genius that his ini tial un­
derstanding carne primarily from physical reasoning; the ma th ematical demon st ra tions
cam e only afte r he had , in his mind's eye, determined the physica l process. The discovery
of Alfvon waves is, in man y ways, rep resentative of his approach. It grew out of a specific
problem , namely that of sun spots. He first det ermined that it was possib le to propagate
electromagn etic waves in a high ly conducting plasm a. (This he claimed was th e easy
part .) On ly then did he develop the mathematical demonstrations. The idea that such
waves were possibl e ra n contrary to th e convent iona l th ought of th e t ime because it was
taught that electromagnetic waves could propagat e no more than a skin dep th (ab out a
wavelength) into a good conductor. Bu t Alfven had found , by pure power of int ellect , an
enti rely new propagation mod e. He discovered how elect romagnetic waves can propagate
without damping in a plasma of arbitrarily high conductivit y.
Hanne s Alfven received th e Nobel P rize in Physics in 1970 from th e Swedish Kin g Gus­
tavus Ado lphus VI.
It usually to ok years for his ideas to be accepted . For exa mple, his discovery of
hydromagneti c waves was pr esent ed in an admira bly simple and clear mathematical
form in a Letter to Na tur e pub lished in 1942. Acceptance carne suddenly some six
year s later when, as Alfven recounted , at th e end of a seminar he gave at the University
of Chi cago in 1948, the famous physicist Enr ico Fermi nodded his head and said "of
course" and , according to Alfvcn's account, the pr esti ge of Ferm i was such t hat " t he
next day, everyone nodded and said, 'of course '" .

C.-G. Falthammar, Royal Institute of Techn ology, Stockholm. A. J . Dessler , University
of Arizona, Tucson



Chapter 6

The solar wind

And this I believe: that th e free, exploring mind of t he indi vid ua l hum an is the most
valuable thin g in the world . And this I would fight for: the freed om of mind to take
any direct ion it wishes, undi rected . And this I must fight against : any idea , religion , or
govern ment which limits or destroys the indi vid ual.
Eas t. of Eden
J . Steinbeck

T he prediction by E. Parker in 1958 (Parker , E.N. : 1958, Ap .J . 12 8 , 664) of a high speed
solar wind wit h supersonic velocit ies of severa l hundreds of km s-1 at the Earth 's orbit cau sed
a huge controversy in t he ast rophysical and geophysical communit ies. Par ker 's t heor y was
received wit h a great deal of skept icism, even disbe lief. Fortunately for E . Parker , Russia n
and American sa te llites soon afterwards did indeed di scover thi s fas t st reaming solar wind.
By the end of t he 1960's the solar wind was an est ablished astrophysical fact and since then
it has become an integra l an d natural part of solar ph ysics and astrophysics.

This Cha pter follows the histor ic route of the advancement of our understanding of th e
solar wind . T he reader will realize that the pro cess of scient ific discovery is oft en very similar
to the indi vidual lear ning process of the average un dergradu ate student. At first , we do not
know anything about the subject or we are on the wro ng t rack. T hen we understan d a little
piece of the pu zzle and are very happy and often also very pleased with ourselves. However ,
soon we do realize tha t it is ind eed just a lit tle piece and we t ry to take t he next step . Usually
we fail and need several iter a tions before we get it right .

6 .1 Overview of observations

It is only in the lat e 1930's that the solar coron a was unambiguously recognized as being
composed of very hot plasma . The key in reaching t his conclusion was the realizat ion that
many of the unidentified lines seen in coronal spectra were not du e to unknown elements , but
belonged t.o high ionizatio n stages of known clements. Our understan ding of the st ructure of

161
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Figure 6.1: The temperature profile in the solar atmosphere.

the slowly vary ing part of the corona comes from spect roscopy. By mod elling rad iative tr an sfer
in atomic spec t ra l lines at different depths in the solar atmosphere and th e lower corona, it is
possib le to const ruct a fairl y accurate repr esentation of density, pressure and temp erature as
fun ct ions of height above the solar photosp here. T he varia tio n of temperature with height ,
as shown in F ig. 6.1, is spect acular wit h the transit ion from the photospher ic tem perature
of about 6000/( to t.he high coronal temperatures of severa l lOG/( occurring over a distance
of a few hundreds of km (this region is apt ly called the t ra nsit ion region) . Because of its
high tempera t ure , the corona suffers t remendous energy losses. T hese include losses du e to
t hermal conduction , ra diat ion and kineti c energy carried away by mass outflows. For a more
or less steady sta te to be maint ain ed , an energy inpu t a t the base of t he coro na of the order
of a few 1021~V is required . T his does not. seem t.o be a big deal t.ak ing int.o account. that
the solar luminosity is 3.86 x 102GiV. We only need to di ver t , in a more or less continuous
fas hion , somet hing like 0.001% of t he total. However , the fundam ental problem is that. we
are required to draw energy from a reservoir (the solar surface) to heat up the coro na at a
high er temperature than the reservoir itself!

T he coro na is far from a static struct ure. T he concept. of an average corona at a given
time is helpful in describing t he large sca le global behaviour of the corona. Close obs ervation
revea ls tem por al and spa t ial variations on almost. every scale invest igated. Dr amatic cha nges
in the large-scale st ruct ure of the corona occur in pa ra llel with the 11 yr solar cycle (sec
Fig. 1.5). At solar maximum, the corona shows an overall spher ical symmetry or rather a
spherical distributi on of helmet st ream ers. At. solar minimum , the solar corona is no longer
spherically symmetric , alt.hough axial symmetry with respect t.o t.he rot at ion axis st ill exists.
T he most prominent. feature of the coro na at. solar minimum is t.he presence of coronal holes
over the higher latitud es in bot h th e north and sout.h solar hemisph eres . Helmet st reamers
are now restricted to a lati tudinal band extending t.o 30° - 4(jO above t.he equator. As t.he sun
proceeds from solar minimum t.o solar maximum, the equa torial ban d expands in lat it ude,
gradua lly filling t he coronal holes. T he coronal holes are not empty; they ap pear darker
bec ause the particlo density is lower there t.ha n in the br ight er act ive equa torial regions.
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Figure 6.2: "Liqhtbulb" coronal mas s ejection on February 27, 2000 observed by LA SCO.
(Courtesy of SOHOj LASCO consortium. SOHO is a project of intem ational cooperation
between ESA and NA SA.)

At solar minimum, the large scale magnet ic field d ose to the sun is rou ghly dipolar , and
map s reasonably well on the corona. Coronal holes corre spond to regions of open magneti c
field lines, i.e, field lines that extend far out into the int erplan et ar y space. T he equatorial,
act ive regions coincide wit h the closed field line regions, i.e. the regions of t he corona pervad ed
by magnetic field lines that origina te in one hem isphere, cross the equatorial plane to anchor
themse lves in the other hemisphere , at lati tudes comparable to their poin t of or igin .

The corona is also the host of a variety of ph enomena appear ing and evolving on shorter
t ime scales: flar es, eru pt ions, coro nal mass eject ions, etc . T he most spec t acular shor t-lived
events ar e corona l mass ejections. An example is shown on Fig. 6.2. Those are explosive like
events in which, over t imcscales of hours, a large cavity, of linear dimension of 1R8 , is blown
ou t of the corona. Ma t ter is ejected at. speeds in the range 10 - 2000 km /s, The mass involved
is in the range of 1011 - 101:\ kg. The total energy required to lift this mass ou t of the sun's
gravit a tional field to the observed velocit ies is 1024 - 1025 .J. Unbelievable! An example of a
coronal mass ejection (Cl\TE) is shown on F ig. 6.2. It is bo rro wed fro m th e "Best. of SOHO
Images - Latest. Pi cks" at ht tp :/ / soh owww.nascom .nasa.gov/

Alt.hough it. had been reali zed earli er in this cent ury that ep isodi c mass out flows from
tho sun are responsible for aurorae and geomagnet.ic storms , evidence for the presence of a
cont.inuous corpuscular out flow from the sun was only put fort h in the 1940's and 1950's. T he
first. and clearest. pre-satellite evidence for a con ti nuous particle stream emana t ing from th o
sun came from the ionic tails from comets. T hese t ails always point. away from t he sun. In
1943 Hoffmeist er found that t.here is a small sys temat ic deviati on : the tails axis slightly lags
(in the sense of th e come t 's mot.ion ) behin d the prolonged ra dius vect or , so that th ere is a small
angle E, normally < 5°, between the ta il ax is and the solar radius vector. T he explanat ion is
entirely an alogous to Bra dley's explanation of st ellar ab erration . T he orientat ion of the ion
tail is deter mined by the relat ive vecto r velocit ies of the radially expanding solar wind plasma
and the comet. in its orbi t. T he angle f , the velocity of the comet perpendicular t.o tho radius
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vect or V1- and the radial velocity of the solar wind vwind ' is

V1-
tan s = -- (6.1)

vwind

Ana lysis of Hoffmeist er' s data gives an average value of the solar wind speed of 474 ±21 km / s.
It is cur ious that Hoffmeister did not calculate the solar wind velocity from his data . I3iermann
in the 1950's realized th at the solar ra diat ion pr essure is far too small to push the comet tails
away from the sun. He suggested instead that t here must be particles st reaming from the
sun , wh ich would push t he evaporated gases outward and produce the or iented tails. \Vith
this postulated corpuscular radiation Bierm ann was able to exp lain Hoffmeister 's discovery
of the relation between the angle E, v1- and "wind : From t he distribution of comets it could
be deduced that the hypothet ical corpuscular radiation blows at all t imes (cont inuously) and
in essentially all direct ions. What is more, the large variat ions in space and time of the
phenom enon cou ld already be seen by its variable effect s on come ts.

In 1957 Chapman cons idered a "new" model of the solar coro na . Chapma n assumed
that the corona and its distant extensions were st at ic and t hat energy was transferred only
by conduct ion. Chap man' s mode l mad e two importan t points: (i) cond uct ion is importan t
for maintaining the corona and its exte nsion; (2) the gaseous medium near the earth is
regarded as an extended part of the corona. It was not clear how Biermann 's hypothetical
corpuscular radiation and Chapman's extended atmosphere were related . Parker found that
in Chapman's sta t ic model the density actua lly goes thro ugh a minimum and then increases
and that pr essure remains finit e as r ---> CXJ and is much larger than any reasonable int erstellar
pressure which might be invoked for ba lance . Parker allowed for a st a tionary rather than a
stat ic equilibr ium and concluded that th e particles not only could st rea m from the sun bu t
that th ey necessarily do so. The corona must expand! The particles ar e nothin g less than
the corona itself. Biermann 's hypothet ical corpusc ular radiation an d Chap man's extended
atmosphere are the sa me obj ect , on ly that the extended atmosphere is not stat ic. Parker's
hydrodyn amic theory contains a transonic solution which reprod uces the velocities requ ired
by Biermann 's cornet work and has zero pressure at large distances. Parker chri st ened this
phenomenon the solar wind. Parker 's solut ion predicts a solar wind speed at the ear th's orb it
of the ord er of a few hun dreds of km /s, which is definit ely supersonic. T his implies that the
solar wind undergoes a sonic tr ansi tion between the solar sur face and the earth's orbit . In
1962 Ch amberlain argued that the solar expa nsion is not a wind but a breeze with velociti es
that ar e subsonic everywhere ! Parker also calculated that the solar wind and solar rota tion
would draw out the magnetic field lines into an Archirn edean spiral (see Fig . 1.6) .

Observations from space are necessa ry to measure the wind speed directly, because the
magnetic field of the earth ac t as a buffer aga inst charged part.ic lcs, and essentially no infor ­
mation about the flow of coronal par ticles t r ickles down to th e surface of the ear th. The first
in sit u measurements of the solar wind wind were made by a gro up of Russian scient ists with
inst ruments on board Lun ik II I and Venus 1. The first American solar wind measurement s
were carr ied out by an M.LT. gro up on bo ard Ex plore r 10 in 1961. All reasonable doubt
concerning the exist ence of an essentially continuous solar wind was removed in 1962 by
measurements made on board the Venu s probe, Mariner 2. Ap proximately three continuous
months of data were obtained.

The pr incip al charac te rist ics of the solar wind are :

• a detect abl e high speed (supersoni c) , cont inuous, bu t rather var iable, outflow is pr esent
at all t imes. It. is definitely a wind not a breeze!
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F igure 6.3: 'The variable speed of the solar wind .
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• elect rons , prot ons and n - part icles (3 - 4% relati ve to the pro tons) are the pr edominan t
const it uents

• the avera ge speed is 500 kru/ s but t he speed varies between 300 km/ s an d 800 km /s.
T he solar wind consis ts of two separa te compo nents: the low-sp eed wind of high den­
sity and the high-sp eed wind of low density as is clearly shown on Fig. 6.3. Fig. 6.:~

is an overlay plot of S\VOOPS solar wind speed data and EI T / LASCO/ Mauna Loa
images of the solar corona. It can be found at http:/ /helio.esa.int /lIlysses and at
http:/ / swoops.lan l.gov/ lasco_Swoops.html (SOHO is a project of internationa l coop­
era t ion between ES A and NASA.)

• the high sp eed solar wind st reams originate from polar coronal holes and/or at times of
solar maximum, from smaller holes in t.he equatorial ac t ivo region s, where the magneti c
field lines ar e ope n. Low speed st reams emanate from closed field line regions. The
low-sp eed wind is remarkabl y constant in tim es of reduced magneti c ac t ivity .

• the high speed st reams have a st rong te ndency of recurring every 27 d ays, corresponding
to the solar rot atio n period .

T he int erp lan etary magn etic field has been measured and t he configurat ion found to fit (on
average) Parker 's description of an Archimedean spiral by the Interplanetary Magnetic P robe
(II\IP ) in 1963. T he magneti c field has been found to be closely relat ed to the photos pheric
field . T he magneti c field coup les the solar wind plas ma to the sun and results in a loss of
solar angular momentum sufficient to be important in the st ru ct ure and evolut ion of the sun.

Transient events assoc iated with the passage of MHD shocks at the eart h' s orbit are
su perimposed on bo th the slow-spee d and the high- sp eed wind . T hese tra nsient events can
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be t raced back to eruptions, flares and coro nal mass eject ions in the lower corona . These
energet ic disturban ces are advected outward by the wind and steepen into shocks. T heir
intera ct ion with the earth 's magnetosphere ca uses the aurorae and the geomag netic storms.

6.2 Alternatives to the energy equation

T he set of ]'vIIID equations is ex tremely difIicult even for relatively simple geometries and
magnet ic field configur at ions. A popular avenu e of simplificat ion in th eoret ical solar wind
research has been to concent rate on th e dynami cs of th e flow and to make rather dr asti c
assum ptions regarding th e energe tics of the flow. In plain English , to get rid of th e ene rgy
equation . Bu t if the energy equation is omitted from the set of J'vIHD equat ions , we need an
add it iona l relatio n between some of our syste m var iables in order to st ill have a closed set
of equa t ions (or as many equations as unknown variables). In solar wind th eory Bernoulli 's
equation turns out to a key equat ion. Let us go back to element ary fluid mechanics and recall
Bernoulli 's equat ion for a stationa ry flow in a vert ical gravi ty field

'0
2 l P lip- + - + gz = const ant along a flow line

2 po P
(6.2)I

T he terms in Bernoulli's equat ion arc kine tic energy per unit mass, enthalpy per un it mass
and potent ial energy per uni t mass. The second te rm complicat es the analysis because of
t he int egral. In realist ic sit ua t ions thi s integ ra l can not be wri t te n in simple closed ana lytical
form . In order to make analyt ical progress the obvious assum ption is t hat P = j(p). The two
classic assumptions in solar wind theory are isothermal and polytropic plasmas. The plasma
or flow is said to be isotherma l if

and polytropic if

T = constant

p = K pC< , K = constant , a = constant

(6.3)

(6.4)

The classic speed of sound is defined by (4.14). In this defini tion I is the rat io of the spec ific
heats at constant pressur e and constant volume respectively / = Cp / cv . With the introduc­
tion of isothermal and polytropic plasmas it is convenient to define two ad ditional versions
of the speed of sound : i.e. the isoth ermal speed of sound, US,i and the polytr opic speed of
sound 11S ,p ' T hey are defined as

2 P
11S. i = P 2 a p

11S,p=r; (6.5)

For an isot hermal plasma T is const ant. In th at case 11~, i is also cons tant and

dp 2 j ' dp 2
dp = 11S,i , P = US,i lnp

For an polytropic plas ma

(6.6)

(6.7)dp 2 Jdp = I< _ a _p,,-l
dp = US ,1' ' P a -I

Isot her mal flow is a special case of polytropic flow. It occurs when a = 1. Often th e index a
is chosen equal t.o / .
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6.3 Static models
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Let us go back in t ime to the 1910's and th e 1950's and be stat ic! The astrophysical community
is convinced that the corona is indeed extremely hot and temperatures of the order of million
K are accep ted. The mechanism for coronal heating is not known , bu t we assume that t he
hea t is dep osited at some level 1'0 in a spherically symme tric corona. This hea t input is
mod elled by prescribing the te m perature To at the level r = 1'0 . The aim is then to construct
a mod el for the coro na above (and also below) this reference level , at which the density (Po),
press ur e (Po) and tempe rature (To) are known . OK, let us sta rt wit h a simple mod el. Sim ple
mean s that we wan t the model to be as follows.

• It is in static equilibrium . The model is time independent and there is no velocity field .
In par ti cul ar we forget t ha t t he sun rotates.

• It is spherica lly symmet ric. In a syste m of spherica l po lar coordinate s Cr, e,'P ) all qua n­
t it ies only depend on t he radial dist ance to the centre of the sun . T he on ly derivat ive
that sur vives is d/dr .

• T here is no magneti c field .

T he equa tion of hyd rost at ic equilibrium is

1 rip GM 0- - -- - -= 0
p dr 1'2

(6.8)

Vie use th e gas law (3.40) to writ e densit y in terms of pressur e and temperatur e p =

(pJR )(p/ T ). We th en inser t t his express ion for p in the equat ion of hydrost ati c equilibr ium
and obtain by integration t.he following result for pressur e

{ p. Ldr }p(r ) =po exp - GM 0 = ~
R ro " T

(6 .9)

For t he present d iscussion we prefer analyt ica l express ions for t he variation of pressu re and
density with distan ce r , lI ence we restrict our efforts to profiles for T (r ) that enable us to
rewri te the int egral involving T (1' ) in terms of simple func tio ns . Let us get very simple and
become isothermal.

Isothermal static corona
Sin ce T (r ) = To and

r dr 1 ( 1'0)
l-; 1'2T = Toro 1 - -:;:

it follows from (6.9) and (3.40) th at pressure and density vary with r as

p(r )

{
GM 8 1'0 }poexp ---(1--)
rov;,i T

{
GM 8 1'0 }poexp - - -2- (1- - )
1'OVS,i r

(6.10)
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The static corona l model has to blend into the interstellar medium implying that pr essure and
density must match the interste llar density and int erstellar pressur e for very large heliospheric
distan ces or formally for r ---+ 00. Now

Poo = poexp { - GJ~ (') } , Poo = poexp { _ GJ~ (') }
rOvS,i 1'OVS,i

Neither pressure nor density vanish at infinity. Since the isoth ermal model is a very crude
approximation of reality we agree to postpone compa rison wit h t he interstellar medium values
to th e following subsect ion.

The st atic heat-conduction corona
Wi th the acceptance of t he high coro na l temperatures of the order of mill ion K in the 1940' s
came also the recogni tion that the thermal cond uct ivity of the coronal plasma, which is
propor tional to T 5/ 2 , implies very efficient outward heat transpo rt from t he inn er corona. In
1957 Ch apman considered a "new" model of the corona . It was assumed that the coro na and
its distant extensions were static and t hat energy was transferre d only by t hermal conducti on;
all ot her sources of energy transport such as radia t ive losses were assumed to negligible.
We do not worry abo ut how the corona is heated , we ju st take it for grant ed th at it is
there . For simplicity we ass ume that the heat is deposited at a level rn in a spherically
symmetric coro na an d we model this heat input by prescribing the tem perature at th is level
T(ro) = To = 1 - 2 x 106K. The tempera ture dist ribu ti on is determined by the conservation
of conduct ive flux (energy equa t ion)

T his can be int egrated to

1 ci ( 2 ciT)'V.(K'VT ) = ? dr t: K dr = 0 (6.11)

2 dT
r K ciT = constant

In a high temp erature plasma of fully ioni zed hydrogen, an approximat e but fairly accurate
expression for the thermal conduct ivity is K(T) = K oT 5/2. W ith th e usc of this expression for
K we can rewri te t he equa tio n for T as

2 c/2 ciT
r T ') - = const ant

d1'

T his equa t ion governs the radi al variation of temperature T due t o cond uctio n from R(') up
to + 00. Since T(oo) « To it is a good approximat ion to put T(oo) = O. Similarly, since
T(') = T (R(') ) ~ 6 x 10~ K « To = 1 - 2 X 106 K , t he error introduced for the transition
region and the coro na by set t ing T(') = 0 is negligible. T he solution is

T(1')

T( 1' )

{r7/ 2 TO/r - 1 r.7/ 2 R(') /r - 1 } 2/ 7
-7-::------,- + for r' :::: 1'0

o 1'0 /R0 -1 0 1'0 / R 0 -1

(

1' ) 2/ 7
To -:! for l' 2 1'0 (6.12)
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The hea t-conduction temperature profil e (6.12) models rather accur ately the extremely steep
gradie nt in t he t ra nsition region and the slow decline towa rds interpl an etary space. For
ro = 1.2R0 and To = 1 - 2 x 106K, the temperature at the eart h is in excess of 105K so th at
t he earth is enveloped in a hot plasma . Let us have a look at pressur e. Since

it follows from (6.9) and (3.40) that pr essur e and den sity vary wit h r as

poexp {

p(r) _ ( r) 2/7 {7/ 5GM8 Ii ( (rO) 5/7)}- Po - exp - 1 - -
ro ro R To r

(6.13)

Pressure decreases monotonically with increasing r approaching the finite value

{
7/ 5GM0 Ii }p((0) = Poexp - ---'---------'''-

TO RTo

T he questi on is whether thi s extended static Chapman coro nal model can blend int o the
interstellar background for large heliospheric distances or for r ---; 00 . For ro = 1.2R0 , To =
1 - 2 x 106 K, Po = lO- :Jp a it follows that Poo = 1O- 8P a. T his value sho uld be compared
wit h the pressure in the interstellar medium PIS M = 1O- 15Pa . T his is bad . T he pressure
that the interstellar medium can provide is insu fficien t by 7 orders of magni tude. If you
are not yet impressed by this huge mism atch for pressure, it gets worse! Look at the den­
sity limr~oo p(r) = -l-oo! The concl usion is obvious. The heat conduction corona cannot be
embedded in interstellar spac e un der pr essure equilibrium. Alt hough Chapman's model is
obviously wro ng, it made two fundamental poin ts:

• it emphasizes the importanc e of thermal cond uct ion in th e maintenance of the corona
an d it s extension

• it demonstrates that the corona cannot te rminate near t he sun; rather coronal (and
thus solar) mater ial must extend far out into interplanetary spac e. In par t icul ar , the
gaseo us medium near the earth is simply an extende d part of t he solar corona.

Think harder!
\Ve arc now convinced t hat the static coro na l mod el is in deep troub le. Wha t has gone

wro ng? It is high time to move on and become sta tionary. T his becomes very clear by looking
at Bernoulli 's equat ion (t his is one our favori te equations in the following sect ions , so make
sure you like it or you will have a though t ime):
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with E a constant , Let us keep it simple and con sid er a p oly tropic flow (and take Q = , ) so
that

V 2 ,p GM 0- +--- --- E
2 (f- 1)p l'

2 -

~ + -'-~T - GM 0 E
2 (f - 1) Ji r

What are we t ry ing to do here? \Vell , we would like to re la te condition s at lar ge hel iospheric
d ist an ces (formally r ---> (0) to con di ti ons in th e lower coron a at r = TO. For that reason we
rewrite Bernoulli' s eq uat ion as:

VB , R GM 0 v~ , R . GM 0+----To - -- = - + ---- T - In n --
2 (f - 1) Ti TO 2 (f - 1) [i --.;;:;, r~oo r

- "'0 '----..--------"' 0 = 0

or
- 2

, R r. au ; ~ Voo
(f - 1) TI 0 - ----;:;;- ~ 2

In it s ext reme simplicity, th is is a key equat ion. It tells us that there is a transfer of enthalpy
to kin etic energy and that the coro na mu st expand if it is sufficient ly ho t , which is the cas e if

--'- '!!:.TO > GM (.)
(f - 1) Ti TO

(6.15)

Her e a re some comments for the lit erall y inc lined reader! At a temp erature as high as 1 ­
2 x 106K , t he pressu re an d density ought t o remain high for a d istance of several solar radii
above the solar surface . T he solar gravity , which binds the corona to the sun, weaken s as
t he sq uare of th e d istance, so t he ability of th e sun to hold on to it s corona decreases at
great distan ces. In fact, at very large dis tances, gravity by itself is too wea k to prevent the
corona from ru shing outward , and it cou ld be kept in place on ly by the add itional pressure of
the inters tellar gas , pres sing inward. Yet because of the high temperature of the corona, it s
pressur e overwhel ms the restraining pr essure of the in terstellar gas. T he only conclusion is
that the coro na cannot be st at ic bu t must expand continuo usly outward into the near vacuum
be tween the stars .

6.4 de Laval nozzle

W hy do we bother with this Section? T he reason is that the pro cess by which the solar
corona with typi cal t hermal speeds of 100 - 250 km /s is able to move materi al agains t the solar
grav itati onal field (suc u t hat the escape veloc ity i~ ;:::; 600km/~) and is abl e to give it a veloc ity
of 400 - 500 knr/s may at first sight seem somew hat mysterious, Values of thermal speeds ca n
be calculated usin g th e expressions for th e isothermal soun d velocity (6.5) VS,i = (RT/ Ji)I /2,
t he classic sound velocity (4.14) VS = (fp/p )I/2, the thermal pro ton velocity (2.16) Vt ,p =
(R T) I/2, or it s variant Vt ,p = (:{RT) I /2. For Ti = 1/ 2 an d To = 1 - 2 X 106 K we get
VS ,i = 130 - 180 krn / s, VS = 170-230 km /s, Vt ,p = 90-130 km /s, Vt ,p = 155 - 225 kru /s . T he
escape velocity of the sun is v esc,C') = (2GM 8 / R8 ) 1/ 2 . W ith G = 6.67 26 X 10- 11 m3s- 2kg-1,
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M 8 = 1.99 X 1030 kg an d ~ = 6.96 X 108 m we get vesc,8 = 620 kru / s. Doppler shifts of
coronal radar echoes indicate outward motions at a height of 1.3R8 of 10 - 20 kiu / s. The
pr eviou s subsection to ld us that specific ent halpy is conver ted into kin eti c energy of expansion
but we want to have a better underst anding of th e basic physics of t his acc elerating process.
Here we can learn from aircraft eng ineers who know ab out an analogous accelerating process
for a ra ther long time.

Let us look at the flow of a fluid down an ax isymmet ric tube, oriented par allel along the
x - ax is, with a cross-section IJ which is a function of x (th e classic na me for this sys te m is
nozzle). Here you might think of a hose-pipe for wateri ng your lawn and you know that by
red ucing IJ you increase the spee d of the outflo wing water and conversely that by increasing
IJ you decrease t he speed of wate r. Is th at th e only kind of flow behaviour you can think of'?
Think of t raffic on a highway. In every cardriver 's mind the word bottleneck is associa ted
with slow t ra ffic and low sp eeds ! When a lan e is closed for con st ruction on a highway th e
traffic slows down and event ually com es to a standst ill. Wh en the lane is opened again you
can see the car s speed ing away at high velocit y. So what is the difference between these two
kinds of flow b ehaviour ?

Incompressible flow: p = constant
Let us look at an incompressible fluid that is forced to flow in th e nozzle. In a st ead y st ate
({it = 0) the mass conse rvation equation tells us that

wher e C j is a constant . T his simple cons t raint implies that

dIJ
converging tube: -1 < 0 --+

I X

b . I . dIJ 0tu e Wit I constant cross-sect ion : dx = --+

livcrzi bdlJO( ivergmg t u c : dx > --+

do;
-1- > 0 : flow accelerates
I .T

dux
- " = 0 : const ant flow
dx

do;
-1- < 0 : flow decelerates
ex

The flow accelerates in a converging tube and decelerates in a diverging tube.

Com press ib le a d iab a t ic flow
Now we force a compressib le fluid to flow in the same nozzle.
• M ass co nservat io n
T he equation of mas s conser vat ion tells us tha t

where C I is a constant. Differentiation yields

1 dp

pdx

1 dIJ 1 do;
- - -- - -

IJ dx Vx dx
(6.16)

• E q uatio n o f motion
For a stationary flow along the .T d irect ion and in absence of gravit y the equation of motion
IS

dux 1 dp
Vx - = ---

dx pdx
(6.17)
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• B ernoulli's eq ua t ion
In tegr ation of (6.17) gives Bernoulli's equation

v~ +Jdp = E
2 p
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T his equat ion ean be simplified for an isot hermal or a po lytropic flow by using (6.6) or (6.7)

v; 2 p(x)
- + vs.; ln - (- ) = E
2 . P .TO

2
Vx + _ 0__ 'E = E
2 0 - 1 P

(G.18)

E is a constant . A differ ent value of E cor responds to a differ ent flow. In (G.18) v~ /2 is the

kinetic energy p er uni t mass and vL In p((x)) (for the isothermal flow) or (op)/((o - l )p). , p Xo
(for th e polytropic flow) is the enthalpy p er uni t mass. Po lytropic flow wit h a = I is the
standard approximation for flow in a nozzle. The results for isot hermal flow ar e given for
lat er compari son with Parker 's isot hermal solar wind theory.

• D iffe rent ia l equation for Vx

\Ve now comhine the equat ion of mo t ion (G.17) and the cont inuity equation (6.16) and use
t he assumpti on that the flow is polyt rop ic (adiabat ic) to obtain t he classic equat ion for Vx

for flow in a nozzle

1 ( v~ ) dvx 1 do
Vx v~ - 1 dx = -;;: dx (G.19)

T his is an ord inary non-linear first order differential equ ation for Vx ' It is th e second key
equa t ion of our discussion of the rocket eng ine. T he first key eq uat ion is of course Bernoulli's
equa t ion. T he solut ions to the differential equat ion for Vx are given in implicit fon n by
Bernoulli 's equat ion. Note that in (6.19 ) Vs stan ds for the polytro pic sp eed of sound . As it
is agreed that Ct = I is the best choi ce, Vs is the adiabat ic sp eed of sound. The ratio vx/vs
is th e local Mac h nu mb er M

M (x ) = V
x (6.20)

Vs
It will play a decisive role in wh at follows. Let us have a closer look at t he d iffere nt ial equa t ion
for Vx ' T he factor

v; 2
2- 1 = 1\! - 1
Vs

plays a key role. This factor tells us wheth er the flow is su bsonic: 1\T < 1, sonic: M = 1 or
super-sonic : 1\T > 1 and the behaviour of subsonic and supersonic flow is dr asti cally different.

• Subsonic flow: 1\1 < 1, v~ /v~ < 1
The differentia l equa t ion for Vx tells us that

. 1 do 0con verg mg tu re : dx < --->
dvx-1- > 0 : flow accelerates
L.T
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. . do
t ube with constant cross-scction : - = 0

dx

Ii . b do 0c Ivergmg tu e : dx >

T his is similar to incompressible flow.

• Supersoni c flow: M: » 1, v;jv~ i > 1
T he d ifferentia l equation for Vx te lls us that

. b do 0converg ing t u e : dx <

. . do
tube with constant cross-sect iou : - = 0

dx

da
diverging t ube : -1 > 0

ex

dvx
-- = 0 : constant flow
dx

dvx- < 0 : flow decelerat es
dx

dvx- < 0 : flow deceler ates
dx

dvx
-- = 0 : cons tant flow
dx

dvx-- > 0 : flow acce lerates
dx
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Automotive traffic flow b eh aves as supersonic flow in a nozzle!

• Critical point and transonic solutions
T he position X s whe re

(6.21)

is uf par ticul a r impur tan ce for the nuzzle problem . Actually we ca nnut avoid th is point if we
want to acce lerate a flow fro m subsonic to supersonic. It is ca lled a sonic point or a critica l
point. Since we exelude shocks an d only consider continuous flows with finite der iva ti ves uf
vx , it follows tha t at a sonic poin t t he right hand side of (6.19) mu st vanish . Soni c flow

on ly occ urs for 1& = O. For a tube wit h a non-con st an t cross-sect ion a(x ), t he condition
11,1 = 1 or v,x = V5 occ urs at a p oint where a (x) attains an extremum. For the ro cket engi ne
this extre mum is a minimum and the sonic poin t is located in the throat of the nozzle!

A ro cket engi ne acce lerates subsonic flow to supersonic flow with the obv ious consequence
tha t t he flow pa sses through a sonic po int. T he same situation occur s in t he sola r wind . At
the solar sur face the flow is defini tely subsonic and hardly ob servable, whi le at t he earth 's
orb it t he solar wind is sup erso nic. Thus, some where between the solar sur face an d the ear th 's
or bit the sola r wind passes th roug h the sonic point . Let us design a rocket engine , i.e. a
t ube in which an ini ti ally subso nic How is accelerated to supe rso nic speeds. We have all t he
information to do that!

• \Ve star t subsonic; accelerate th e flow (dvx/ d.T> 0) in a converging t ube do / da: < O.

• \Ve become sonic Vx = V5 at the sonic point . Since you have avoided shucks da/ dx =

o at x = .T".

• \Ve are now supersonic and acce lerate supers onica lly (dv,x/ dx > 0) in a d iverging tube
(da/ dx > 0).

T his sequence constit utes the basic pr inciple of the de Laval nozzle or ro cket engine and it is
th is profile a(x) that is shown on Fig . 6.4 . So, we have one of the possible solu t ions of flow
in a tube . Since it passes t.h roug h tho sonic puint. it. is called a transonic solution .
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(6.22)
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Figure 6.4 : A de Laval nozzle for' acceleratin g a flo w from subsonic to supersonic speeds.

For com parison wit h P arker 's isothermal solar wind model in t he following Sect ion , we
go back to the isothermal vers ion of (6.18) . This equa t ion ca n be used to express density in
terms of velocity as

p(x) = p(xo) cxp (_ v; - V~(XO)2 )
2v S.i

Finally recall that t he basic ph ysical principle for accelerating a flow in both the solar wind an d
the rocket engine is the conversion of enthalpy (random motion s) in kinetic energy (directed
motions) . In the ro cket engine , t he chamber walls provide confin ement ; t he cri tical p oint
is loca ted in the thro at of the nozz le, and the supersonic expansion resul ts . What are the
ana logs in the solar wind . Go to the following Sect ion. T he best is yet to com e!

6.5 Parker's isothermal solution for a thermally driven wind

At the end of the t hi rd Section we ca me to t he conclusi on that

• stat ic coronal mod els ca nnot be embedded in the interstellar medium;

• it is difficul t to avoid expan sion of a hot coro na because of tran sfer of enthalpy to kin etic
ene rgy.

T he previou s Section has taug ht us how we can accelerate a su bsonic flow to supersonic speeds
in a rocket en gine and we expect that the sa me accelerat ion mechanism works in the solar
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wind . Hence, this is a good t ime to ta ke the next logical step and inclu de a radial outflow in
a simple equilibri um mod el. T he mod el is defined as follows.

• It is in stationary equilibrium . It is t ime independent bu t it has a purely rad ial velocity
field. Agai n we forget about th e solar rotation.

• It is sph erically symmetric. In a system of spherical polar coo rdi nates C,.,(J, <p ) all qu an­
t ities only dep end on the radial dist an ce to the cent re of the sun . The only derivati ve
that survives is d/ dr.

• It is isotherm al : T = constant , VS .i = constant .

• T here is no magneti c field .

M ass conservation and equation of motion
The outflow is steady, spherically symmet ric and ra dial. The mass conservation equa t ion
(3.41) is

1 d ( 2 )? dr T PV r = 0

T his can be wr itten as

or integra ted

1 dp

p dr
2 1 du;

- -- - -
T Vr dr

(6.23)

(6.24)

where C j is a const ant. The equation of motion (3.41) has only it s radial com ponent not
identically equa l to O. As far as this equatio n is concerned, we have to mo dify the equation
of hyd rost at ic equilibr ium (6.8) by inclu ding the contribution due to the steady flow. Hence,

(6.25)

Bernoulli's equat ion
Integration of (6.25) gives I3erno ulli's equation

T his equation can be simplified for an isothermal or a polyt rop ic flow by usin g (6.6) or (6.7)

v; GM 8 2 p(T)- - -- +Vs · In -- = E
2 T , t p(ro)

ii _GM 8 + _ a_ I!. = E
2 T a -1p

(6.26)
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A s in the nozzle problem (6.18) E is a constant and a different value of E correspond s to a
different solut ion. In comparison to (6.18) there is one additiona l term in (6.26) , -GM0 / 1' ,
which is the gravit at iona l potential energy per unit mass. As in the nozzle problem (6.26) ,

v;/2 is the kinet ic energy per uni t mass and v~ i In p((1' )) (for isothermal flow) or op /( (a - 1)p), pro
is the enthalpy per unit mass.

D ifferentia l equat ion for u;
\Ve now combine the equation of moti on (6.25) and th e continuity equation (6.23) and use th e
ass umpt ion that the flow is eit her isotr opic or polytropic to obta in the following differenti al
equation for v,.

~ ( V; _ 1) dVr = ~ (1 -GM0/2V~ )
Vr Vs dr r r

(6.27)

T his is th e classic Parker equat ion for v,.. It is an ordinary non-linear first order differential
equation . It is inst ru cti ve to compare (6.27) wit h the equation (6.19) for Vx in t he nozzle
problem. T he left hand sides of t hese two equa t ions arc identical and t he right han d sides
show t hat th e role of (l / CY )(dCY / dx ) for th e nozzle is now played by (2/ r)( 1 - GM0/(2v~ i r)

for t he radia l outflow. T he ra tio V,./V8 is t he local Mach number M '

1\[(1' ) = V
r

V8

GM 0 / 2v'f, has t he dimension of length and we denote it as 1' 8

GM 0
1'5 = - -2 ­

2Vs.i

(6.28)

(6.29)

For To = 1 - 2 x lOGK we find r; "" 3 - 5R 0 where t he sma ller / larger value of r; corr esponds
to th e higher/lower value of To. \Vith the use of (6.29) the right hand side of (6.27) can be
writ ten in th e following compact form

2 1'8
RHS = - (1--)

l' l'

The index "s" ind eed indic ates that 1'" is the location of the sonic point . A cont inuous flow
wit h finite derivat ives of v,. (dv,./dr = finit e) (i.e. a flow wit hout shocks) can only be sonic
a t r = 1'8:

AI = 1, v; /v~ = 1 ¢} r = r8 (6.30)

In order to take the correspondence between the radi al outflow and the flow in a nozzle fur ther
we note that

RHS < 0 for r < 1's , RHS = 0 for r = 1'81 RHS > 0 for r > rs

T he radial out flow is an exact copy of the rocket engine for the acceleration of subsonic flow
at the solar surface to superso nic flow at th e earth 's or bit wit h the role of (l / CY )dCY/dx now
played by 2(1 - 1'8jT)jT.
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Transonic solutions
In the low corona (at r = 1'0) the flow is definitely subsonic and hardly observable. T he
outflow velocities there are estimated to be of the order of (or smaller than) 10 km /s an d
are much smaller than th e local sound velocity of about 200 km/ s. On the ot her hand , at
the earth' s orb it the solar wind has an average velocity of about 400 km/ s and is definitely
superso nic. T hus , somewhere bet ween the solar surface (low coro na) and the ear th 's orb it
the solar wind passe s t hrough the sonie point. Here is how nature does it!

• T he flow st arts subso nically at the solar sur face . Since 2(1 - 1'8/1')/1' < 0 for T' < T'8 the
flow accelerates (dvT/dr' > 0) as if in a converging tube.

• It becomes sonic at the sonic point 'I' = '1'" and becomes supersonic since dvT/dT' > O.

• The flow is now superson ic and acce lera tes supersonically (dvT/dT > 0) since 2(1 ­
1'8/1')/1' > 0 for t: > 1'" as if in a diverging t ub e.

This sequence constitutes the basic principle of t he t hermal accele ra tion of the solar wind .
It is one of t he mathematically possible solut ions of radial outfl ow aro und the sun. Since it
passes through the sonic point it is called a transonic solutio n. The clever read er has already
figured out that there is a secon d transoni c solution .

• The flow st ar ts sup ersonically at the solar sur face and decelerates (dvr /dr < 0) for
T < '1'8 as if in a converging tube.

• It becomes son ic at the sonic poi nt 'I' = r; and becomes subsonic sin ce dVT / dr < O.

• T he flow is now subsonic an d decelerates subsonically (dvr/dT < 0) for r > rs as if in a
diverging tube.

T his solut ion is of no relevance for the solar wind .

Solutions as level cu rves of B ernoulli 's function
T he left hand side of Bern oull i 's equa t ion (6.26) contains the ra dial coordinate r and the three
depend ent variables p,p ,VT" Two of t hese t hree var iab les can be expressed in terms of the
remaining third one. In order to ma ke fur th er progress we need to car ry out this elimination
for Bernoulli's equat ion. This is most easily done for an isothermal flow which is act ually
the case st udi ed by Parker in his famo us 1958 paper. The elimination process for po lytropic
flow is a lit tle bit more involved bu t st ill very st ra ightforward. For an isot hermal flow we
can eliminate the ter m In(p (r )/ p(TO)) by usin g (6.23) . We prefer to relate velocity to VS,i
and dist ance to 1's. T his leads to th e following second version of Bern oull i's equat ion for an
isot herma l flow

(6.31)

Bernoulli's equat ion (6.31) is the soluti on of the different ial equation (6.27) in implicit form.
It tells us that t hat the solut ions of (6.27) corr espond to the level cur ves of the Bernoulli
fun ction Il(1',v,.)

(6.32)
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T he solut ions correspond to the level curves of the function H (r,U,.). A different value of the
constant C. defines a different level curve and thus a different solut ion. Of course th ere is
an infinite number of level curves of H(r, U,.) and thus an infinite number of solutions for the
radia l outflow from th e sun.

Transonic so lutions again
\Ve focus on the t ransonic solut ion and det ermine the value of C. that cor resp onds to the
transonic solution . At the sonic point r = '1'8 = GM0 /2 ul i we have Ur = US,i so that
C.,i r = - 3. The transonic solut ion is then

\Ve st art at r = 1'0 and ass nme that 1'0 < 1'" . (Is t his always true? W hat happens if this
inequali ty is no t fulfilled?) What veloci ty u,.(ro) do we need there to get a ride on the
t ransonic solut ion? Obvious ly U,.(To) has to sat isfy (6.33) with r repl aced wit h 1'0 . T his is
a t ra nscende ntal equa t ion for u,.(ro)/ us,i = Aio. It is st raightforward to show tha t 'Ix > 1 :
x - In x> 1, so t hat under the ass umpt ion that TO < 1'8

- 3 - 41n:: + 4:: = ex > 1
TO 1'0

T he equation for Aio is then

Ai6 - ln M6 = ex

and has two ro ots 1I-l 0 , ! an d JUO,2 with

kl0,1 E]O, 1[ 1\ M O,2 > 1

Hence, we hav e two transonic solutions. The one corresponding to AI0.1 has alr eady be en
dis cussed extensi vely. T he tr an son ic solution corresponding to kl0,2 starts superson ica lly,
decelerates, goes through the sonic point and further decelerates subsonically, It is of no
int erest for the solar wind as sup ersonic outflows ar e not present in the low corona. An
acc urate approximation of JUO,! can be obtained as follows . With an it erative scheme we can
obtain the solut ion with prescr ibed accuracy. However , it is inst ruct ive from the viewpoint of
physics and helpfnl from t he viewpoint of num eric a l mathemat ics to obtain an ap proximate
solution. \Ve have to remember that t he solution is st rongly subsonic at r = TO. Sinc e

) u,. (ro)2 ( v,,(ro)2)U,. (To «US,i, --2- « - In --2-
V S ,i 'VS,i

the equati on (6.33) for u,.(ro) can be simplified to

(
U,.(1'o) )- 21n --

US, i

In ( u,.(ro))
US,i

"" -3- 4 In ~ + 4~
1'0 TO

"" In {(1'8/1'0)2exp(3/2 - 21's/TO )}
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The solut ion to this approximate equat ion is

vr(ro) 2 .
-- "" (T's/ ro) exp(3 / 2 - 2r., / ro)

VSJ

T his isother mal prediction for the out flow velocity in t he low coro na can be used to get
qu alitat ive inform ation . The pred icted values arc of the order I - 10 kn i/ s dependi ng on the
value used for To.

Other solutions
T he d iffcront .ial equation (6.27) for Vr has an infinite nu mber of solut ions corresponding to
the level cur ves of t he I3ern oulli function (6.32) . In order to und erst and the level curves of
the Bernoulli function , we need to determine th e cr it ical point s of (6.32) and to see whether
t hese cri tical point s correspond to an ext remum or a sadd le point . We compute t he first order
partial derivat ives fJH / fJr an d fJH / Do; an d find that there is ju st one cr it ical point

r = 1'8 ' V r = us .:l

which is the sonic poi nt (6.30) . T he next step is to find out whether th is crit ical po int
correspo nds to an ext remum (that would be bad , why?) or to a saddle po int of H (1',Vl' )!
Hence, we determine the second order partial derivatives fJ2 H / fJr 2, fJ2 H / fJrfJvl' and ry2H / fJv;.
\Ve comput e their values at the cr itical point and find t ha t the cr it ica l point is a saddle poi nt
of the funct ion H(r, Vl'). T his is very good news. The level cur ves of H(r, vr ) do not encirc le
the sadd le po int. T here are only two level curves t hat pass through the son ic point; i.e. the
two transonic solutions discussed earlier. The two transonic solut ions divide the (r, vr ) plan e
in four regions, which are lab elled I to IV as shown on Fig . 6.5. T his figure is borrowed
from CID94 "Large-scale Dynam ics of the Solar Wi nd" , unp ublished class notes , 1D94. T he
isothermal sound speed is shown as a dot ted line. In C1994's nota tion the isotherm al sound
sp eed is denoted as a . Region I contains t he solutions that start supersonically an d rem ain
su personically all the t ime . Conversel y, the solutions in region III star t subsonically and
remain subsonically all t he time. T he solutions in region II ar e confin ed t o T' > r, an d
disco nn ected from the sun ; the solutions in region IV arc con fined to r < r" and do not
conn ect to the int erplanetary space. T he only physically relevant solution is the transonic
solut ion wit h dvr/dr > O. It is the only solution that starts wit h subsonic flow at the solar
surface and expands in a supersonic flow at t he ear th 's orbi t and beyond ! This is our favorite
solut ion . T he solutio ns in region II I are referre d to as the solar breeze. T he observations
by satellites of the velocit ies of the solar wind convinced people t hat t he solar breeze is not
physically relevant !

Density-vel ocity relation a nd m ass loss
T he isothermal version of Bernoulli's equation (6.26) can be used to det ermin e the var iat ion
of density with distance T' . The cons tant E in (6.26) can be readi ly determined in t erms of
t he values at the position ro as

2
E = vr(ro) _ GM 0

2 T'o

We can combine (6.26) and the expression for E to ob tain the density velocity relati on .



180 CHAPTER 6. THE SOLAR WIND

Figure 6.5: Topology of the isotherm al Park er solution s for a therm ally driven wind. Eaeh
curve is a level curve of the B erno ulli function and corresponds to a different value of E. The
two transonic solutions divide the (T, vr ) plane in four' reqious. (C1994).

( ) ( GM rd vl i (1 TO) 11;-11;(TO ) )p r =po exp - - - 2
, TO T , 2 115 .i

"-v--'
stat ic / isotherma l outflow

(6.34)

It is inst ru ct ive to compare expression (6.34) with that obtained for th e static isothermal
atmosphere strat ified by grav ity (6.10) and with that obtained for the nozzle (6.22). Remark­
able isn 't it? It is st ra ightforward to verify that the (absolute value of the) ratio of the second
to the first term in the exponential increases with distance. At the sonic point this ra tio is
~ 1/ (4(T8 - TO)) ~ 0.1, so t hat below T = T8 th e st ruct ure of the corona is very much like
that of a static isothermal coron a. Beyond T., the ra tio increases rapidly, mea ning tha t the
expansi on takes over and th at th e st ruc t ure is markedly different from that of a static corona.
Since 11r (To ) << 115,i we can obtain from (6.34) that

In p(Ts ) ~ ~ _ 22.i
p(TO ) 2 TO

T his allows us to compute p(Ts ) in terms of PO.
T he mass that the sun loses per unit ti me du e to the wind is

(6.35)

(6.36)
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For an isoth ermal wind we can usc the defini tion (6.29) of 1'8 and rewri te (6.36) as
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dM
dt

(6.37)

p(1's ) can bc expressed in terms of p(1'o) (6.35) . Hence, we can compute (l1\l /dl. if we can
agree on the best values for 1'0 and PO . Anyway, it is not too difficult by shuffling the numbers
to get a theoret ica l mass loss rate of t he ord er of 1O-14/vt0 / yr whieh is rema rkably close to
what is observed . We should not overrate t his resu lt as it is obtained under th e assumpt ion
that the outflow is isothermal.

6.6 Rotating thermally driven wind

Parker's isotherm al radial solar wind model does a remarkably good job in reproducing th e
observed velociti es and densities at the earth 's or bit . By now the int erest ed reader should have
discovered in P robl em 1;) th at th e velocity of the wind diverges at large heliosph eric dist ances,
T his behaviour is due to the assumpt ion th at the wind is isoth ermal. This assumption imp lies
that energy is pum ped into the wind all the way up to infinity and that the wind keeps on
accelerat ing. When the assumption that the wind is isoth ermal is replaced by the assump tion
t hat it is po lytropic t he wind will have a finite velocity at infinity. All stars and in par t icular
the sun rotat e and it is not a priori clear t hat rotat ion is unimportant for ste llar winds.
An obvious reason why we cannot forget about rot at ion when const ruct ing a realistic wind
mod el is that a stellar wind carries angular moment um away from the star and helps to
brake t he ro tation of th e star. Braking mechanisms for ste llar rotation are in high demand
since pre-main sequence cont rac tion an d main sequence evolution without an effect ive braking
mechani sm would make all stars to be very fast ro tators and that is not what is observed .
T he sun is a slow rotator as can be seen from the ra t io of its rotat ion al kineti c energy to it s
gravitational potenti al energy. So we can anticipa te that the effect of rot ation on the solar
wind is weak.

Let us take the next logical st ep and include rotation in the wind model. Rotation
complicates life seriously since spherical symmetry no longer holds. This is because the
centrifuga l force does not point away or toward the origin, bu t rather is perp endicular to the
rotation axis. Axial symmetr y wit h the rotation ax is defining the symmet ry ax is is pr eserved .
For simp licity, solut ions are const ruc ted in the equatorial pla ne. As in the pr evious Secti on
th e solut ions arc time indepe nde nt and nonmagnetic! Let us recap itulate: th e model has th e
following properties.

• It is in stat ionary equilibri um. It is ti me inde pendent so t hat 1ft = D.

• It is ax ially symmetric wit h t he rot at ion axis as symmetry axis. In a syste m of spherica l
polar coor dinates (1', 0, 'P) with the z-ax is coinciding with the rotation axis all quantities

me independent of the angle 'P or -/ip = D.

• The model is confined to the equatorial plane. T his implies that flo = 0 and ve = O.

• It is nonmagneti c.
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Axia l symmetry and the restriction to solutions in the equator ial plane imply that

V = (v, (r), O,v<p (r) )

and also that t he only derivative that surv ives is djdr . At the refere nce posit ion ro

where S/8 is the angular velocity of t he sun .

(6.38)

Mass conservation and equa t ion of motion
T he equat ion for mass conservat ion remains unchanged . We can borrow the results (6.23)
and (6.24) from the previous Section. As far as the equat ion of mot ion is concerned life
becomes more com plicated. The rad ial and axial compo nents of the equat ion of mot ion ar e
res pectively

dv<p vrv<pv,. - + - - = 0
dr r

(6.39)

T he radial com ponent of th e equa tion of moti on was already present in the pr evious Sect ion
and integration of it gave us Bernoulli 's equation. This will also be the case here. T he new
inform ation is contained in t he axial com ponent . T his component will tell us about angular
momentum.

Angular momentum
From the axial compo nent of t he equat ion of motion (6.39) follows that angular moment um
per unit mass, rv<p , is constant

r'v<p = L

where L is a constant , which is readily determined as L = Tov<p (r o) = TM~8 so that

(G.40)I
Hence

(6.4 1)I
In a non-radial wind of a rot ating star the azimut hal component of velocity decreases with
dist an ce as 1j T .

Bernoulli's equation
We usc (G.41) to rewri te the equat ion of motion as

(6.42 )
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Integra tion of this equation gives Bern oulli 's equation

2 2
Vr + V'P _ GM 0 + / .dp = E

2 T . P
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T his equat ion can be simplified for an isot hermal or a polyt rop ic flow by using (G.G) or (G.7)

2 2
Vr + V'P GM 0 2 I pCr) E-------+vs · n - - = ,

2 T .z p(TO)

2 2
Vr + V'P _ GM 0 + _ CY_ E = E

2 T cy - 1p
(G.43)

\Ve can compare (6.43) wit h its non- rot at ional counterpart (6.26). T here is one additional
term in (6.43), i.e. v~/2 . It is the kineti c energy per unit mass due to rot ation.

Differ ential equat ion for u;
We now use the equation of mass conservation and the assumption that the flow is isoth erm al
or polyt ropi c to express t he fourth term on the left han d side of (6.42) in terms of v,. and T .

With lit tle addit ional rear ranging we obtain t he differential equa t ion for Vr

(G.44)

(6.44) is th e modification of Parker 's equation for Vr· (6.27) when rotation is present. As in
(G.27) us is either t he isoth erm al or the polytropic velocity of sound. Comparison of equation
(6.44) wit h (6.27) for the non-rotating wind model shows that there is one additional term
on the right hand side. It is underb raced for clari ty. The quan ti ty T is defined as

To1l0 V'P (TO)
T = - - = - - -

Wi us

and measures the relative importance of rotation . The sun ro tates differentially. Its equator ial
rotat ional period is 2G days. The corresponding rotationa l frequ ency is 110 = 2.7970 X

10- 6 racl /s . T he rotat ional velocity at the sur face of t he sun is then R0 n0 "'" 2 x 103 ui ]«.
For r'o = 1.2R0 and T = 1 - 2 X 106 K we find T0 "'" 0.01. T his is a st rong ind icat ion that
rotation will not int roduce drast ic changes in the solar wind theory.

Wh at about the cr it ical po int s? The plural is right ; th ere can be two of them, or none or
one! The posit ion (s) T = Ts where a continuous flow wit h finit e derivatives of Vr (dv r/ dT =

finite) (i.e. a flow wit hout shocks) can be sonic

AI = 1, v; /v§ = 1 ¢} T = Ts

is (are) det ermined by the equation



184

which we can rewrite as a quadratic equa tion in r as

CHAPTER 6. THE SOLAR WIND

(6.45)

1'8.0 denotes the position of the critical point in ab sence of rotation as the attentive read er
had already figured out. It is given by (6.29). T he number of crit ical points depends on
the rotational velocity. For the case t hat there is a crit ical point in absence of rotation, i.e.
r s,o > ro we (actna lly the reader) can define two cr itical rotationa l velocities

(
GM 0 )1/2

7e ,1 = .J2 - 2- - 1
2 VS1'0

so that

0 <::: 7 < 7c,1

7e ,1 <::: 7 < 7e ,2

7 = 7 e ,2

7 > 7 c,2

1 cr it ical po int

2 critical points

1 critical poi nt

no crit ical point

The sun with its small value of 7 has one critical point as in the non-rotating case .

Level curves of B ernoulli 's function
As in the non- rot at ing case (6.26) the left han d side of Bernoulli's equation (6.43) contains
the radial coordinate l ' and the three dependent var iab les p, p, Vr . Two of these three var iab les
can be expressed in terms of the remaining third one. In order to make further progress we
need to carry out t his elimination for Bernoulli's equat ion . Aga in, as in the non-rotating case,
this is most easi ly done for an isothermal flow. T he elimination process for po lytropic flow is
a little bit more involved but st ill very st raightforward. For isot herma l flow we can elim inate

the term In :(~~1) by using (6.24) . We pr efer to relate velocity to VS,i an d distance r« . This

leads to the following second version of Bernoulli 's equation for an isoth ermal flow

(6.46)

It is instructive to compare (6.46) with its non -rotat ing counterpart (6.31). The rotational
version of Bernoulli's equ ation has one additiona l term , which is underbraced. Bernoulli's
equation is the solution of the different ial equation in irnplieit form . Hence it is logical to
define the Berno ulli funct ion H (r , vr ) as

(6.47)
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The solu tion s of (6.44) correspond to th e level cur ves of the function lI(1',vr ) . A different
value of th e cons tant C* defines a different level curve and t hus a different solut ion. As before
in the non-ro tating case there is an infini te number of level cur ves of lI(1',V,. ) and thus an
infinite number of solut ions for the outflow from t he sun.

Transonic solutions again
\Ve focus on the transonic solut ion and determine the value of C* tha t corresponds to the
t ra nsonic solut ion. At the critical point ts) r = 1's we have V ,. = vs and r's is a solut ion of
(6.45) so that c. ,tl' = - 3 - 721'6 /T~ . T he transon ic solut ion is then

V; v; 1'; 1'" 7
2

1'6 (1'8 )2- ,- - In - ,- = -3 - In - + 4- --,- - - 1
v2 . v2 . r.4 T .,.2 Ts.. s.: ~

(6.48)

We st art at r = 1'0 and we assum e th at th e wind has ind eed a throat so th at "'0 < 1'8 ' which is
definitely th e case for th e sun. T hen we want to know what velocity vr(1'o) we need th ere t o
ride on th e t ran sonic solut ion. Obviously vr(r'o) has to sat isfy (6.48) wit h l' rep laced wit h "'0.
T his is a t ranscend ental equa t ion for v"("'O) /VS,i = Mo. In the pr evious Secti on we could show
that t he right hand of (6 .3 :~ ) is st rict ly larger th an 1. However , this result is not any longer
guara nteed for any value of 7 . In case of the sun th e r ight hand side of (6.48) for r = 1'0 is
st ill strictly larger than 1 because of the sma ll solar value of 7 . So for the sun the equatio n
for Mi, has two root s 110'[0,1 an d !v[0 ,2 with

}V[ O,1 E]O, 1[ II MO,2 > 1

and t here are st ill two transonic solut ions . T he one correspond ing to M O, I has already been
discussed ex tensively. The second transonic solut ion corres ponding to A[ 0,2 star ts supersoni­
cally, decelerates, goes through the sonic point and fur ther decelera tes subsonically. As before ,
it is of no interest for the solar wind .

Other solutions
As in th e non-rotating case (6.27), equation (6.44) has an infinite number of solut ions corr e­
sponding to the level curves of the funct ion H tr;vl' ) ' \Ve have to go through exact ly the same
rout ine as in the previous Section when discuss ing the solut ions for the non-ro ta tin g wind .
First we compute the first order par ti al deri vati ves DlI/ 8.,. and DlI/ DVr and find tha t the
cr itical points r = 1'81 Vr = VS,i arc the sonic poi nts (remember th ere can be 1,2 or not any
all depending on t he value of 7!). For 70 t here is only one crit ical point and we can repeat
th e analysis of th e pr evious Sect ion to show th at it corr esponds to a saddle poi nt of II (1',V,.).
Hence, we can repeat the argument s of t he previous Sectio n an d conclude that th e transonic
solution wit h dvr/ d.,. > 0 is the only physically relevan t solut ion , just as in the non-ro tating
case.

Density-velocity relation and mass loss
T he isot hermal version of Bernoulli 's equa t ion (6.43) can be used to determ ine t he var iat ion
of density wit h dist ance 1'. T he const ant E in (6.43) can be det ermined in terms of t he values
at the position "'0 as

v;(ro) + v~ (ro ) GM 8E= ---
2 "'0

Vie can combine (6.43) and the expression for E to ob tain the density velocity relati on
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( .) _ (GM 8 / 11L(1 r'o) 11; - 11;(ro) 7
2

(1 r'5))P r - Poexp - - - . - - - ---;-
ro r 2v2 . 2 r2

, • S.l ~
'-------v------ .

stat ic / isot hermal outflow rotation

(6.49)

T his result (6.49 ) for th e variation of density with dist an ce from the solar or ste llar sur face
can be comp ared wit h that obtained for (i) t he static isothermal atmosphere st rat ified by
grav ity (6.10) , (ii) the nozzle (6.22) an d (iii) the radial Parker outflow (6.34). The effect due
to rotation is always small for 7 = 7 8 and the difference between the rotational solut ion and
Parker 's solut ion is always small for the sun. For the same reason (6.35) remains valid for the
rotat ing solar wind .

T he mass that the sun or a star loses per unit time due to the wind is given by (6.36).
For a slowly rot ating star, such as the sun, and an isot herm al wind we can use th e definition
(6.29) of rs and rewrite the expression for mass loss as (6.37) . For the sun, rotatiou is too
slow to have any significant impact on the wind. For fast ro tating stars with 7 ;:::; 1 the story
can be dra st icall y differe nt from that for their non-rota ting twins.

6.7 Rotating magnetized thermally driven wind

In t he pr evious Section we have seen that rotation do es not cause any subst ant ial changes in
the solar wind. In particular the transport of an gular momentum by the solar wind is sma ll
and t he non-magnet ized ver sion of t he solar wind is not an effective bra king mecha nism. Let
us now try and find out what the effect of the solar magnetic field on the solar wind is. Naively
we might ant icipate th at we can forget about th e solar magnetic field altogether. T he global
solar magneti c field is very weak : its energy is severa l ord ers of magnitude smaller than th e
sun's gravitat iona l potential energy and in addit ion it is even much smaller than the sun 's
rotational energy. T he sun is to a high degree of accuracy a spher ically symmet ric st ar that is
held together by its own gravity and its small oblateness is due to its rotation. Nevertheless ,
we cannot forget about t he solar magnet ic field . T he sun has a hot corona and t his corona
owes its existence to the magnetic field an d without the hot corona there would not be any
solar wind . But do es the solar magnet ic field affect the wind once the wind is there ?

Let us take the next logical step and incl ud e a magnet ic field in the rotational wind mod el.
Weber and Davis (Weber, K J . and Davis, L. Jr. : 1967, Ap .J . 148 , 217) were the first to
construct a mod el for a magnetic rot ating solar wind. It is 2-dimensional, i.e. const ra ined to
the equa torial plane an d polytropic. Magn et ic fields complicate life even more than rotation.
But this does not bother us as it mean s more fun; what we do not want at all is a du ll life!
Spherical symmetry no longer holds. T his is becau se the Lorentz force and the cent rifugal
force are not cent ral forces. Axial symmetry is pre served if the ax is of symme try of the
magnetic field coincides with the rot ation axis . For simplicity, solutions are constructed in
the equatoria l plane. As in the pr evious Sections the solut ions are time ind epe nd ent ! Let us
recapitulate: the model has the following properties.

• It is in sta t ionary equi librium. It is t ime ind ependent so that lit = o.
• It is axia lly symmetric with the rotation axis = magnetic ax is as symmetry axis: in

a sys tem of spherical pol ar coor dina tes (r, 0, 'P) with the z-axis coinciding with th e

rotatio n axis all quant iti es ar e ind ep endent of the angle 'P or £ = O.
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a• It is confined to the equatorial plane. Hence, THJ = 0 and 110 = O.

• Th o magnet ic field is symmet ric wit h resp ect. to the equator ial plane: Bo = O.

Axial sym metry and th e restrict ion to solut ions in t he equatorial plane imply that
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(6.50)

and also that. th o only derivat ive th at survives is dl d«, T he ang ular velocity S/8' densit y P,
temperature T and t he radia l component of th e magnetic field Be are known at the reference
posit ion 1'0:

p(1'o) = Po , T(1'o) = To, 111'(1'0) = r'0S/8 ' B e•o = B o, known .

Wh at about BI'.o?

Kinematics
Mass conservation
From (6.24) we know that 1'2P(1' )11r (1') = C j where C j is a constant .
No magnetic monopoles
Since all quanti t ies, by assumpt ion, only depend on th e ra dial coordina te 1', th e Maxwell
equation V' . fj = 0, reduces to

1 d 2
2 -d (1' Be) = 0
r r

and tells us that 1'2Be = C2 . C2 is a constant which we can expres s in ter ms of values at 1'0

as C2 = r'BBo so that

(6.51)

T he ra dia l component of the magnetic field decreases as 1/,.2wit h distan ce from the sun. ' Ve
can combine (6.24) and (6.51) to find

d ( Be)cons tan t , -d - = 0
r PVe

(6.52)

Induction eq u a t ion and Archimedean spirals
In view of the very high values of the Lundquist number for t he solar wind pla sma the ideal
MHD version of the indu cti on equat ion can be used . The st ead y state vers ion is

V' x (v x B) = 0 (6.53)

St ra ight forwa rd calculat ion shows t hat for th e outflow and the magnetic field considered here
(6.50)

- Id{ - }-V' x (vx B) = -- 1'(vx B )o 11'
1' d1'

so th at (6.53) lead s to
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C3 is a constant which we can determine by using values at 7'0 :

V'P (I"O ) Br(l"o ) - v,·(l"o) B'P (l"o) = C3

~'--v-" '---,.----' 7'0
= (l0 ro = 8 0 ",,0

so th at

C rv 2B C3 -_ Sl 8 1"6Bo -- "~.-n,:) = " 81"0 0 , " v '
I" T

Hence the ind uction equation lead s to

I B r(v'P - Tn8 ) - v,.B'P = 0 (6.54)l
T he relation (6.54) between Vr, v'P ' Be, B 'P is a dir ect consequence of flux freezing. At lar ge
dist ances from the suu I" » T » (e.g. at t he earth's orbit) the outflow is practically rad ial:
v<p ~ 0, V r ~ V = const ant and (6.54) takes the simple form

T he equat ion of th e ma gneti c field lines in th e plan e () = 7r / 2 is

1 dT Be
r dip B <p

Combinat ion of the two previou s equations mea ns that at large distances from t he sun

T he solut ion to this simple equat ion is

(6.55)I
and represents an Archimedean spira l (E. N. Parker , 1963, Int erplanet ary Dynamicall Pro­
ceses, Wi ley) . Due to the rotation of the sun th e field lines of the solar magne ti c field that
is ad vected outward by the solar wind are Archimedean spirals as is shown on Fig. 6.6.
T his figure is borrowed from C1994 "Large-sca le Dynamics of the Solar Wind" , unpublished
class notes, 1994. We denote th e angle that th e magnetic field vector makes with th e radi al
dir ection as W so t hat

Be = B cos W, B<p = - B sin W

At th e Ea rth's orbi t th e value of the angle wpredicted by this rotating magnetiz ed wind
model sa tisfies

(
B<p ) TESl8

tan W E = - Be E ~ ----v-

Using the values T E = 1.50 X 1011 m = 215R8 , Sl8 = 2.8 x 10- 6 rad / s and V ~ 400 km /s we
get

tan t]l E ~ 1. WE ~ ~
4
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Figure 6.6: The Archimedean spirals drawn by the magneti c field lines as they are advected
outward by the solar wind . Solid lines correspond to magnetic field lines, and the circular
dashed line corresponds to the Earth '09 orbit. The wind itse lf flows radially outward from the
Sun. The magn etic field vector makes an angle IjJ with the radial direction. B 'P and v'P have
opposite signs .

T his is in rema rka bly good agr eement wit h the observations . T he measurements of the
directi on of the magnet ic field vecto r show spa t ial and tem poral var iations bu t on average
IjJE "" 1f / 4. T his is seen as experimental confirmat ion of Parker 's theory for th o solar wind
variation of the heliosp heric magneti c field .

D y nam ics
T he radial and axia l component s of the equat ion of mo tion are respectively

(
do; V~ )p Vr - - -
dr r

(
dv'P v1'v'P )p vr - - + - -
dr l '

dp GM 0 B 'P d (- -- p- .- - -- rB)
dr r2 ur dr 'I'

Br.!!:.- (rB ))
fL1' dr 'I'

(6.56)

At this point it is not only politically correct but pedagogically sound to draw the reader 's
attent ion to the following two points.

• In the classic non-ro tat ing Parker wind there is only a radi al compo nent of the equation
of motion and manipul ati on of that rad ial component gave us Bernoulli 's equat ion .

• In thc rotati ng Parker wind the equa tio n of moti on has both a radial an d axial corn­
ponent : the radial component lead s to Bernoulli's equation and the axial component is
rela ted to conservation of angular momentum.
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Angular momentum
In th e rotating non-magneti zed wind we have seen th at th e angular mom entum per unit
mass, TV<p' is constant (6.40) . However in a ma gnetic wind there is a torque associated with
t he magnetic field in addition to th e angular mom entum associated with th e moving plasma
element r Vr The <p-comp onent of the equat ion of motion (6.56) can be manipulated into

d ( r B <p B r )- TV - - - - - 0
dr ip ilp v,. -

which means th at

r v<p - 7'B<pBr = L
upn;

(6.57)

with L th e constant angular momentum per unit mass, 7'V<p th e angular mom entum associated
with th e moving plasma element per unit ma ss and (- 7'B <pBr ) / (/lpur ) the torque per unit
mass associated with th e magn eti c field. It is now convenient to introduce the Alfven velociti es
VA,,. and VA,<p associated wit h th e radial and azimuthal component s of th e magneti c field as

Of course

2 B; 2 I3~
VA,,. = up ' VA,<p = lip (6.58)

22 2
VA = VA,,. + VA,<p

Vie now use (6.54) to elimina te B <p = (Br(v<p - r O )) / v,. to rewrite th e equa t ion for th e
conserva tion of angular momentum (6.57) as

. _ r08 (£M1 )U --- --- 1
.p - M1-1 r 20

MA is th e Alfvon Mach number. It is defined as

(6.59)

(6.60)

VA,r (T) , vr(r) andl\lA (r) are functions of r. In th e low corona th e local Alfven velocity is of
the order 102 - 103 km / » while th e outflow velocity is of th e ord er or less th an 10 kill/sec.
Hence the solar wind is definitely sub-Alfvenic in the low corona . On the other hand th e
average Alfvon velocity and th e average solar wind velocity at th e Ea rth 's orbit are 50 - 60
km / s and 400 - 500 km / s respect ively. At the Ea rt h's orbit the solar wind is super-Alfvenic.
Hence, somewhere between th e solar surface (low corona) and the earth 's orbit the solar wind
passes through a point TA, where

(6.61)

T his distance r A is the Alfven radius and defines th e Alfvenic point or better the Alfvenic
sphere where the energy den sities of th e flow and th e magnetic field are equ al. At the Alfven
point the solar wind changes from sub-Alfvcnic to supcr-Alfvenic. At. the Alfvenic point th e



6.7. ROTATING l\MGNETIZE D T HERMA LLY DRIVEN WIND 191

denom inator of the right hand side of (6.59) vanishes. Hence. in orde r to have a finite value
for v", a t the Alfven p oint r = r A it is required that

so th at

(6.62)I
T his is a crucial result. It sho uld b e compar ed with (6040). T he im portant po int to no te is
t hat 1'0 is rep laced wit h TA. Hence, (6.62) tells us t hat t he total angu lar moment um carried
away by the magnetized rotat ing wind is equal to t he angular moment um carried away by an
non-magnet ized wind flowing strict ly radially and co-rotating out to a radius TA . TA is the
effective lever arm used by the wind to brake the Sun 's rotat ion. \Ve can use (6.62) to rewrite
the express ion for v", as

(6.6:3)

Close to the sun (6.6:3) means that

v'" "" ,,110

i.e., rigid ro tation wit h the sun; on the ot her hand , a t large dist ances from the su n

which expresses the conservation of angular momentum from the Alfvenic point outwards.
T he precise value of r A is not known . It was believed t o be typically 20~, extrap ola tio n of
Helios resul ts suggest a mean value of 12R0 .

B ernoulli 's equat ion
In order to obtain Bern ou lli's equ ati on we have to work on t he rad ial comp onent of th e
equa t ion of motion (6.56). Wha t we have to do now is to comb ine and man ipulate the
different terms of this equation so that they are wri tten as derivatives. T his is rather t ricky
and do not waste your time and energy on t ry ing to memori ze the various steps. T he wr iter
does not know them by heart and is not a ll worried by that fact. T he ou tcome is Bernoulli's
equa tion;

v; 1 2 GA18 "( P l1~r2- + - (v - ,,110 ) - -- +--- - -- = E
2 2 '" r "( - l p 2

(6.64)

The assump t ion of po lytropic flow has bee n used as can be seen fro m the te rm "(p/ ((')' - 1)p).
As before we define a Bernou lli's fun ction. Here it is defined as

( ) v; 1 ( ,, )2 GM 0 "( p 112
,.2H ,. v v p P = - + - v - n, - -- +--- - --

, r, "" ., 2 2 '" r "( - 1 p 2
(6.65)
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V,. , v'l" p,p ar e 4 depe nd ent variables. It is pos sible to exp ress 3 out of these 4 depend ent
variables in terms of the remaining fourth quant ity. For exa mple we can express v,., v'l"P in
terms of p so that H( r,v,., v'l" p,p) is reduced to Il (l',p) . Bernoulii's equation is then

l1 (l',p) = E

T he solut ions are the level curves of the funct ion Il(l' ,p) . T he corresponding differential
equation is

all dp all
--+- =0
ap dr al'

The critical points of Htr , p) are determined by

on onDP = 0, & = 0.

Mor eover

(6.66 )

Df!
-= 0
Dp

determines th e singular it ies of (6.66). T his condit ion combined with the requir ement that
dp/dT is finit e, mean s that the singularit ies of (6.66) correspond to the cr it ical po int s of
H (1',p). T he next ste p is to rewrite th e various terms of H (1', v,., v'l"p ,p) so th at th ey only
contain T and p. \Ve need to go through a bit of straight forwar d but tedio us algebra. So, the
reader is again warned that he/she is forbidden to memorize these results. Useful intermediate
resu lts are

Cf
2/1'4'

qjf; = 0 defines the singulari ties of the differential equation and also (two ofthe three) cri tical

poi nt s. Hence, we have to use the result s for T I , T2 , T4 to comp ute qjf; or better to compute

p9J!;as :

V;'V71,'I'- v;' + + v1v;' - v~,,.

T he singularities of tho diffcrcnt ial equation arc deter mined by

which we can rewrite as a quadratic equation for v;
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(6.67)

(6.68)

T he two solut ions ar e

(V;)J,2 = ~ { (V71 + v~) ± J(v~ + vW - 4v~,rv~ }

In order to understand the results of (6.68) we have to go back to the previou s Chapter. In
particular we have to go back to t he d iscussion of magnet o-acousti c waves . The frequencies
of these waves are given by (5.28). (5.28) can be rewr itten as

and the phase velocit ies of the slow and fast magneto-acou stic waves are

If we agree that (k~/k2 )v~ in the Cartesian sys te m can be rep laced wit h v~ I' in the spherica l
sys te m, t hen we can identify the velocit ies that correspo nd to the singularit ies of (6.66) as
the phase speeds of the slow and fast magneto-acoustic waves . For that reason we deno te
these velocit ies as " I. r an d Uslr- T he two singularities of (6.66) occur a t the two po sit ions
where Vr equa ls the speed of the slow wave and the fast wave resp ecti vely. Let us recall
t hat we already found the Alfvon crit ica l po int from the <p-component of the equati on of
motion . Hence, the three basic IVIHD waves ar e instrument al in determining the to pology of
t he magneti zed wind . The magnet ized wind has three cr it ical point s determi ned by t he ph ase
veloc it ies of t he three basic I\IHD waves . T he crit ica l po int s occur at the posit ions 'I'sl , ['A, "!
where the radial out flow velocity VI' equa ls t he slow ph ase sp eed Vsl ,r , t he Alfven ph ase spee d
VA,,, and t he fast ph ase sp eed Vj,,. respectively. In a nun-magneti c plasma signals tr avel at
the sonic speed. A sing ularity in the flow occurs when the velocity equ als this charact erist ic
speed. In a mag net ized plasmas signals can t ravel at t hree differ ent speeds corresp ond ing to
the t hr ee basic I\IHD waves . Sin gularities occur whenever the outflow velocity equals one of
t hese characterist ic speeds.

Differential equat ion for u;
(6.66) is a differential equa t ion for p. Using (6.68) we can rew rite the express ion for pDH/ Dp
as

DH (v; - V;l,,.) (v; - VI,,.)rt: = - 2 2
P (V,.-VA, r )

T he different ial equation for V r can be obtained by combining th e couti nui ty equa t ion (6.23)
and the differential equa t ion for p (6.66) into

on 1 du; 8H 2p8H
p 8p -;;;.a;: = 0;: - --;: 8p

or

D
dVr

= ~N
dr 'I'

(6.69)
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Results for the Weber-Davis model
Ob tain ing a full solut ion requires num eric calculat ion. T he condit ions

D (Tsl , Vsi,r ) = 0, D (r j , v j ,r ) = 0, N (rsi, vsl,r ) = O

are six conpled tr anscendent al solut ions, which must be solved simultaneously for the six
quantities vr (ro ),V<p (7'0), rsl , Vsl.r, rJ , vJ,r . It is a well-posed problem , but it is no piece-of­
cake. The attent ive reader is wondering whet her the solut ion should not also pass thro ugh
the Alfven point , which is a crit ical point of the <p- component . Of course, it should. It
turn s out that any solut ion going through th e slow and fast crit ical point s aut omatically goes
through the Alfven point . The topology of the \VD solutions is illustrated on Fig. 6.7. T his
figure is bo rrowed from C I994 "Large-sca le Dyn ami cs of the Solar Wind" , un pu blished class
not es, 1994. T he solut ions are given for the pr esent-day Sun and for a st rongly magneti zed
rapidly rotating Sun. T he latter rotat es 25 times faster and has a 25 tim es st ronger surface
magnetic field st rengt h t han the present sun . In C1994's notation the sound velocity is CS ' It s
variation is shown as the dot ted line. It s value at '1'0 is denoted as CsO. T he tr iangle, solid dot
and the diamond indi cate th e posit ions of the slow, Alfven and fast crit ical point respecti vely.
For the present- day Sun the Alfven and fast cr it ical po int almost coincide . They cannot be
distinguished on Fig. 6.7. F ig. 6.8 shows the variat ion of Vj ,co VA,r , Vr, VS ,Vsl,r wit h distance
r. The rad ial dist ance 'I' is expressed in th e uni t '1'0 = 1.25R 0 . The velocit ies are measur ed
with the sound velocity at '1'0 as uni t.

• The to pology of th e Weber-D avis wind is a lot more complex than th at of th e Parker
wind, or that of the rotat ing wind .

• There is one and only one accelerat ing solut ion th at is subsonic at 1'0 and connects to
r --4 00 . It is the solut ion that passes through the three critical points.

• There is no longer any allowed fully subsonic solut ion.

• The slow magnetosonie crit ical point is the t rue sonic point for the wind solution. At
the posi t ion 1'81, the fluid velocity is only slight ly less t han th e sound velocit y. T his
is Parker 's crit ical point displaced slightly becau se the sound velocity is only slight ly
lar ger than t he ph ase velocity of the slow magnet osonic wave as can be seen F ig. 6.8

• For the solar param eters the Alfven crit ical poin t r A and th e fast critical point r j nearl y
coincide as can be seen both on Fig. 6.7 and on Fig . 6.8.

• T he Weber-D avis model does a good job at reproducing the observed properties of th e
low speed st reams at 1 AU, in th e sense th at th e predic t ions for the flow speed and
the particle density are wit hin the observed fluct uatio ns . T his is largely du e to th e
po lytropic ap proximation.
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Figur e 6.7: Topology of the Weber-D avis solut ion for' the Sun. (C1994.)

• T he Weber-Davis model predicts flow speeds and particle den sit ies almost ident ical
to the non-ro tati ng un magnoti zcd polyt ropic mod els. T he magnet ic and centr ifugal
contr ibut ions to t he acceleration are, everyw here in th e flow, much smaller th an th e
thermal accelerat ion.

• In the Weber-D avis mod el there is no significant acceleration beyond 1 AU and
limr~oo u, = constant . This is mostly a consequence of the polytropic ap proxima t ion.

• T he Weber-Davis model pred icts values for VT , v'P ' B r , B 'P ' At all distan ces v'P << Vr'

Values of 1J1" v'P can be translat ed into a deflecti on angle between the flow direction and
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Figure 6.8: The solution for the Weber-Davis wind mode/for 1Ir .

the ra dial direction . The Web er-Davis model also yields directly a value for the angle
'.J.i b etween the direct ion of th e magnetic field lines and th e radial direction.

T he effect of the mass loss due to the wind on t he int ern al structure of the sun is negligible.
Over the cour se of its evolut ion on t he main sequence the Sun will loose a total mass fraction

t.M 0 dM 0---= -- XTM 5
~\.Il 0 dt '

where TM S = 1010 yr is the main-sequence life t ime of the SUIl , On ce 1Ir(1'0) is know n, the
mass loss ra te can be computed:

Hence
t.M 0 "'" 2 x 10- 4

~\.Il 0

T his is too small to ca use significant. st ruc tura l changes in the solar interior.
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As for the total angular momentum carried away by the wind , it t ur ns out that the specific
angular momentum carried away by th e gas is more than an order of magni tude smaller th an
the torque den sity associated with th e magnetic field. The sum of the two is constant . Under
t he assumption that t he solution is valid over th e whol e sp here , th e loss of an gul ar momentum
is

d.J0 _ dM 0 .2 fl _ 1026 N
dt - dt 1A 0 - rn,

Assuming, for the sake of ar gument , that the Sun is rotating as a solid body and that it s
moment of inertia do cs not differ too great ly from that of a constant den sity sphere of the
sa me mass and rad ius , we ca n write

The time scale for ang ular momentum loss is TJ = (1/ .J0 )(d.J0 /dt). With the numeri cal values
for .10 and d.J0 /dt we get

TJ "" 1023
S "" ]()lO yr

T his is comparable to the main-sequen ce lifetime of the Sun, indicating that an gular momen­
tum loss by a magnetic wind can alter th e ro ta tion rate of solar-type stars as they evolve on
the main seque nce . However , the sit uation is actually more complicated than this timescale
estimate may suggest. Simulation s show that the solut ions dep end sens it ively on T and f3(ro).
In add it ion, the ass umpt ion that th e solut ion in the equator ial pl an e is a reali stic approxima­
tion of the wind over the whole sphere is not confirmed by recent 2-D computations. Anyhow,
if the Sun rotated more rapidly and/or had a st ronger magnetic field in the past, the angular
momentum loss was probab ly larger than estimated here.

6.8 Recapitulation

"Has anything escap ed me?" I aske d, with some solf-impor tanco.
"I trust t hat there is nothing of conse quen ce which I have overlooked ?"
"I am afraid , my dear Watson, th at most of your conclus ions were erroneous."
Conversati ou of Sherlock Holmes with Dr. Watson
Th e Hound of the Ba skeroilles
A. Conan Doyle

• In t h is Ch apter we have stud ied th e solar wind , which has evolved from a concept
ori ginally received with a lot of scept icism into a fundamen tal phenomenon of solar
ph ysics and as trophysics .

• \Ve have taken the historic route. Our star t ing point was a st atic conductive mod el
for the solar corona. We found that it was impossibl e to embed this hot corona in the
interst ellar medium under pr essure equilib rium. From then on we became dedicated
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followers of Bernoulli . His equation tells us that there is a transfer of enthalpy (ra ndom
motions) to kinet ic energy (direc ted motions) so that th e hot corona cannot be static
but must expand continuously into the near vacuum between the stars .

• We th en became rocket scientists an d looked at how a flow can be accelerated from
subs onic to supersonic velocitie s in a de Laval nozzle. T his acceleration is rea lized by
the t ra nsonic soluti on . Th e pr inciple on which the acceleration is based in th e de Laval
nozzle is the same as that in the solar wind: th e convers ion of enthalpy into kinet ic
energy. In th e rocket engine th e walls provid e th e confinement ; th e cr itic al point is
locat ed in th e th roat of the nozzle leading to supersonic expa nsion.

• T he static model of t he solar corona is now replaced by a model wit h a radial outflow.
T he analysis of the de Laval nozzle can be repeated wit h lit tl e modificat ions. Gravit y
confines the plasm a, the crit ical point is the sonic point and th e tr ansonic solut ion
provides a wind that is subsonic at th e solar sur face and is supersonic beyond the crit ical
point . Surprisingly enough the remarkabl y simple isoth ermal Parker model predicts th e
high supersonic velocities observed at the Ear t h's orb it .

• T he next step is to inelud e rotat ion in th e an alysis. Life becomes more complicated
because we loose sp herical symmetry. \Ve downsize our ambition and content our selves
with solutio ns in t he equatorial plane. T he effect due to rotation is always sma ll for th e
sun. In part icular a non-mag net ized wind does not t ra nspo rt a substantial amoun t of
angular mom entum.

• T he fina l step is to include a mag netic field in t he analysis. In spite of th e fact that the
energy contained in the magnetic field is much sma ller than the ro ta tional energy and
the grav itational energy of th e sun, th e magnet ic field is an important player. Here also
we cont ent ourselves wit h solutions in the equator ial plane.

• Th e Archimedean spira l of th e magneti c field lines in t he solar wind is found to be
a direct consequence of flux freezing. A crucial result is that the angular momentum
carr ied away by a magnetiz ed wind is equal to the angular mom entum carr ied away
a non-magnet ized wind flowing st rictly ra dially and co-ro tating to t he Alfven ra dius.
T he effect ive lever ar m used by the wind to br ake the Sun's rotati on is the Alfven
radius result ing in a loss of angular momentum th at is about 400 times larger th an in
a non-magnetized wind .

• The magnetic wind solut ion is now characterized by 3 cr iti cal points cor responding to
the positions where the radial component of th e outflow velocity is equal to the speeds
of th e 3 basic MHD waves. Weber and Davis were t he first , way back in t he sixt ies, to
construct a 2-D polytropic model of magnetized rotating wind.
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6.9 Probl em s

"Elementary, my dear Watson ," th e great detective said qui etl y, .. .
"Ent irely elementary."
Sherlock Holm es to Dr. Watson
Th e Hou nd of the Daskervilles
A. Conan Doyle

199

1. A comet 's ion tail devia tes by 4° fro m t he ra dial d irect ion . It s tr ansverse orbit al veloc ity
is 30 km / s, What is the speed of the solar wind? Convince yours elf that this sp eed is
supersonic!

2. Derive Bernoulli 's equa tion for a st at ic isothermal equilibrium and use this equation to
find densit y as func tion of 1' .

3. Repl ace the assumpt ion that the coronal plasma is isothermal wit h t he ass um pt ion that
there is a a po lytro pic rel a tion between pr essure and density and determine the sta t ic
polytropic corona model.

4. In vestiga te the varia tion of p(1' ) as fun cti on of r in Chapma n's coro nal model and show
that density first decreases, attains an absolute minimum and subsequently monotoni­
cally increases toward s + 00 .

5. Go back to t he relation between pr essure and temperature for a st at ic coro nal mod el
(6.9) an d find out how fast T(1' ) should go to zero for r ---t 00 in ord er that p= = O.

6. Use
- 2

--'-~To _ GM 0 "'" v=
h - 1) Ii 1'0 2

with To = 1 x 106K and 1'0 = 1.2R0 to compute v= .

7. Recall that we have used the cont inuity equation

O' (x )vx(x) = const ant

for the st udy of the beh aviour of incompressibl e flow in a nozzle. However , for COlIl­

pr cssiblo flow in a noz zle we have used th e following non-linear first order ord inary
differential equat ion for Vx :

Find t he correspo nd ing different ial equation for V x for an incompressibl e flow (this is
really easy, all you hav e t o do is to differentiat e the cont inuity equat ion!). Comp are
the differen tial equations for Vx for incom pr essible and compressible flow. Explain (or
rather note) that you can ob tain the differential equation for incompressible flow as
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a special case of that for compressibl e flow by taking the limi t v~ ---i> 00. This sho uld
give you a good intuitive underst anding of the assumpt ion of incompressibili ty. In an
incompressible fluid sonic information is t ransmit ted a t infini te speed and all flows arc
necessar ily subsonic.

8. Assum e that th e flow in the de Laval nozzle is isoth ermal. T his is no t a very good
approximation but the int ent ion is to have a Cartesian model th at is as close as p ossibl e
to Parker 's isothermal wind model. Determine the following Bernoulli 's funct ion

Determine its crit ical point and find that it is the sonic po int x = x s , Vx = V5 . Show
th at th e crit ica l point is a saddle point of the func tion H (x , v,r) '

9. Look again at an isothe rmal flow in a nozzle with cross-sec t ion

2 2La(x) = .7: exp ­
x

in the inter val O.01L ::; .7: ::; lOL. Show t hat this nozzle can be nsed for the accelerat ion
of subsonic flow at x = O.01L to supersonic flow at x = lOL . Where does the transition
from subsonic to sup ersonic flow t ake place? Take 115 = 1 and L = 1 and find the
t ransonic solut ion with d11r / dx > 0, in par ticul ar look at the value of 11x at x = 0.01
and x = 10!

10. Compute "'s for a corona l temp erature To = 106K . The sound speed is V5, ; =
CRT/ 71)1/2 ~ lO,5m 8 - 1 Compare your value for "'s with the ra di us of the Earth' s
or bit R" ~ 215R 8 .

11. The ex iste nce of a solar wind dep ends on t he basal temperatur e of the corona. If t he
temperatur e is too low, t he sit uati on is essent ially st at ic. If t he tem perat ur e is to o
high there is effect ively no throa t . You can show tha t "'s is a monotonically decreasin g
fun cti on of T . If r-, < "'0 (= 1.2R 8 ) t hen there is no sonic p oint and also no wind.
Deter mine the cr it ica l temperatur e Ter above which supersonic expan sion cannot occu r.

12. Determine the cross-sect ion a(r) of the rocket engine tha t corr esponds to the solar wind
or in othe r words det ermi ne a(.,. ) so th at

13. Look at the second vers ion of Bern oulli's function for an isothermal radi a l out flow

112 112 '1'4 'I'

H (r, 111' ) = + - In+ - ln 4 - 1~ .
vS ,i vS,'; r: 1

Determine it s cr it ica l point and find that it is our sonic point x = X s A Vx = V5.; '

Show tha t the crit ical po in t is a saddle poin t of the functio n Ht r, V1' ).

14. Look at the accelerat ing transonic solution for isothermal radial outflow. Determine the
asym pt ot ic behaviour of V 1' and p for r ---i> + 00 . How can you explain your res ult for 111'?
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15. Look at the subsonic solutions for isothermal radial ou tflow (i.e. the so called solar
breeze!) Suppose you do not know abo ut the satellite data on the supe rsonic velocit ies
of the solar wind at the earth's orbit. Find anot her reason for discarding the subsonic
solutions! Look at th e asymptoti c beh aviour of Vr and p for T -'> +00.

"I don ' t mean to deny that the evidence is in some ways very strong in favour of your
theory 1 only wish to point out that there ar e ot her theories possible."
Sherlock Holmes
Adventure of the Noruiood Builder
A. Conan Doyle



202 CHA PTER 6. T HE SOLAR WIND

Eu gene N. Parker (1927- )
Eugene N. After receiving a B.S. degree from Michigan St ate College in 1948 and a
P h.D. from the Californ ia Institute of Technology in 1951, he held various posit ions at the
University of Utah from 1951 to 1955. In 1955, he joined th e University of Chicago, wher e
Jo hn Simp son and others were beginn ing to cha llenge th e th en-prevalent concept of
interplanet ary space being largely empty, traversed by a few fast-moving par ticles. Wi th
only a few in sit u observations in the imm ediate neighb orh ood of the Earth , theorist s had
to rely on a variety of ambiguous observable geophysical and astr onomical phenomena.
In 1958, Parker published his theory of the solar wind , in which t he solar corona
expands supersonically to the outer reaches of the solar sys tem , now the found ation of
modern solar-terr estrial research and solar-planet ary relationships. P rior to Parker 's
work , the existence of a cont inuous, but slight , flow of par t icles from t he Sun was
suggested by a variety of circumstant ial evidence. T ho idea of such a vigorous , dense,
and dynami cally complex out flow was so radical for its time that it drew crit icism and
disbelief from most of the scient ific community. In 1960, Soviet scientists reported
suggestive observat ions by Luni k 2; in 1961, Ex plorer 10 data provided convincing
confirmat ion, followed by Mariner 2 observations in 1962 between the orbits of Ear th
and Venus. St udying the detailed st ruct ure and dynamics of the solar wind animate d
much of th e scient ific explorat ion of t he inner solar system during the 1960s, and the
concept , exte nded to other stars, became one of th e most importan t foundations of
modern astrophysics.

Joseph N. Tatarewicz
University of Maryland Ba lt imore County Cato nsville, Maryland

"And now, my dear Watson , we have had some weeks of severe work, and for one evening,
I think, we may turn our tho ughts into more pleasant cha nnels."
Sherlock Holmes to Dr. \Vatson
Th e Hound of the Ba skervilles
A. Conan Doyle



6.9. PROBLEMS

Phy sical constants

Elect ron rest mass Tne 9.1094 x 10 kg
Proton rest mass m p 1.6726 x 10- 27 kg
Proton-e lectron mass ratio Tnp/Tne 1836
Electron charge e 1.602 2 x 10- 19 C
Pe rmeability of free space /LO 47f x 10- 71-1 m - I

Permitt ivi ty of free space EO 8.854 x 1O-1 2F m - 1

Velocity of light c 2.9979 x 108m S- 1

Gravitational constant G 6.671 x 1O- 11m3s- 2kg- l

Bolt zm ann 's constant k lJ 1.38 07 x 1O- 23JK - l

ks / rnp 8.2548 x 103m2s- 2K- 1

1 eV Tem perat ure 1.1605 x 104 K

Solar p ropert ies

Mass ;1.10 1.99 x lO~u kg
Radiu s R0 6.96 X 108 m
Escape velocity Ve sc ,0 618 km s- I
Surface gravity 90 274 m s-2
Equatorial rotation period Prot .8 26 days
Distance to eart h 1 AU 1.50 X lO11m = 215R0

Frequencies and speeds

Electro n the rm al speed Vi, e (ks Te / m e) I/2
Ion thermal speed Vt,i (klJTp/ rni)1/2
Electron plasma frequency wp,e (nee2/ m eEO)I/2
Ion plasm a frequency Wp,i (niZ 2e2/ rniEO)1/2
Debey length AD (EokBTe/ nec2)1/2

= Vt ,e /wp,c
Electron gyro-frequency wc ,c eB/me
Ion gyro-frequency w · Z eB /mie ,l

Electron gyro-radius at thermal speed 'I' L ,t ,e Vt,e /wc,e
Ion gyro-radius at thermal speed rL ,l ,i Vt ,i / Wc,i

Sound speed V5 (r p/ p)I /2
Alfven speed speed VA (B 2/ IL p)I/2
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